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POSITIVE SOLUTIONS FOR NONLINEAR SECOND-ORDER
m-POINT BOUNDARY-VALUE PROBLEMS

JIQIANG JIANG, LISHAN LIU

ABSTRACT. By constructing a special cone and applying the fixed index theory
in the cone, we prove the existence of positive solutions for a class of singular
m-point boundary-value problems.

1. INTRODUCTION

This paper considers the existence of positive solutions for the second-order m-
point boundary-value problem

(p(t)2' (1)) — a(t)z(t) + f(t,z(t)) =0, te€ (0, 1)7 (1.1)
ar (O) - bp Z a;r 52 cr ( )+dp Z ﬂzx Ez (12)

where a, ¢ € [0,+00), b,d € (0,400) with ac+ ad +bc > 0, & € (0,1), a;,3; €

[0, 4+00) for i € {1,2,...,m — 2} are given constants, p € C'([0,1], (0, +00)), ¢ €

C(]0,1],(0,400)) and f € C((0,1) x (0,400),[0,4+00)), f(t,z) is allowed to be

singular at t =0,t =1 and z = 0.

Ifp=1,4¢=0, ;0 =0, (fori =1,2,...,m — 2), then (L.1)-(1.2]) reduces to
the two-point boundary-value problem

() + f(t,z(t)) =0, te(0,1), (1.3)

ax(0) — bz’ (0) =0, cx(1)+dx'(1) =0, (1.4)

which has been intensively studied; see [5] [6].
In [7], by using the fixed index theory in a cone, positive solutions were obtained
for differential systems

():f(tay)v t€(0,1)7
()29( z), te(0,1),
a1z(0) — 412'(0) = y12(1) + 612'(1) = 0,
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a2y(0) — B2y (0) = y2y(1) 4 d2¢'(1) = 0,

where «;, 8,7, 0; > 0 and p; = ;v + oy +v:0: > 0 (i = 1,2), f(t,y) and g(t, z)
may be singular at t =0, ¢ =1 and z = 0, y = 0, respectively.

In recent years, singular multi-point boundary-value problems have been exten-
sively studied and many optimal results have been obtained, see [6], [T}, 12} 13} [14]
and references therein. In addition, many papers investigated the existence of
solutions for the nonsingular multi-point boundary-value problems, for example,
[T, 4, [5 [10].

Recently, Ma [8], Ma and Thompson [9] obtained excellent results about the
existence of positive solutions for the more general m-point boundary-value problem
(L.I)-(L.2), but in the above papers there are no studies for singularity of the
nonlinearity f(¢,z) at the point £ = 0. Recently, by using Nonlinear Alternative
of Leray-Schauder with the properties of the associated vector field at the (u,u’)
plane, Galanis and Palamides [2] studied the problem

—[ep ()] = q(t)f(t,u(t), 0<t<1
subject to
u(0) — g(u'(0)) =0, u(l) — Bu(n) =0,
or to
u(0) = au'(n) =0, u(1)+ g(u (1)) =0,
where f(t,u) is allowed to have singularity at « = 0, the obtained solutions remains
away from the origin and avoid the singularity of the nonlinear term at v = 0.
Motivated by the above mentioned papers, we consider the existence of positive
solutions for —. Here we allow f(¢,x) to have a singularity at ¢ = 0, 1, and
at x = 0. As far as we know, there were only a few works when f has singularities
at t = 0,1 and « = 0. This paper attempts to fill part of this gap in the literature.
This work is organized as follows. In section 2, we present some lemmas that are
used to prove our main results. Then in section 3, the existence of positive solution
for — will be established by using the fixed point theory in the cone, which
we state here for the convenience of the reader.

Lemma 1.1 ([3]). Let P be a cone of the real Banach space E, ) be a bounded open
subset of E with ® € Q and T : QN P — P is a completely continuous. Suppose
that Tu # Au, for allu € 9QN P, A > 1, then i(T,QN P, P) = 1.

Lemma 1.2 ([3]). Let P be a cone of the real Banach space E, £ be a bounded open
subset of E with € Q and T : QN P — P is a completely continuous. Suppose
that

(1) infuepmag ||TU|| >0

(ii) Tu # Au, for allu € Q2N P, X € (0,1],
then i(T,QN P, P) = 0.

2. PRELIMINARIES

Let E = C0,1] be a real Banach space, with the norm ||z|| = max;c[,1] |z(t)]
for x € C[0,1]. Let P={xz € E: z(t) > 0,t € [0,1]}. Clearly P is a cone in FE.

The function z is said to be a positive solution of (LI)-(T.2) if z(¢) is positive
solution on (0,1) and satisfies the differential equation (1.1)) and the boundary

conditions (|1.2)).

The following lemmas play an important role when proving our main results.
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Lemma 2.1 ([8,9]). Assume
(H1) p € C([0,1], (0, +00)), ¢ € C([0,1], (0, +00)).
Let ¢ and ¢ be the solutions of the linear problems

(p()Y' (1)) (t) — q(t)y(t) =0, te(0,1), (2.1)
¥(0) =b, p(0)y'(0)=a, (2.2)
and
(p(t)¢' (1)) (t) —a(t)p(t) =0, te (0 1), (2.3)
(1) =d, p(1)¢'(1) = 2.4

respectively. Then
(i) @ is strictly increasing on [0,1], and ¥(t) > 0 on [0,1];
(ii) @ s strictly decreasing on [0,1], and ¢(t) > 0 on [0, 1].

As in [9], set
et [ X aw(&) o= 3 i) et (S0 ()
A_dt<p—z;’:2ﬁiw<£i> —Z?:Qﬁmi))’ p p(t)dt(w W )

Then, by Liouville’s formula, we have

_ ¢(0)  ¥(0)) _
p = p(0) det <¢,(0) 1//(0)> = constant.

Define

_ 1 ]o®(s), 0<s<t<l1,
G(t,s)—p{¢(8)w<t)’ Deicsel (2.5)

It is easy to see that

0<G(t,s) <G(s,s), 0<s,t<1. (2.6)
Remark 2.2. By and Lemma [2.1] for any ¢ € [0,1], we have
G(t, s) _{"“” 0<s<t<l, >{d 0<s<t<l,

_ ) 3(0)
G(s,s) Y0 pg<t<s<1l, |-b, 0<t<s<l.

Y(s)’ (1)
Let v = min{%, %}, then G(t,s) > vG(s, s), for t,s € [0,1].

Remark 2.3. Since v = min{ ¢>EiO wé)l)} according to the monotonicity of #(t),
we have v < w(l) ig?; < w<1)’ SO z/;( ) > v9(1), for ¢t € [0,1]. Similarly, by the

monotonicity of ¢(t), we have v < ¢( 5 = zgég < i((é)), s0 ¢(t) > v¢(0), for t € [0, 1].

Lemma 2.4 ([8,9]). Assume (H1) and that A # 0. Then for any y € L[0,1], the
problem

(p(t)x'(t))’ t) —q(t)z(t) +y(t) =0, te(0,1), (2.7)
az(0) — bp(0) > (s (1) +dp(1)x (1>:_Z@x<§i>, (2.8)

has a unique solution

#(t) = / G(t, s)y(s)ds + Aly)(t) + By)d(b), (2.9)
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where
L [T fy GlEy(s)ds p— 7 is(6)
A= R t( 25 1 Gle) ( )ds —z;’:?m(m) (210
_ Lge [ TS en(@) T fy Gl s)y(s)ds
PR (p—zz?iﬁmw(a) S, (gi,s>y<s>ds>~ 211)

Lemma 2.5 ([8 [9]). Assume (H1) and

(H2) A <0, p =7 (&) > 0, p = 32707 B(&) > 0.
Then for y € L[0,1] with y > 0, the unique solution x of (2.7)-(2.8) satisfies
x(t) >0, fort € [0,1].

Let Q ={z € P: x( ) > vllz||}. It is obvious that @ is a subcone of P. With
Lemma [2.4] . Problem . ) has a positive solution z = z(t) if and only if
x € Q\{0} is a solution of the nonlinear integral equation

x(t):/o G(t,5)f (s, 2(s))ds + A(f (s, 2()))¢(t) + B(f (s, 2(5))) (1), ~ (2.12)

where f satisfies the condition

(H3) f € C((0,1) x (0,400),[0,+00)) and there exist h € C((0,1), [0, +00)),
g € C((0,400),[0,+00)) satisfying that for any ¢ € (0,1), u € (0,+o0)
implies

ft,u) < h(t)g(u), te(0,1), ue(0,+00),
0 </ G(s, s)h(s)ds < +o0.
Define an operator T : Q\{0} — P by
(Tz)(t / G(t,5)f (s, 2(s))ds + A(f (s, 2(s)))¢(t) + B(f (s, 2(s)))o(t). (2.13)

It is easy to prove that the existence of solutions to (1.1])-(1.2) is equivalent to the
existence of solutions to (2.12). That is, the existence of a fixed point of operator
T.

To overcome the singularity, we consider the following approximating equation
of (2.13)) with the boundary conditions (1.2)).

(Th) / G(t,8) fn(s,2(s))ds + A(fn(s, 2(5)))(t) + B(fu(s, 2(s)))o(1),

where n is a positive integer and
falt,z) = f(t, max{l,x}). (2.15)
Remark 2.6. By (H3), there exists 7 € (0, 5) such that
0< /1 ’ G(s,8)h(s)ds < +o0.

Lemma 2.7. Assume (H1)-(H3). Then T, : P — P is completely continuous for
any fized natural number n.
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Proof. First it is easy to see that T,, maps P into P. Then we prove that 7T,, maps
bounded sets into bounded sets.

Suppose D C P is an arbitrary bounded set. Then there exists a constant

M, > 0 such that ||z|| < M; for any x € D. By (H1), for any € D and s € [0,1],
we have

()0 = [ Glt5)aos60)s + Ao, 5)0) + B, 61000
/ G(s,5) max{%,x(s)})ds
+A(h<s>g(max{%,x<s>}>)
+ B(h(s)g (max{ - 2(9)})
<M [ s, hs)s + A V) + B (15 60
< M1+ V(1) + Bo0) [ Gl Mo,

where My = sup,¢c(1 17, 9(2),

1 St p- St ai¢(§i))
A=—d i=1 i=1 , .
x4 (z;’f B -y ) (216)
1 S P a(g) St Olz')
=-—d i=1 i=1 . }
b A « (P - 2212 Bib (&) 2212 Bi (2.17)

Therefore, T, (D) is uniformly bounded.

Now we show that T,(D) is equicontinuous on [0,1]. For any e > 0, since
G(t, s),(t) and ¢(t) are uniformly continuous on [0, 1]x[0, 1] and [0, 1], respectively.
There exists ¢ > 0 such that for any ¢1,ts € [0, 1], |t1 — t2| < 0 implies that
5min0<s<1 G(s s)

|G(t17 S) - G(t% S)|

3M2 fo h( )ds
e

() —P(t2)| < 3MaA [} G(s,s)h(s)ds’
g

|(t1) — B(ta)] < 3MsB [ G(s,5)h(s)ds

Consequently, for any = € D, t1,t3 € [0,1], |t1 — t2| < J, we have
|T X tl) T, :C(tQ)‘

/ (Gt1, 5) — Glts, 8)|fo (5, 2(s))ds
+ A(fn(s,2(5)))|0(t1) — Y(t2)| + B(fu(s,2(s)))|o(t1) — o(t2)]

/ |G(t1,s) — G(t2,s)|h(s)g (max{%m(s)})ds
+ A(h<s>g<max{ﬁ,x<s>})) [(t1) = (ts)
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1
+ B(h(s)g(max{,2(s)}) ) 6(tr) - 6(t2)

gMg/O G(t1, 5) — Gts, 5)|h(s)ds
+ A(h(s)Ma) (1) — (t2)] + B(h(3)Mz)|6(tr) — 6(t2)|

1
M. G(ty, s ,S8)|h
Sz/o\(tl) G(t, 5) h(s)ds
+ Mo AY(th) — t2|/ (s,8)

+ My B|p(ty) — tz\/Gss

3 3 3_

Thus, T, (D) is equicontinuous on [0,1]. According to Ascoli-Arzela Theorem,
T, (D) is a relatively compact set.

In the end, we show T}, is continuous. Suppose X,z € D,z — = (m — +00).
Then there exists a constant Mz > 0 such that ||z|| < Mz, ||zn| < Ms (m =

1,2,...). Since f,(t,z) is uniformly continuous on [0, 1] x D for any fixed natural
number n, hence,

lim fo(t,2m(t)) = fn(t,2(t)), uniformly on ¢ € [0,1].

m— 00

According to the Lebesgue dominated convergence theorem,
1

lim G(8,8)|frn(s,2m(8)) — fn(s,x(s))|ds = 0.

m——+00

Thus for the above € > 0, there exists a natural number M, such that m > M
implies that

1
5
/0 G(8,8)|frn(8,2m(8)) — fru(s,x(s))|ds < T+ 401 £ Bo(0)° (2.18)
From (2.18), we obtain that for m > M,

1Tt — Thul|
= s, | / Gty ) (5, 2 (5))d5 + Afu(5, 2m ()W) + B(fuls,2m())(0)
- / G(t, 5) (5, 2(5))ds — A(fo(5,2(5)(E) — B(fu(s, 2(5))()

1
< / G(5, )| fa(5: 2m (5)) — fu(52(s))]ds

A(]fn(s,2m(5)) = fuls, 2(5))]) (1)
B(|fu(s,2m(s)) — fa(s, 2(s))])6(0)

1
< (1+Ay(1) + B¢(0)) /0 G(s,8)|fn(s,2m(s)) = fuls, x(s))|ds <e.

Therefore, T;, : P — P is continuous. Thus T}, : P — P is a completely continuous
operator. (I

+
+
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Lemma 2.8. T,,(Q) C Q.

Proof. For any z € @, (H2) and (H3) imply (T,z)(t) > 0. From (2.6), (2.14) and
the monotonicity of ¥ (t) and ¢(¢), we have

(Th)(t) < /O G(s,8)fn(s,x(s))ds + A(fu(s,2(s)))¥(1) + B(fa(s, z(s)))¢(0),
which implies
[T < /0 G(s,8) fn(s,2(s))ds+ A(fu(s,2(s)))¥(1) + B(fn(s, z(s)))$(0). (2.19)
By Remarks and we have
(Th)(t) = /O G(t,8)fn(s,2(s))ds + A(fn(s,2(s)))Y(t) + B(fa(s,z(s)))d(t)
> [ Gl (9 + AU (5.2 V(1) + Bl (525100

1
> ”Y[/O G(s,8)fn(s,2(5))ds + A(fn(s,2(5))(1) + B(fn(s, 2(s)))p(0)].

(2.20)
Then, (2.19) and (2.20) yield
(Tnz)(t) = V|| Tz
Hence T,,x € Q. O

3. MAIN RESULTS

In this section, we present our main results as follows.

Theorem 3.1. Suppose that (H1)-(H3) hold and there exist numbers R > 0 and
L > 0 such that

! R
/0 G(s,s)h(s)ds < M(l AR 1 qu(()))’ (3.1)
Ly? o G(s,s)ds > 1, liminf min fitz) > L. (3.2)

- rz—+00 7<t<1l—7 xT

Then (1.1)-(L.2) has at least one positive solution, where M = max,ciyr,1+R) 9(1),
v is defined in Remark and A, B are defined by (2.16]) and (2.17)), respectively.

Proof. Firstly, we shall prove that when n is sufficiently large, we have
Thx #Ax, x€0Qgr, A >1, (3.3)

where Qr = {z € Q : ||z]| < R} for R > 0. In fact, if there exists zy € 0Qr,
and g > 1 such that A\gzo = T}, 0, then xo(t) < T,x0(t) for ¢ € [0,1] and any n.
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Choose a sufficiently large n satisfying n > A%R. Then we have
zo(t) < (Tnwo)(t)

= [ G a6 + A s 0()A0) + B, (s
< [ Gl 0(s))s + A5, 71 + Bl 20(51)o00
< 1+ Av(1) + Bo(0)) | (s, 5) a5, w0(5)) s

< (1 A0(1) + Bo(0) [ Gloss)nts)a(max( o)

< (1+ Ap(1) + qu(o))ﬂ/o1 G(s,s)h(s)ds < R.

(3.4)
Therefore, by (3.4) we have ||zo|| < R, which is a contradiction to xg € 9Qg. So
applying Lemma i(Tn,Qr,Q) = 1.
Next, according to (3.2), there exists R; such that z > R; implies

ft,z) > Lz, telr,1—r1]. (3.5)
Choose R’ > {R,y ' R;}. When n being sufficiently large we can claim that
Th.x # e, Vre€dQr, \€(0,1], (3.6)

where Qr = {z € @ : ||z]| < R'}. Suppose (3.6) is not true, then there exist
x1 € 0Qp and X € (0,1] such that Nz; = T,,21. Similarly, we choose sufficiently
large n satisfying that n > ’v}%" Therefore, by (3.5) we have

z1(t) > (Thxr)(t)

= / G(t,8)fn(s,21(s))ds + A(fu(s, 21(5)))(t) + B(fn(s, 21(5)))d(t)

0
2/0 G(t, 8) fn(s,x21(8))ds
1—7
> 7/ G(S,S)fn(svxl(s))ds

1—7
> L’y/ G(s,8)x1(s)ds

1-7
> LR'~* G(s, s)ds.

T

This is a contradiction to x; € 9Qg/. Consequently, (3.6 holds. Furthermore, for
each x € 0QRg,

[T Z/O G(t, ) fn(s,2(s))ds + A(fn(s, 2(5)))9(t) + B(fa(s, 2(s)))b(t)

> /0 G(t, 8) fn(s,z(s))ds



EJDE-2009/110 POSITIVE SOLUTIONS 9
1—7
> 'y/ G(s,8) fn(s,2z(s))ds
-

1-71
> L’y/ G(s,s)x(s)ds

1—71
> LR"yz/ G(s,s)ds.

So infyeaq,, || Tnel| > 0. Thus from Lemma i(Th,Qr, Q) = 0.
By the additivity of fixed point index, we know that

i(TnaQR’ \QR’Q) = i(Tn7QR’7Q) - i(TnaQR7Q) =—-L

As a result, there exist z, € Qr \ Qp satisfying T,,x, = z,, provided that n is
sufficiently large.

Without loss of generality, suppose T,,x, = 5, n > ng. Let D = {z,}p>n, be
the sequence of solutions to (2.14)). It is not difficult to prove that D is uniformly
bounded. Next we show {zy,}n>n, is equicontinuous on [0,1]. It is obvious that
we only need to prove lim; o4 (2 (t) — 2,(0)) = 0, limy—,1—(2,(t) — z,(1)) = 0
uniformly with respect to n > ny and D is equicontinuous on [o,1 — o] C (0,1) for
o€ (0,1/2).

Now we prove that

tli%1+(xn(t) —2,(0)) =0, uniformly with respect to n > ng. (3.7)

According to ,
’xn(t) - xn(O)‘

1
= | / G(t, 5) fu(s, 2(3))ds + A(fo (5, 2(5)E(E) + B(fuls,2(5))) (1)
- / G(0,3) fu(5,2(5))ds — A(fu (5, 2(3))0(0) — B(fu(s,2(5))$(0)
f¢ /w (8) fu(s 2(s ))ds+ /<z> (s, (s (3.8)

—fcﬁ / D(5) (5, 2(5))ds + Afn(s,2())) () — $(0))
+ Bl (o) 6 — 60)

/ Y(s)h(s)g (mac{ - a(s)})ds
/ H()h(s)g (mac{ - x(s)})ds
/ P(s)h(s)g (mac{ - a(s)})ds
(h(s)g(max{? x(s)})) (¥ () = (0))
h<s>g<max{l x<s>}>)<¢><o> y0)

b b\»—* b\H

4
&+
—~

/¢

5
=
\
@
%
_|_
5
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M4/w s)ds + AMy(¢ /Gss

+ BMy(6(0) — 6(1)) / G(s, 5)h(s)ds.

Since {zn(t)}n>n, is uniformly bounded, it follows that {g(z,)}n>n, is bounded.
Therefore, there exists a constant My such that ||g(zy)|| < My for n > ng. This
together with (H3) and (3.8)) show that we need to prove only that

t

. 1
Jim ~ott) [ wh(s)s = (3.9)
1 ! _
tl_1>%1+ ;(b(O)/O P(s)h(s)ds =0, (3.10)
1
Jim ~((0) = v(0) [ o(s)h(s)ds =0, (3.11)
Jim (1)~ $(0)) =0, Tim (6(0) — 4(1)) =0. (3.12)

Since 1(t) and ¢(t) are continuous on [0,1], (3.12) holds. For all € > 0, by the
absolutely continuity of integral function and (H3), there exists §; € (0, %) such
that ¢1,t2 € [0,1],|t1 — t2| < 47 implies

| / (s,9) | <e. (3.13)
Therefore, from (2.5) and (3.13 -, we have

;¢(t)/o P(s)h d3</ G(s,s)h(s)ds <e, te€(0,8],

1¢><o> / B(s)h(s)ds

ie., (3.9 and-hold
/¢

< —9(t) ¢( )h(s)ds + p(w<)—w<0>> : ¢(s)h(s)ds

s)ds <e, te(0,6];

o1 _ 1
< t G(s,s)h(s)ds—i—w : G(s,s)h(s)ds < 2e.

That is, (3.11)) holds. By (3.9)-(3.12)), (3.7) holds. Since
|20 (t) — 2n(1)]

1
= | [ G5 futssn(6))ds + A (s, 2(6)000) + Bl 20
— [ G5 = A, (5)6(1) = Bl (s, (s))o)

<

1 t 1 !
;(qﬁ(t) —¢(1))/O ¢(8)fn(87w(8))d8+;¢(t)/t ¢(s) fn(s,x(s))ds
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—1¢1 / B(8) (s, 2(5))dls + Afus, 2(5)) (0(8) — (1)
+B(fn(8 2(5))(6(1) — B(1)

< M4 /w 5)ds + Mw /sb
+ ¢ M4/¢ s)ds + AMy (s /Gss
+ BMy(¢ /Gss

similar to the above, we can easily prove that

tliIP (n(t) — ,(1)) =0, uniformly with respect to n > ny. (3.14)

Next we prove that D is equicontinuous on [o,1 — o] for any o € (0,1/2). In
fact, for n > ng, t1,t2 € [0,1 — o] with t5 > t;, we have

|2n(t2) — 2n(t1)]

= | [ G251 (s a(o))s + AU ) lt2) + B fuls,(5))o02)

- / G(tr,8) fn(s,x(5))ds — A(fu(s, 2(s)))P(t1) = B(fu(s, 2(s)))d(t)

—_

< L6(t2) - 6(01)) lzw(s)fn(s,x(s))dw%as(tz) / " (5) (s, 2(s))ds

0

B

to

1 L 1
) —u(t) [ ol a(e))ds — i) / 6(5) fu(5,2(5))ds

t1

+ A(fn(s,2(s))) (©(t2) — »(t1)) + B(fn(s, 2(5)))(d(t2) — ¢(t1))-

(3.15)
By and the monotonicity of ¢(t) and ¢(t), we have

1 [t 1 1
; 0 P(s)h(s)ds < d/ G(s,s)h(s)ds, (3.16)
s)ds < — / G(s, s) (3.17)
[1) (t2) / Y(s)h(s)ds </ G(s, s)h(s)ds, (3.18)

to
%1/)(751) d(s)h(s)ds < G(s,s)h(s)ds. (3.19)

t1 t1

By (3.15)-(19), we have
|zn(t2) — zn(t1)]

§M4(b P(t1) /Gss

+M4(d+B)(¢>( 1) — qb(tg))/o G(s,s)h(s )ds+2M4/t2G(s,s)h(s)ds.
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By the above inequality, (H3), (3.9)-(3.12), and continuity of ¥(t), ¢(t), D is
equicontinuous on [o,1 — o).

From the above proof, we can know D is equicontinuous on [0,1]. It follows
from Ascoli-Arzela’s theorem that the sequence {z, }n>n, has a subsequence which
uniformly converges on [0, 1]. Without loss of generality, we assume that {x,,} itself
uniformly converges to x on [0, 1]. According to the Lebesgue’s dominated theorem,

we know that x is the positive solution of ([L.1)-(1.2). O
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