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EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS
FOR A BVP WITH A P-LAPLACIAN ON THE HALF-LINE

YU TIAN, WEIGAO GE

ABSTRACT. In this work, we consider the second order multi-point boundary-
value problem with a p-Laplacian

(p()Pp(a’(1)))" + f(t,2(t),2(t)) =0, t€[0,+00),
2(0) = aiz(&), Jima(t) = 0.
1=1

By applying a nonlinear alternative theorem, we establish existence and unique-
ness of solutions on the half-line. Also a uniqueness result for positive solutions
is discussed when f depends on the first-order derivative. The emphasis here
is on the one dimensional p-Laplacian operator.

1. INTRODUCTION

In recent years, a great deal of work has been done in the study of multi-point
boundary-value problems which arise in different areas of applied mathematics and
physics. The study of multi-point boundary-value problems for linear second order
differential equations was initiated by II'in and Moiseev [6]. Since then, more general
nonlinear multi-point boundary-value problems were studied by several authors, see
[4, 5] 7, [8, 10] and the references cited therein.

For a finite interval, He and Ge [5] used the Leggett-Williams fixed point theorem
to the following second-order three-point boundary-value problem

W)+ f(tut) =0, te(0,1),

u(0) =0, u(l) = &u(n),
where £ > 0,0 < n <1 and {n < 1. Du, Xue and Ge [4] applied Leray-Schauder
degree theory and lower and upper solutions method to (1.1)) when f does not

depend on the first-order derivative explicitly, and obtained the existence of at
least three solutions. Nonlinear differential equation on finite interval

(Qp(u) + f(t,u,u') =0, te€(0,1) (1.2)

(1.1)
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with different boundary conditions has been studied extensively. Ma, Du and Ge [7]
obtained some criteria for the existence of monotone positive solutions to the equa-
tion with boundary condition «'(0) = Y"1, e/ (&), w(l) =Y 1, Biu(&)-
For a infinite interval, in a monograph [I] Agarwal and O’Regan studied two-
point boundary-value problems on the half-line and obtained a series of interesting
results. Inspired by [I], many authors devoted the study of two-point and multi-
point boundary-value problems on the half-line, see [2, 10, [TT], 12}, [13]. Tian and Ge
[10] established the existence of at least three positive solutions for the problem

(p(t)a'(t)) + f(t,x(t),a"(t)) =0, te€I=]0,+00),

+(0) = az(€),  lim a(t) =0, (1:3)
t—oo

where p € C[0, +00) N C*(0,400), p(t) > 0 for ¢ € [0,+00), [;° ﬁdt < 00, a0 > 0,

0<¢<oo, f:IXxIXxR—I.

However, in [4} 5,8, [10], the one dimensional p-Laplacian operator is not involved.
Ma, Du and Ge [7] studied only boundary-value problem on finite interval and the
nonlinear term does not depend on the first order derivative explicitly. Moreover,
only existence results were established in the above literature. By so far, very few
existence and uniqueness results were established for multi-point boundary-value
problem with a p-Laplacian on the half-line.

Motivated by the above results, we consider the existence of positive solutions
for multi-point boundary-value problem

(p()@p(2'(1))) + f(t,2(t),2'(t)) =0, tel=][0,+00),

m
. (1.4)
0) = Zaix(fi), tliglo x(t) = 0.
where ®,(s) = [s[P72s,p > 1, & € (0,00), i =1,2,...,m, and «;, p, [ satisfy
(H) 0<a; <1,(:=1,2 ...m)satlsﬁeSO<Z _p 0y <1,

(H2) p € CI0, +oo) nct ( +00), p(t) > 0 for t € [0,+00), and non-decreasing
on [0,400), [;° @, (1/p(t))dt < oo,
(H3) f:[0,4+00) x [0, +oo) X R — [0,+00) is an L!-Carathédory function, that
is
(i) t — f(t,z,y) is measurable for any (z,y) € [0,+00) X R,
(i) (z,y) — f(t,z,y) is continuous for a.e. t € I,
(iii) for each 1,79 > 0 there exists l,., ,, € L'[0, 00) such that x| < rq,|y| <
ro imply |f(t,z,y)| <y, ,,(¢) for almost all t € I.
Furthermore, when f does not depend on the first-order derivative explicitly, we
establish the uniqueness result of positive solutions. We note that when p = 2,

&1 =& =+ =&y, problem (1.4)) reduces to (1.3).

Definition 1.1. A function x is said to be a positive solution of boundary-value

problem (L.4)), if z € CY(I,1),(®,(2'(t))) € L'(I),z(t) > 0, and z satisfies (1.4)

fortel.

By using fixed point theorem on cone, we establish the existence of positive so-
lutions for problem . In order to apply fixed point theory, it is very important
to transform BVP into an equivalent integral equation. For p = 2, the process is
easy to be realized since the Green’s function exists, however, for p # 2, it is im-
possible since the differential operator (®,(2’))’ is nonlinear. Besides, nonlinearity
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f depends on the first-order derivative, which brings about much trouble, such as,
the verification of the compactness and continuity of the operator.
In this paper, we will need the following lemmas.

Lemma 1.2 (Nonlinear alternative [9]). Let C' be a convexr subset of a normed
linear space E, and U be an open subset of C, with p* € U. Then every compact,
continuous map N : U — C has at least one of the following two properties:

(a) N has a fized point; B B B

(b) there is an x € OU, with x = (1 — X\)p* + ANz for some 0 < A < 1.
Lemma 1.3 ([3, 9]). Let C;([0,00),R) = {z € C([0,00)) : limy_ o0 x(t) ewmists},
then subset M of Cy, is precompact if the following conditions hold:

(a) M is bounded in Cy;

(b) the functions belonging to M are locally equicontinuous on any interval of
[0,00);

(¢c) the functions from M are equiconvergent, that is, given € > 0, there corre-
sponds T(g) > 0 such that |x(t) — x(c0)| < € for any t > T(e) and x € M.

2. RELATED LEMMAS

We consider the Banach space E = {x € C}(I) : limy_o 2(t) = 0} equipped
with the norm

2 = max{lizlo, ll#"llo},  ll+lo = sup |=(®)]

Let P={x € E:z(t) > 0,t € I}.
Let x € P. Suppose that x is a solution of BVP

(p(£) 2y (' (1))" + f(t,2(t), 2 (1)) =0, teT=]0,+00),

z(0) = Zai:c(&), lim z(t) = 0.

Then

Since z satisfies z(0) = Y7 | a;x(&;), by computing, one has

1=

z(0) = # iai /O& o, [L(p(o)Az - /Osf(r,x(r),x/(r))drﬂds,

i=1 % T p(s)
Thus
x(t) = 12174711041' iai /Ogi o [ﬁ (p(O)Aw - /0S f(r,x(r),x’(r))drﬂds

i=1

+/Ot @pl[p(ls)<p(0)Am/Osf(r,x(r),x'(r))drﬂds.
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The second boundary condition lim;_, . x(t) = 0 means that A, satisfies
1 ia- /51‘ ot [L (p(O)A — /S f(r,z(r) x’(r))dr)]ds
1-370 o p o " Lp(s) 0 , ’

+ /000 o, ! [% (p(O)AI - /OS f(r,x(r),x’(r))dr)}ds =0.

Lemma 2.1. Forz € P, there exists a unique A, € (0, ﬁ IS f(ra(r), 2 (r))dr)
satisfying (2.2)).
Proof. Let x € P. Define

(2.2)

m

() = s Yo | e (0= [ fra )./ (r))dr) s
=17 =1

+ /000 q);l [ﬁ (,0(0)0 _ /05 f(ryx(r), x'(r))dr)} ds.

Then H, € C(R, R) is increasing and H,(0) < 0. Let

e L [T r,z(r), 2’ (r))dr
o= 7 ) f0a). 2

then H,(¢) > 0. By mean value theorem, there exists A, € (0,¢) satisfying
H,(Az) = 0. Since H,(c) is increasing about ¢, there exists a unique A, satis-
fying H,(A,) = 0. O

Lemma 2.2. The function A, : P — [0,+00) is continuous on x.

Proof. Let {z,} € Pwithz, — z¢o € Pasn — ocoin P. Let {4, }(n=1,2,...,m)
be constants decided by equation corresponding to z,(n =1,2,...,m). Since
ZTn — To in P as n — oo, there exists an M > 0 such that ||z,| < M. The fact f
is an L' —Carathédory function means

/00 l[f(ryzn(r),zh (1) — f(r,zo(r), zg(r))|dr < 2/OO Laa, v (1)dr < oo
0 0

that is,

/000 flryzn(r),zh (r)dr < /OOO f(ryzo(r), zg(r))dr + 2/00O I (r)dr < .

So
I

(0) Jo
C (0, p(lo)(/ooo f(ryzo(r), zo(r))dr + 2/0Oo lM,M(r)dr)>,

which means that {4, } is bounded.
Suppose that {A,, } does not converge to A,,. Then there exist two subsequences

AWMV and AP 1 of A, with A c1 and AP
"k

Ty, Ty, Ty, Ty,

A, € (O, fr,zn(r), 1‘{”(7‘))(1’/‘)

— ¢o since {4, } is
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bounded, but ¢; # ¢3. By the construction of A, , (n =1,2,...), we have
12’":@/%1[ 5 (0a2, = [ a0, )ar)as
1- Z?Ll @ i=1 ' b z‘"k

i 1
o1 AW / () (1), 1) o
+/O ; [p(s D praQ), e ))dr)]ds 0

Let ni — oo, using Lebesgue’s dominated convergence theorem, the above equality
implies

S

1zlaia /E @ﬂﬁ (p(0)er 0 F(roo(r), wh(r)dr) | ds

=1

+ /000 o, ! [% (p(O)cl - /OS flr,zo(r), xé(r))dr)]ds =0.

Since {A,, } (n=1,2,...) is unique with respect to x,,, we get ¢; = A,,. Similarly,
co = A;,. Thus ¢; = ca, a contradiction. So, for any z,, — x¢, one has A, — A,
which means A, : P — R is continuous. [l

Define the operator T on P as
Tx(t)

m

&i
:hzl’”cvga/ %[5 o /f”” enarfas -,

i= 1

—|—/Ot o, ! [ﬁ (p(O)Ax - f(r,x(r),z’(r))dr)]ds,

where A, is defined in (2.2)) corresponding to z. By Lemma we know that T’
is well defined. The fixed point « € P of the operator T is just a positive solution

of .

Lemma 2.3. The operator T : P — P is completely continuous.

Proof. (1) First we show that the operator T maps P to P. By the construction of
T, there exists 7 € (0, 00) such that

Tx(t) is increasing for ¢ € [0, 7] and decreasing for ¢ € [r, 00). (2.4)

If we show Tz(0) > 0, then Txz(t) > 0,t € I since and limy_, Tz(t) = 0
hold. For this, we assume that Tz(0) < 0. Since lim; . Tz(t) = 0 and holds,
there exists to > 0 such that Txz(t) > 0,t € [tg,00). Without loss of generality,
we assume there exists ig € {1,2,...,m} such that Tz(§) < 0,4 = 1,...,4p and
Tx(&) >0,i=i9+1,...,m. Then

m

Zasz &) > Zaﬂ’x &) > Za,Tx

So 220:1 a; > 1, a contradiction. Thus, Tx(0) > 0 and so Txz(t) > 0,t € I.
(2) Next we show that T is continuous on P. From the continuity of f and A,,
the result follows.
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(3) Next we show that T is relatively compact. Given a bounded set D C P.
Then, there exists M > 0 such that D C {x € P: ||z|| < M}. For any = € D, we
have

/ £t 2(t ))dt</ooolM7M(t)dt — L

Thus |A,| < Therefore,

p(O)

m &i @ — 1
Zz 1% Jg q)P (p(s))ds
1-30 o

-1 . -1
[(Tz) o < @, (2L)btl€1§¢’p (

+,'(2L) /OOO @;1($)ds < o0.

I

p(t)

|Tzllo < ®,"(2L)

Since the condition (H2) holds, one has sup,c; CIJ; (p(t)) < 00, which means that

(Tz) |lo < oco. So, {TD(t)}, {(I'D)'(t)} are bounded. Besides, {T'D(t)} is equi-
continuous. Now we shall show that {(T'D)’(¢)} is local equi-continuous on I. For
any K >0, t1,t3 € [0, K] and x € D, then

|‘I’p((T$)/(t1)) Tx) (t2))]
’ ( 0)A, —/ flryaz(r ))dr)
( 0)A, f/ flr x( ))dr)}

)\ X |p(0)Az — ; f(s x(s), 2’ (s))ds|

+—|/ £, (), o/ () dr|

<|

| ZM)M(T)dT|.

(tl) p( 2) ( 2)

E

Since fooo ﬁds < oo,fooo I (r)dr < oo, for any € > 0, there exists § > 0,
such that |®,(Tx) (t1) — ,(Tx) (t2)| < € for any |t; — t2| < §. Noticing D, (x)
is continuous about z, |(Tx) (t1) — (Tx)'(t2)| < &’. Therefore, {(TD)'(t)} is equi-
continuous.
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(4) At last we will show that T is equiconvergent at co. Since lim;_,o Tz (t) = 0,
one has

Jim |(Ta)(t) ~ (T) (00)|
= Jim |(T2)(1)]

= lm 1_21@1042_:@/05 —l{ﬁ 0)4, —/ Frya(r), ' (r)dr) | ds
+/Ot<1>;1{p /fr:v ))dr)}ds‘

- uzlmi“i/fq’?[p A= [ 50,0050 s

+/Oooc1>p1[p / F(r,z(r ))dr)}ds.

Since A, satisfies , one has
tlim [(Tz)(t) — (T'z)(c0)| = 0.

Therefore, T': P — P is equiconvergent at oo.
By Lemma the operator T': P — P is completely continuous. ([l

3. EXISTENCE OF POSITIVE SOLUTIONS

For convenience, we denote

1 m &i . 1 o . L
Ay :maX{l—ZM;ai/o o, (@)d&/o o, (p(s))ds} (3.1)
B =7 () @2

Theorem 3.1. Suppose that (H1)-(H3) hold and f(t,0,0) # 0 for ¢t € I. Also
assume there exist functions a,b,c € L'([0,0), [0,00)) satisfying

1 1
-1 -1 :
@ ([bl120) + @5 (lell2) < min { oo s |-

where 5+ ¢ =1,[|bl[z1 = J57 1b()|dt, such that
fta,y) < a(t) +0(8)Py(x) + c(t)Pp(ly)-

Then problem (1.4) has at least one nontrivial positive solution.

Proof. We will apply Lemma [I.2] to show this theorem. From Lemma[2.3] T : P —
P is a completely continuous operator. Let

371010, (||al|z))
1= 301 A (@ ' ([Ib] 1) + 25 (el 1))
39 1A2‘1> "(llallzr) }
1= 391 Ag(®  (|Ibf 1) + @5 (llefl 1))

M>max{
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where & + & = 1. Now we define @ = {z € P : |lz| < M}. For any z € 99,
x| = M, so ||z]lo < M, ||z'||o < M, by assumption of theorem and Lemma [2.1]

|Tx(t)| = %gai /05i CIJ;l {p(l / flr z(r ))dr)]ds
+/Ot ‘bgl[p L / £, a(r ))dr)]ds

1 m

%Za/ / Fra(r), o (r ))dr}ds

1

+/ / flryz(r (r))dr} ds

< — 11%2 /& ) /fra: 2 (r))dr)

i=1

+/0 (I);l(m)dS(I);l(/() f(r,x(r),x'(r))dr)

< A2 (flall e + [10]l 2 @p(2llo) + llel r @y (112 [lo))-

2y o) = |0 [pi(pmmx - f(r,x<r>,z’<r>>dr)ﬂ
< sup @, L / flryz(r), ' (r ))dr)

tel )
< Aoy (HallL1 + 1Bl @p([lll0) + llellz: @p(ll2”[lo))-

By primary inequality

i ) ) 1, 0<r<l,
jar +as + -+ an]” < Collar]” + - + [an]"), Cr:{ 1
n" 7 r>1,

we have

1Tl < 377 Au [0 (allze) + @5 (10l o + @5 (lell ) 12" o]
< 377 A [0 (lall ) + (@5 (1012 + @ (lell ) M]
<M = |a,

and

1(Tz)' o < 377 Az [ (lall 1) + @5 ([Bll ) [2llo + @5 (el 1) ]2 lo]

< 397 Ay [0, (lall 1) + (@, (b)) + @5 (el 1)) M]
<M= [le].

So ||Tz|| < ||=|, i.e. taking p* = 0 in Lemma for any z € 9Q, * = ANz
(0 < X < 1) does not hold. Thus Lemma implies that the operator T has at
least one fixed point. So problem has at least one positive solution. Besides,
by f(¢,0,0) # 0 for ¢t € [0,00), problem has at least one nontrivial positive
solution. (]



EJDE-2009/11 EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS 9

Corollary 3.2. If f(¢,0,0) #Z 0 and there exists r > 0 such that

r

/0 £t 2, y)dt < min{cpp(ALl),cpp(E)}, (3.3)

where x € [0,7],y € [—r,r]. Then (L.4) has at least one nontrivial positive solution.

Proof. From Lemma T : P — P is a completely continuous operator. Now we
define Q@ = {z € P: ||z|| < r}. For any z € 99, ||z|| = r. So ||z|lo < r]|z"|lo < 7.
By assumption of theorem and Lemma

T (b)) = @ia / o [p / Flra(r). o/ (r))dr) | ds

- /Ooo o, [% (p(O)AI _ /0 f(nx(r)“ﬁy’(r))dr)}ds
< Ach)p1</ooo f(r,m(r),x'(r))dr)

< Alq);l(min {(I)P(ALl)’(I)p(ALg)})

<7 =z
11 '
_ -1 _* _ ’
(@)@ =2;" [ (o014 = [ f(rar),a'(r))ar) |

<800, ([ fna(r), o/ ()dr)
0
, T T

< Ag{)p 1 (mln {@Z,(A—l),@p(AQ ) })

<7 = |z.

So || Tz|| < ||z||. Similar to the process in Theorem the result follows. O

Corollary 3.3. If f(¢,0,0) # 0 and

i PXzelo.dyel-da Jo St y)dt
d—0 dr—1

=0, (3.4)
then (1.4) has at least one nontrivial positive solution.

Proof. Let ¢* = min{®, (i) o (i )}. By (3.4), there exists r > 0, such that

d

d
p—1 _ a
sel0.dyel- dd]/ f(t 2, y)dt < e°d min {®, ( ) <I>p(A2)}, Vd<r,

which implies (3 . By Corollary. 3.2 BVP (1.4 - ) has at least one nontrivial positive
solution. 0

4. UNIQUENESS OF POSITIVE SOLUTIONS

In this section, we establish the uniqueness of positive solutions for the problem
(p(t)p(2'(1))) + f(t,2(t)) =0, tel,
0) = Zaix(&), hm x(t) = 0.
i=1

t—oo

(4.1)
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Lemma 4.1. Suppose that f(t,x) is non-increasing in x for allt € I. Then (4.1)
has at most one positive solution.

Proof. Assume to the contrary, that (4.1)) has two positive solutions x1,x5. Let
Yy = x9 — x1. Since x1, Xy are two positive solutions of (4.1)),

(p()@p(25(1)))" = (p()®p(21(1))) = f(t, 21 (1)) — f(t,22(t), tEL

m

=Y aw(&), lim y(t)=0.
=1

Let z(t) = p(t)(®p(zh(t)) — ®p(x1(t))). Now we will complete the proof in three
cases.
Case 1. If y(t) > 0, y(t) £0, t € I. Since f(t,x) is non-increasing in z, z'(t) > 0,
t € I. We claim that there exists a unique n € I satisfying z(n) = 0. If not, we get
a contradiction by the following two cases.
(1) 2(t) > 0, t € I. Thus ®,(z5(t)) > Pp(x (), t € I; ie., Y (t) = (22 —
x1)'(t) >0, ¢t € I. So lim;_, ;o y(t) > 0, a contradiction.
(ii) 2(t) < 0, t € I. Thus ®p,(z5(t)) < Pp(x)(t)), t € I; ie., Y (t) = (z2 —
x1)'(t) <0,tel. So

= aiy(&) < Zaiy( <y(0), if ZO‘Z
i=1 i=

tlggloy()<y 0, 1f2a1_0

a contradiction. Our claim is proved.
So z(t) < 0 for t € [0,n) and z(t) > 0 for t € (n,00). Thus

y'(t) <0 for t € [0,n) and y'(t) > 0 for t € (n, o). (4.2)

If > a; € (0,1), we have by the first boundary condition,

Zazygz SZ gj <y§])

where y(&;) = max{y(&) : i =1,2,...,m}. So § > 7. By ([£2), we have
Jim y(t) 2 y(&) > y(0) 2 0,

which contradicts the second boundary condition.

If ", a; = 0, we have 0 = lim;_.oo y(¢t) > y(0), which contradicts the first
boundary condition.
Case 2. There exists 0 < a < b, b € (0,00] satisfying y(t) > 0 for ¢t € (a,b),
y(a) = y(b) = 0, y'(a) > 0. By the definition of z(t), we have 2/(t) > 0, ¢t € (a,b)
and z(a) > 0. So z(t) > 0, t € (a,b); i.e., y'(t) >0, t € (a,b). By y(a) = 0, we have
y(b) > 0, a contradiction.
Case 3. There exists b € (0, 00) satisfying y(¢) > 0, ¢t € [0,b), y(b) =0, y'(b) < 0.
By the definition of z(t), we have 2/(¢t) > 0, t € [0,b) and z(b) < 0. So z(t) < 0,
t €10,b). Then y'(¢t) = (z2 — x1)'(t) < 0, t € [0,D).
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If > a; € (0,1), we have by the first boundary condition,
0<y(0) =Y aiy(&) < Y aiy(&) < (&),
i=1 i=1

where y(&;) = max{y(§) : i = 1,2,...,m}. So & > b and y(§;) > y(0) > 0. So
there exist ¢, d satisfying b < ¢ < §; < d < oo such that y(t) > 0 for ¢t € (¢, d),
y(c) = y(d) = 0,y'(c) > 0. By Case 2, there is a contradiction.

If > a; = 0, then y(0) = 0, which contradicts y(t) > 0,t € [0,b). O

By Corollary [3.2] and Lemma we have the following result.

Theorem 4.2. Suppose that f(t,x) is nonincreasing in x for allt € I. Also assume
that there exists v > 0 such that

r

/ f(£,0)dt < @p(-—).
0 Ay
Then problem (4.1) has a unique positive solution.
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