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THE CAUCHY PROBLEM FOR A SHORT-WAVE EQUATION

SILVIO MARQUES A. GAMA, GUEORGUI SMIRNOV

ABSTRACT. We prove existence and uniqueness of solutions for the Cauchy
problem of the simplest nonlinear short-wave equation, utr = u — 3u2, with
periodic boundary condition.

1. INTRODUCTION

In this paper we consider the Cauchy problem for the short-wave equation

Uy = u — 3U?, (1.1)
with the boundary condition (L > 0)
u(0,t) = u(L,t), t>0, (1.2)
and the L-periodic initial condition
u(z,0) = ¢(z), VreR. (1.3)

Here, u(z,t) represents a small amplitude depending on one-dimensional (fast)
space variable z and (slow) time .

Nonlinear evolution of long waves in dispersive media with small amplitude in
shallow water is a well known subject. It has been described by many mathemat-
ical models such as the Boussinesq equation [3], 8], the KAV equation [5], or the
Benjamin-Bona-Mahony-Peregrine equation (BBMP) [, [7]. In contrast, for short-
waves, commonly called ripples, only a few results exist [6] [4][2]. When we speak of
long or short-waves, we are referring to an underlying spacescale, X, to which all
space variables have been compared. Thus, for instance, for the surface-wave mo-
tion of a fluid, the unperturbed depth serves as a natural parameter. The shortness
of the waves is referred to this underlying parameter.

The short-wave equation is derived in [6] via multiple-scale perturbation
theory from BBMP and governs the leading order term of the asymptotic dynamics
of short-waves sustained by BBMP. A first study of equation was done in [4].
We sketch here its derivation. Start from BBMP

UT+UX_UXXT:3(U2)X7 (14)

which is the model equation for the unperturbed equation to which we will find
the short-wave limit. Here, U(X,T) represents a small amplitude depending on
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one-dimensional space variable X and time T'. Its linear dispersion relation, w(k),
is real (this means that we are not dealing with dissipative effects) and is given by

k
w(k) = m,

having zero limit when k& — oco. The phase and group velocity are all bounded in
the short-wave limit k — oo. This property allows BBMP to sustain short-waves.
In fact, let us consider a short-wave with characteristic length ¢ = ¢ ~ k=1, with
k > 1. Define the scaled (fast) space variable x = e 1 X (¢ < 1). The characteristic
time associated with short-waves is given by looking at the dispersive relation of
the linear part for the time variable. In our case, w(e ') = e —¢e3>+¢e°>—.... In
this way, we obtain the scaled (slow) time variable t = ¢T'. We are lead thus to the
scaled variables = e 7' X and t = €T, which transforms the X and T derivatives
into x = e~ 19, and dr = €0;. Assume now the expansion U = ug + cu; + .. ..
Passing to the x and t variables and integrating in x, we have the lowest order in

(1.4) in the form

(1.5)

Uty =— U — 3(UO)2. (16)

For simplicity, writing ug as u, we obtain (1.1).
In the next section, under certain conditions, we prove the existence and unique-

ness of solutions for (L.1)-(1.3]).

2. MAIN RESULT

Let u = u(x,t) be a classical solution to the Cauchy problem, that is, a twice
continuously differentiable function satisfying (1.1)-(1.3]). Integrating the left-hand

side of in x, from 0 to L, and using , we get
d L
dt Jo

Therefore, from , we have

d
g (x, t)de = o (u(L,t) —u(0,t)) = 0.

L L
0= jt/o Uy (z, t)dx = /0 (u(z,t) — 3u?(z,t)) da. (2.1)

Thus, it is natural to consider only initial conditions satisfying (2.1]).
Note also that the Lo-norm of u,(+,t) is a constant. Indeed, multiplying both
sides of (1.1) by u, and integrating in x, from 0 to L, we obtain

1d o d L (z,t)
5%\%(%”2 = a/o de

L
:/O (u(z,t) — 3u?(z,t))uy (2, t)dx

B Lo u?(x,t)
_/0 8735( 5 —u?(z,t))dx

= (2D ) - (A0

This observation is of importance in the proof of a global existence.

—u?(0,t)) = 0.
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We will seek for solutions to problem (1.1))-(1.3) in a generalized sense. Namely,

consider a formal Fourier series
o0

u(z,t) = Z U (8)e2™/ Ly =, (2.3)

with coefficients depending on ¢. Assume that
u(z,0) = ¢(z), z€eR,

where ¢ is an L-periodic function. It is assumed that u_,, = w, or, equivalently,
u(z,t) € R. Formally substituting Fourier series (2.3) in the differential equation
we obtain a system of ordinary differential equations

dun, (1) _ il (un(t) -3 Z ua(t)lm(t)), n # 0. (2.4)

a+B=n,n€Z

dt S 2mn

(Denote uy,(t) simply by wu,.) Note that, for n = 0, we do not obain a differential
equation for ug, but a constraint relating ug to all the others Fourier modes. Since
ug is the real function u average value over the domain of periodicity, we obtain
the equation
up—3ug =3 > |unl® (2.5)
nezZ, n#0
This equation admits real solutions

uozé<1i\/l—36 3 |un|2>, (2.6)

n€Z,n#0

only if 37, 7,20 |un|? < 1/36. For definiteness assume from now on that the sign
in formula is plus, for example. The other choice is essentially the same, the
major difference being the fact that it results in waves travelling in the opposite
direction [4].

Rewrite , in the integral form

un(t) = dp — ;ﬂ—n ; (un(s) -3 Z ua(s)ug(s))ds, n#0, (2.7)
a+p=n,n€’
Denote by H the space of complex sequences v = {vy, }nez with the norm

ol = (ko + >0 n?onf?)

n€Z,n#0

1/2

The space of L-periodic functions u with Fourier coefficients {u,}5% € H, we

shall also denote by H. Let

— 00

¢(.’L’) — Z ¢nei2‘n'nw/L c H,

with ¢_,, = ¢,,. We say that a function u € C([0,00), H),
t— u(t) = Z U (£)e?™ B, =Ty,
n=-—oo

is a solution to problem (|1.1)-(1.3), if u € LOQ([(), oo),H), and the Fourier coeffi-
cients u,, satisfy (2.6), (2.7), and w,(0) = ¢, for all n.
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Now we are in a position to formulate the main result of this paper.

Theorem 2.1. If ¢ € H satisfies

20, |2 g a2 _
Z n|on|° < 1/72 and ; (¢(z) — 3¢*(z))dz = 0,

neZ, n#0

then problem - has one and only one solution. For all t > 0, Fourier
series converges uniformly in x. Its sum is differentiable in x for almost
all x € [0,L]. The derivative satisfies the conditions u,(-,t) € Lo([0, L], R) and
ug(z,-) € C([0,00[,R). Moreover, uy is differentiable in ¢t and (1.1) holds for
almost all x € [0, L].

Remark. The uniform convergence of Fourier series (2.3|) implies that u(-,t) is a
continuous L-periodic function.
The proof of Theorem [2.1]is divided in several steps. First note that the condition

L
/0 (6(x) — 3¢°(x))dz = 0,
implies

do=3lool>+3 D loal®

n€eZ,n#0

¢0:é(1i\/1—36 3 |¢n|2). (2.8)

neZ, n#0

From this, we get

Since
Z |¢n|2 < Z n2‘¢n|2 <1/72,
neZ, n#0 neZ, n#0
it follows that ¢g is well defined. Let v(-) € Loo([0,T], H). The norm in this space
we shall denote by ||v||. Define an operator f : Lo ([0,T], H) — Loo([0,T], H) as
follows:
iL [ =
Ja@O)O) =0 = 5 | (0as) =3 D wn(s)va-i(s))ds, n£0,  (29)
0 k=—o0

2mn

fo(v(-))(t)=é<1+\/1—36 > R eO)OR). (2.10)

n€Z,n#0

Let M > 0. Denote by ® € L ([0,T], H) the constant function ®(¢) = ¢ and
consider a complete metric space

Vear = {v(") € Loo ([0, T], H) : [lv — || < M}
with the metric induced by Lo ([0, 7], H). We need the following auxiliary results.

Proposition 2.2. If }° n?|¢n|? < 1/72 and T is sufficiently small, then f is
well defined and is a contractive map from Vpps into V.

Proof. Since

Fa@)(8) — falw)(t) = — 2

o) —wa() +3 37 (n() — wrls))on-(s)

k=—o0

2

+ wi(5)(0nk(5) = wa(s)]ds, 0,
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we have
Yo 2la)() = fulw)(®)f
nezZ,n#0
(const) |vn(8) — wy(s)]
ne;?ﬁo /
£ 3 (10k(s) = 0ron s ()] + fr(Dlomis) = wnn(o)]] 5]
k=—o0
< (const)t [vn(s) — wn(s)]
ne%;éo‘/o |:
+ > low(s) = wi(9)|(|vn-k(s)] + \wn,k(s)\)} ds
k=—o
< (const)t Z / [Ivn(s) wn ()]
n€zZ,n#0"0
(20 Toels) — wnl$) (i) + i) Jds
k=—oc0
< (const)t Z / [|vn(s) —w,(8) 2+ |vo(s) — wo(8)|*(|vn(s) > + |wn(s)|?)
n€z, n#0" 0
1y o 2 2 2 2
(X)) X K n(s) = wils) P(van(s) + hwa—i(s)]?)|ds
k#0 k=—o0
(const)t / S 1n(o) — wn(s) +fuos) = wo(s) D (Jens)?
ne”Z, n#0 n€Z,n#0
+ |wn(s) Z K lon(s) —wi(s)> ) (|Un(8)|2+|wn(8)|2)}d8
k=—o00 nezZ,n#0
< (const)t / [+ D (on()F + lwn(s) )] dsllo - w]?
0 neZ, n#0
< (const)T2(1 + [[of|* + [Jw]*) o — w]/*.
We have thus proved the inequality
Yo ) () = fa(w)(O)F < (const)T(1+ o] + [Jw]?) o - w]*. (2.11)
n€Z, n#0
We also have
| fo(v
36\\/1—36 Z falv w—% > e @)
neZ, n#0 n€Z,n#0

(const) 3,,c7, n¢0(|fn< V)7 + |fn(w)(®)?)

IV D o ONOF 130 o O
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X Z |fn(v)<t) - fn(w)(t)|2'
neZ, n#0
The inclusion v € Vgyy implies ||v]|? < (||®] + [|® — v]))? < (||®] + M)2. Since
® = f(0), from (2.11) we get
Y 2Plfa(0)(t) = dul® < (const)T?(1+ (@] + M)*)>.

n€Z,n#0
Therefore
SN lh®P<2 Y weal 2 Y n?lfa)(t) - ¢l
n€Z, n#0 n€Z, n#0 n€eZ, n#0
<2 > n?lénl” + (const)T?(1+ (| @] + M)?)?
n€”Z, n#0
<o< —,
=736

whenever T > O is small enough Thus the map f is well defined (see (2.9) and

(2.10). From and ( we obtain
|fo(v)( ) — fo(w)(t )\2 (const) > [fu(v)(t) = fulw)()]?

neZ, n#0

< (const) Z 72| fn (V) () — folw)(t)[?

neZ, n#£0
< (const)T* (1 + [Jof|* + [[w][*)]lv — w]]*.
Invoking again , we get,
||f(v) F)|? < (const)T*(1 + [[o]* + [[w]*)]lo — w]? (2.13)
< (const) T2 (1 + (|| @] + M)*)[lv — w]*. '
In particular, we have
1£(0) = |12 < (const)T2(1 + (||| + M)2)? < M,

for small T' > 0. Thus we see that f : Vprar — Vi and from (2.13)) it follows that
f is a contraction, whenever 7' > 0 is small enough. (]

Proposition 2.3. Let u € Loo([0,T], H) be a solution to the equation v = f(u).

Assume that
> nPlun (b)) <6< 1/36.
n€Z,n#0

Then uw € C([0,T],H) and @ € Lo ([0,T], H).
Proof. Similarly to inequality (2.12]) we have
fu(tz) = u(t2)]® = Juo(tz) —uo(t)* + D7 0 fun(t2) = un(t2)*

neZ, n#0
< (const) Z n2up (ta) — un(t1)]?.
neZ, n#0
From ([2.9) we see that the right side of the inequality is less than or equal to
2
(const)|ta — t1] ‘ / |Un +3 Z [ur (8)||tn—k(s )|) ds‘
t1

neZ, n#0
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< (const)|ta — 1] Z /

" (14 oo

neZ, n#0 1
1
+( X ﬁ) ST Rwl) S fuals)Pds
kEZ, k#£0 kEZ, k£0 nEZ, n£0

< (const)|ta — t1|*.

This proves the continuity of u(t). Since

9’ ZHEZ, n#0 (unu—n + 'U/n’ll_n)

lto|* = < (const) [ty |? g |?
1-36 ZnEZ, n#0 ‘un‘z Z " Z "

and

> = Y ()

neZ, n#0 neZ, n#0 neZ, n#0
we have
|7-.LO‘2+ Z n2|un|2
neZ, n#0
2
< (const) Z ‘un—S Z ukun_k‘
neZ, n#0 neZ, n#0
1
< (eonst) D (Jual +fuoPual?+ (D0 ) X RPfunllunil?)
nEZ, n#£0 kEZ, k£0 kEZ, k20
1
§(const)(1+|u0|2+< Z ﬁ) Z k2\uk|2> Z |un|? < (const).
kEZ, k#0 kEZ, k#0 nEZ, n#0
Thus @ € Loo ([0, T), H). O

Note that we also proved that the function v € C([0,T], H) is Lipschitzian. Now
show that generalized solutions also satisfy property (2.2)).

Proposition 2.4. Assume that u € Lo ([0,T], H) satisfies (2.6)). Then

> nPlun(t)[® = (const).
neZ, n#0
Proof. Indeed, we have

d <~ ,2mn.2
@ 2 )Tl

n=—oo

= Z (%—")Q(unu_n+unu_n)

n=—oo L
= ? i n{un (ufn -3 i Ukufnfk) —U_p (un -3 i Ukunfk)]
el k=—co k=—o0
_ _6m' s.
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where
oo

S = Z n{un i UpU_p_f — U_p i ukun,k]

n=-—o0 k=—o0 k=—o0

Observe that
(oo} oo (oo}
S = E NURURU_ | — g NU_pUpUp_f = 2 g NURURU_ -
n,k=—o0 n,k=—o0 n,k=—o0

On the other hand, introducing a new summation index m = n — k, we can rewrite
S in the form

oo oo oo
S = Z NURUEU— g — Z (MA4E)U— kg Ug U, = — Z kU — kUl Uy -
n,k=—oc0 m,k=—o00 m,k=—o00
Combining this with the previous equality, we get S = —S5/2. Thus S = 0. ]

Proof of Theorem[2.1. From Proposition [2.2] we see that the problem under con-
sideration has one and only one solution v € L ([0,T], H), whenever T > 0 is
small enough. By Proposition u€ C([0,T],H) and @ € Lo ([0,T], H). Finally,
Proposition [2.4] implies the existence of the solution for all ¢ > 0.

Show that, u(z,t), the sum of Fourier series satisfies (L.I). From the
inequality

S () < ( 3 %) 5" n2un(t)[2 = (const)

nezZ, n#0 neZ, n#0 neZ, n#0

we see that Fourier series ([2.3]) converges uniformly in z for all ¢ > 0. The inequality

oo o0 oo (oo}

S| Y wur®] = X T D funt)

n=—oo0 k=—o0 k=—o0 n=-—oo

implies that the series

i ( f: uk(t)un—k(t))eiQﬂnx/L

n=—oo k=—o0

converges for all t > 0. Multiplying (2.7) by ¢*?™"*/L and adding the obtained
equalities, we get

= on / = 2n / t
. 2mnz/L _ . i2nmnx/L
E i nun(t)e g i npe + g /0 (un(s)

n=—oo n=—oo neZ,n#0
-3 Z ua(s)ug(s))ei%m/Lds
a+pB=n,n€’

From the Lebesgue dominated convergence theorem and the above estimates we
have

ug(x,t) = ¢ () + /Ot Z (un(s) -3 Z ua(s)'tw(s))ei%m/Lds.

nezZ, n#0 a+pB=n,n€’
Combining this with (2.5)), we obtain

ug(z,t) = ¢z () —l—/o (u(w, s) — 3u?(z, s))ds.
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This completes the proof. ([
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