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STABILIZATION OF SOLUTIONS FOR SEMILINEAR
PARABOLIC SYSTEMS AS |z| — oo

ALEXANDER GLADKOV

ABSTRACT. We prove that solutions of the Cauchy problem for semilinear par-
abolic systems converge to solutions of the Cauchy problem for a corresponding
systems of ordinary differential equations, as |z| — co.

1. INTRODUCTION
In this paper we consider the Cauchy problem for the system of semilinear par-
abolic equations
w1y = atAuy + fi(z,toug, ..., ug),
(1.1)
Upp = a%Auk + fe(z, tyug, ... ug),

subject to the initial conditions

Ul(I,O) :501(‘1‘)7'”7“/6(9:70) :on('r)a (12)
where z € R", n > 1,0 < t < Ty, Ty < co. Put Sp =R" x [0,T), RY = {2z € RF:
x; > 0,i=1,...,k}. We assume that the data of problem ([1.1)-(1.2]) satisfy the
following conditions:

filx, t,ug, ... uk), i =1,..., k are defined and locally Hélder con-
tinuous functions in R™ x [0,7Tp) X Ri and @;(x),i=1,...,k are (1.3)
continuous functions in R";

filx, t,ug, ... uk), i=1,...,k do not decrease in uy, ..., ug; (1.4)
film tuy, .. ug) — filt,ur, ... ug), i = 1,...,k, as |z| — oo
uniformly on any bounded subset of [0, Tp) x R ; (1.5)

0< filw,t,ur,...,up) < filt,ur, ... ,up), i=1,... k; (1.6
0 < pi(x) <cy ‘wl‘iinoo vi(z)=¢, >0, i=1,...,k (1.7)

The above assumptions are satisfied, in particular, for large class problems ([1.1])-
(1.2), whose solutions exist only on a finite time interval. Note also that the solution

of (1.1)-(1.2) may not be unique.
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Let us consider the Cauchy problem for the system of ordinary differential equa-
tions . 3
g1 = fl(t7glv o agk)v
(1.8)
g;c = fk(t7glv s 7gk)a
subject to the initial conditions
91(0) =c1,...,91(0) = cg. (1.9)
We suppose that the minimal nonnegative solution g;(t), i = 1,...,k, of (1.8)-(1.9)
exists on [0,7p). The main result of the paper is the following theorem.

Theorem 1.1. Let u;(x,t) be the minimal nonnegative solution of the problem
[C1)-[2). Then

ui(x,t) — gi(t), i=1,...,k, as|z| = o0 (1.10)
uniformly for t € [0,T], (T < Tp).

The behavior of solutions of parabolic equations as |z| — oo has been investi-
gated by several authors. The case of one semilinear parabolic equation on half line
has been considered in [T} [5] for nonlinearities f(z,¢,u) = u? and f(z,t,u) = exp u.
The same problem with general nonlinearity f(z,t,«) has been investigated in [4].
The behavior of solutions of nonlinear parabolic equations for the Cauchy problem
as |z| — oo has been analyzed in [2] 3] [6] [7].

The plan of this paper is as follows. In the next section, the existence of a
minimal solution for the problem (1.1)-(1.2}) is proved. The proof of Theorem
is given in Section 3.

2. EXISTENCE OF A MINIMAL SOLUTION

We prove the existence of a minimal solution for (1.1)-(1.2). It is well known
that (I.I)-(1.2) is equivalent to the system

wy () / Ei(z —y,t)e1(y) dy

// Ei(x—y,t —7)f1(y, 7,u1,. .., ug) dydr,

up(z,t) = Ek(x — vy, t)pr(y) dy

/ / Ekf_yvt_T)fk(vaula"'vuk)dydTa

where E;(x,t) = (2a;v/7t) " exp(—|z|?/[4a?t]), i = 1,...,k, are the fundamental
solutions of the correspondent heat equations.

Let uio(x,t) =0,i=1,...,k. We define sequences of functions u;,(z,1t),
t=1,...,k, m €N, the following way

Uim (2, 1) / Ei( wi(y) dy
(2.2)
+/ / Ei(x_y7t_7—)fi(ya7-a ul(m—l)7-~'7uk(m—1))dyd7—'
0 n
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Obviously, the functions g;(t), ¢ = 1,...,k, satisfy the integral equations

t
gi(t) = E(x—y,t)e dy+/ E(x—y,t—7)fi(1,01,-..,95) dydr. (2.3)
Rn 0 Jrn
Using (T4), (L), (@2 and (23), we have
Ogui(m—l)(xvt) Suim(z,t) < git), i=1,....k, meN (2.4)

By the Lebesgue theorem, and from and , we obtain that the sequences
Ui () converge to functions u;(z,t) that satisfy (2.I), which means, ones satisfy
the problem —. Let v;(x,t), ¢ = 1,...,k, be any other solution of —
. By induction on m it is easy to prove that w,(z,t) < vi(x,t), i =1,...,k,
m € N. Therefore, u;(z,t), i =1,...,k, is the minimal nonnegative solution of this
problem. We have proved the following statement.

Theorem 2.1. There exists a minimal nonnegative solution u;(x,t),i =1,...,k,
of the problem (L.1)-(1.2)) in St, that satisfies the inequalities
0 < wuim(z,t) <ui(z,t) < gi(t), (z,t)€Sr,i=1,....,k, meN. (2.5)

3. BEHAVIOR OF A MINIMAL SOLUTION AS |z| — 00

We show that for the minimal nonnegative solution of (|1.1))-(1.2)), property (|1.10])
is satisfied. We define sequences of functions g, (t), ¢ = 1,...,k, m = 0,1, ..., as
follows

t
glo(t) EO? gzm(t) :/ fi(T’gl(mfl)a"'7gk(mfl))d7—+cia i:17"'7k7 m € N.
0

(3.1)
Obviously, the sequences g;,,(t) are monotonically nondecreasing, converging to
the minimal nonnegative solution g;(t), i = 1,...,k, of problem (L.8)-(1.9) on any
interval (0,7, (T < Tp), and

According to the Dini criterion on uniform convergence of functional sequences, we
have

gim(t) — gi(t), i=1,...,k, as m — oo uniformly on [0, T]. (3.3)
It is easy to prove that g;;,(t),i=1,...,k, m € N, satisfy the following equations

t
Gim (t) =/ Ei(x —y,t = 7)fi(T, g1(m=1) - - - » Ie(m—1)) Ay dT + ;. (3.4)
o Jrr
Now we prove an auxiliary lemma.

Lemma 3.1. Forany §d >0,0<T < Ty, i=1,...,k, and m > 0 there exists a
constant p such that if |x| >p and 0 <t < T, then

[tim (2, 1) — Gim (2, )| <. (3.5)

Proof. We use induction on m. It is obviously that wio(z,t)—gi0(t) =0,i=1,... k.
We assume that (3.5]) holds for m = [, and we shall prove the inequality for m = [+1.
By the induction assumption, for any €1 > 0 and 0 < T' < Tj there exists p; such
that

lui(z,t) — gu(t)| <e1, i=1,... k, (3.6)
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if || >p1 and 0 <t <T. Put B(q) = {z € R": |z| < ¢}. From (2.2)) and (3.4),

we have

|Ui(z+1) _gi(l+1)|
t
S | / E’L(x - y’t - T)(fi(vaa ULly - - 7ukl) - fi<T7glla o 7gkl)> dydT|
0 JB(q)
t
+|/ / Ei(x_y7t_7—)(fi(y77-7u1la"'aukl)_fi(Taullr"aukl))dydT‘
0 JR™\B(q)
t
+|/ / Ei(x_yat_T)(fi(Tvullv"'7ukl)_fi(T7glla"'agkl))dydT|
0 JR™\B(q)
w1 [ Byt - )| + | Bilw —,0)(pily) — ci) dy,
q

R™\B(q) (3.7)

where ¢ will be choose later. We denote by I, j = 1,...,5 the integrals from the
right-hand side of , respectively. Obviously, f;(t,u1,...,ug), i = 1,...,k, are
uniformly continuous on any compact subset of [0, 7] x Rﬁ. Using this and ,
, , , for suitable €7 and ¢, we get

|IQ‘+|13|+‘I5| <5/2 if |IL'| > pa (38)

for some ps. Since E;(z —y,t) — 0 as |x| — oo uniformly on [0, T] x B(q), we have

[I1] + 14| < 6/2 if |z| > p3 (3.9)
for some p3. Now (3.5)) follows from (3.8)), (3.9)). O

Proof of Theorem[I.1, We fix a positive e. From Lemma [3.1]and (3.3)), for suitable
m and ¢, we have

[wim (@, 1) = gi (1) < [wim (2, 1) = gim (D) + |9im (t) —gs ()| <&, i=1,....k, (3.10)
if |¢] > ¢ and 0 <t < T. From (2.5 and (3.10) we obtain
gz(t)*{‘:guzm(*x;t) §u1($7t) Sgl(t), Z:177ka

for |z| > ¢ and 0 < ¢t < T. The statement of the theorem follows immediately from
these arguments. O
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