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ANNULUS OSCILLATION CRITERIA FOR SECOND ORDER
NONLINEAR ELLIPTIC DIFFERENTIAL EQUATIONS WITH
DAMPING

RONG-KUN ZHUANG

ABSTRACT. We establish oscillation criteria for the second-order elliptic dif-
ferential equation

V- (A(@)Vy) + BT (z)Vy + q() f(y) = e(z), z€Q,
where Q is an exterior domain in RY. These criteria are different from most
known ones in the sense that they are based on the information only on a

sequence of annulus of €2, rather than on the whole exterior domain Q. Both

the cases when gil exists for all ¢ and when it does not exist for some i are
i

considered.

1. INTRODUCTION

In this paper, we consider the oscillation of solutions to the second-order elliptic
differential equation

V- (A(2)Vy) + BT (2)Vy + q(x) f(y) = e(2), (1.1)
where ¢ € 2, an exterior domain in RV, V = (8%1,8%2,...,%). The fol-
lowing notation will be adopted in this article: R and RT denote the intervals

(=00, 400), (0, +00), respectively. The norm of x is denoted by |z| = [vazl x2)V/2,

For a positive constant a > 0, let
So={rx eRY :|z| =a}, G(a,+0)={zcR" :|z| > a},
Gla,b] = {z e RN :a < |z| < b}, Gla,b) ={z e RN :a < |z]| < b}.

For the exterior domain © in RY, there exists a positive number ag such that
G(ag,+o0) C Q.
A function y € CZT*(Q,R), 1 € (0,1) is said to be a solution of (L.1) in Q, if

loc

y(x) satisfies (1.1)) for all = € Q. For the existence of solutions of (1.1)), we refer
the reader to the monograph [3]. We restrict our attention only to the nontrivial

solution y(x) of (1.1); i.e., for any a > ag, sup{|y(x)| : |z| > a} > 0 . A nontrivial
solution y(x) of (L.1)) is called oscillatory if the zero set {z : y(x) = 0} of y(x) is
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unbounded, otherwise it is called nonoscillatory. is called oscillatory if all its
nontrivial solutions are oscillatory.

In the qualitative theory of nonlinear partial differential equations, one of the
important problems is to determine whether or not solutions of the equation under
consideration are oscillatory. For the similinear elliptic equation

V- (A(@)Vy) + q(z) f(y) = 0, (1.2)
the oscillation theory is fully developed by many authors. Noussair and Swanson
[7] first extended the Wintner theorem by using the following partial Riccati type
transformation equation

a(|=])

where o € C? is an arbitrary positive function. Swanson [3] summarized the oscil-
lation results for up to 1979. For recent contributions, we refer the reader to
[13, 14, 12]. However, as far as we know that the has never been the subject
of systematic investigations.

When N =1, (1.1)) reduces to second-order ordinary differential equations such
as:

y'(t) +a(t)f(y) = e(t), (1.4)
(r()y' (1)) + a)y(t) = e(t), (1.5)
(r()y' () +a(t)f(y) = e(t), (1.6)

There is a great number of papers devoted to - (see, for example, [8] 9]
10] and the references quoted therein). Some of the known oscillation criteria are
established by making use of a technique introduced by Kartsatos [5] where it is
assumed that there exists a second derivative function “h(t)” such that h”(t) = e(t)
in order to reduce or to a second order homogeneous equation. However,
these results require the information of “¢” on the entire half-line [tg, 00).

In 1993, El-Sayed [I] gave an interval oscillation criterion for which depends
only on the behavior of “¢” in certain subintervals of [tg, c0). In 1999, Wong [11]
and Kong [6] have, respectively, noted that interval criteria which Ei-Sayed [I]
established for oscillation of are not very sharp, because a comparison with a
equation of constant coefficients is used in Ei-Sayed’s proof. Therefore, some other
interval criteria for oscillation,that is, criteria given by the behavior of and
with e(t) = 0 only a sequence of subintervals of [tg, 00) are obtained by Wong
[11] and Kong [6], respectively.

In 2003, Yang [I5] employed the technique in the work of Philos [8] and Kong
[6] for (1.4), and presented several Interval oscillation criteria for (1.6). One of the
oscillation criteria of Kamenev’s type in [I5] is as follows.

Theorem 1.1. Suppose f(y)/y > K|y|*~! fory # 0, K > 0 and v > 1. Then
(1.4) with r(t) =1 is oscillatory provided that for each t > to and for some A > 1,
the following conditions hold

(1) For any T > to, there exist T < a3 < by < ag < be such that

e(t) {S O7 te [al,bl],

Z 0, te [CLQ, bQ]
and q(t) >0 (Z£0), t € [a1,b1] U [az, bo]



EJDE-2009/04 OSCILLATION OF SOLUTIONS 3

(2) there exist ¢; € (a;,b;) fori=1,2, such that T < a1 < by < as < be and
the following inequalities hold for i = 1,2,

g | G e R s = )
by )
g [ e e R s = X )

Motivate by the ideas of Philos [§], Kong [6], and Yang [I5]. In this paper, by
using generalized Riccati techniques which are introduced by Noussair [7], we obtain
several annulus criteria for oscillation, that is, criteria given by the behavior of
(or of A, q, f and e) only on a sequence of annulus of € in RY. Our results improve
and extend the results of Ei-Sayed [1], Kong [6] and Yang [I5]. Also information
about the distribution of the zero of solutions for is obtained.

2. OSCILLATION RESULTS WHEN % EXISTS FOR ALL 1%

To establish oscillation theorems when % exists for all ¢ we shall impose the

following conditions:
(C1) A(z) = (Aij(x))nxn is a real symmetric positive definite matrix func-
tlon (ellipticity condition) with A;; € CL*(Q(ag),R),p € (0,1),i,5 =
s N, Amax(2) denotes the largest (necessarily positive) eigenvalue of
the matrix A(z); there exists a function A € C*(RT,RT) such that A(r) >
Max|z| = Amax () for r > 0;
(C2) BT = (bi(z))1xn. bi € Cit*(Qao),R),i=1,...,N;
(C3) qe Cf.(ap),R), € (0,1) and g(z) # 0 for |z| > ap;
(C4) feCYR,R),yf(y) >0and f'(y) >k >0 for all y # 0 and some constant
k.

For convenience, we let

Qi) = | fala) = 35747 B~ 5.9 - Bla

q(r) = E)\(?")’I"Nil,

where S, = {x € RN : |z| = r},r > 0,do denotes the spherical integral element in
RN, w is the area of unit sphere in RY and k is defined in (C4).

Theorem 2.1. Let (C1)—(C4) hold. Suppose that for any T > ag, there exist
T <a; <by <as < by such that

< O, T e G[al,bl],
e(x)

>0, z€ Glaz, b

and q(x) > 0(#£ 0), x € Gla1,b1] U Glag, ba]. Denote by V(a;,b;) the set
{H € C'a;,b;], H(r) > 0(£0), H(a;) = H(b;) = 0,H,. = 2h(r)\/H(r)},
i =1,2. If there exist H € U(a;,b;) such that
b,
M(H) = / {gl(s)h2(s) - Ql(s)H(s)}ds <0,

i

fori=1,2, then (1.1) is oscillatory.
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Proof. Suppose to the contrary that there exists a solution y(z) of (1.1]) such that
y(z) > 0 for |z| > a1 > ap. Define

1

W(z) = (AVy)( )+ z € Glag, +0), (2.1)

2k
/ W (z do, z € Gla1,+00), (2.2)

where Vy denotes the gradient of y(z), y(z) = o] |z| # 0 is the outward unit
normal to S,.. From (|1.1)) and (2.1)), it follows that

V-W(z)=— }c;((:g:)) (Vy)" AVy — ﬁ[q(x)f(y) + BTVy — e(x)] + iV -B
< —k[W — ﬁB]TA L %B} —q(z) - BTA YW — ﬁB]
1 e(x)
+ %V B+ 7
— kWTATYW — q(z) + 4kBTA f((z;

(2.3)
where W7 denotes the transpose of W. Using Green’s formula in (2.2)), we obtain

V'(r) = /s V- W(x)do

r

1
< — qzd0+/ BTA'B+ 2V .Bldo 2.4
/S (z) s[4k % ] (2.4)

T

_ T A1) (2 do e(x) >
k/s,,.(W AT+ [ s

In view of (C1), we have (WTA=1W)(z) > AL (z)|W(z)|?. Then, by Cauchy-
Schwartz inequality, we obtain

/ST W (z)|*do > 7‘; {/57 W(x) .»y(x)dar.

Moreover, by (2.4)) and ( @, we get
V3(r) —|—/ c(@) do
s

V/(r) < —/ST {q( ) — EBTA g —v B} 70

1
AG)

= —Q(r v ) d
0= Vo0 [ 50

(2.5)
By the assumption, we can choose a1,b1 > To(a; < by) such that e(z) < 0,2 €

Glay,b1], then we have for x € Glay, b1],
! 1 2
V(r) < —Qi(r) — gl(r)v (r). (2.6)

Let H(r) € ¥(ay,b1) be given as in the hypothesis, Multiplying H(r) throughout
(2.6) and integrating from a; to by, we obtain

b by by 1
H(s)V'(s)ds < — Q1(s)H (s)ds — H(s)

a al a gl(s)

V2(s)ds. (2.7)
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Integrating by parts and using the fact H(ay) = H(b1) = 0, we find

b1 b1 b1
7/ 2h(s)\/H(s)V(s)ds < — Q1(s)H(s)ds — H(s) 9113) V2(s)ds. (2.8)
which is equivalent to
b b H(s) o
0<- [ QuHEas+ / | [2h(s) VGV (s) - ey ()] ds

= /abl [91(s)h?(s) — Qu(s)H (s)]ds — /abl [ ZEE; Vi(s) — mh(s)rds (2.9)
=M (H) - /ab1 [ 523 V(s) — \/mh(s)] st

Because M;(H) < 0, is incompatible. This contradiction proves that y(z)
must be oscillatory.

When y(x) is eventually negative, we use H(r) € U(ag,b2) and e(z) > 0,z €
Glaz, ba] to reach a similar contradiction. the proof is complete. (]

Following Philos [§] and Kong [6], we introduce the class of function R which
will be extensively and use in the sequel.

Let D ={(r,s): —oo < s <1 < o0}, a function H = H(r, s) is said to belong to
R, it H € C(D,R) and satisfies

(H1) H(r,r) =0,r > ag; H(r,s) > 0 for all 7 > s > ao;
(H2) H has partial derivatives 0H/0r and 0H/0s on D such that:

887[;1 = 2hy(r,s)\/H(r,s) 6671‘;[ = —2hy(r, s)\/H(r, 5),

where hq, ho € Lioc(D,R).

Lemma 2.2. Let (C1)—(C4) hold. Assume that there exist ¢c; < by < cg < by such
that q(x) > 0 for x € Glc1, bi] U Glea, ba] and

e(x) S 0, S G[Chbl],
> O, x € G[Cg,bg],

y(x) is a solution of such that y(z) > 0 for x € Gler,b1] and y(z) < 0 for
x € Glea,ba]. Then for any H € R and i = 1,2,

b;
L )/ g1(s)ha(bs, s)ds.  (2.10)

1 bi
(bi,Ci) /; H(b“ S)Ql(S)dS S V(Cz) M H(bi7 C;

H
Proof. Suppose that y(z) is a solution of (1.1]) such that y(z) > 0 for x € G[eq, b1]
and y(r) < 0 for z € G[ea,bz]. Then, similar to the proof of Theorem 2.1, we
multiply (2.6) by H(r,s), integrate it with respect to s from r to ¢;, we get for
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Ci, T)

s€e|
/T H(r,s)Q1(s)ds

2(s)ds
gl(S)V (s)d

=H(r,c;)V(c;) — /T 2hs(r, s)\/ H(r,s)V(s)ds — /T H(r,s)glits)VQ(s)ds

r

:H(r,ci)V(ciH/ gl(s)hg(r,s)ds—/cj[ IZY(‘S)V(SH,/gl(s)hg(ns)rds

Ci

<1lﬂm@W@@—AEMw>

T

<HEV(e) + [ (s sds

Ci

Letting 7 — b; and dividing both sides by H (b;, ¢;) we obtain (2.10). O

Lemma 2.3. Let (C1)-(C4) hold. Assume that there exist a1 < ¢1 < ag < ¢z such
that g(x) > 0 for x € Gla1, c1] U Glag, c2] and

e(x) < 0) S G[a’lacl]a
2 Oa S G[a2762]a

y(x) is a solution of (1.1)) such that y(x) > 0 for x € Glay,c1] and y(z) < 0 for
x € Glag,ca]. Then for any H € R and i = 1,2,

1

@ /ac H(s,a;)Q1(s)ds < =V (c;) + H(cs,an) /ac g1(s)h3(s,a;)ds. (2.11)

Proof. As in the proof of Lemma we multiply (2.6) by H(s,r) and integrate it
with respect to s from r to ¢;. We have

/Ci H(s,r)Q1(s)ds
< - /Ci H(s,m)V'(s)ds — /Ci H(r, s)g%(s)VQ(s)ds

— _H(e;,r)V(e:) +/ "9k (s, 7)/H (s, )V (s)ds 7/ H(s,r) t TV (s)ds
r r g1(s
= —H(c;,m)V(e) —|—/ 1 g1(s)h3(s,r)ds
"r [H(s,r) 5 2
_ /Ci [ () V(s) g1(s)h3(r, s)} ds
< —H(c;,m)V(ei) —|—/ 1 g1(s)h3(s,r)ds
Letting r — a; and dividing both sides by H(c;, a;) we obtain . O

The following theorem is an immediate result from Lemmas 2.2 and
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Theorem 2.4. Let (C1)—(C4) hold. Suppose that there exist a3 < by < ag < by
such that q(x) > 0 for x € Glay, bi] U Glaz, ba] and

e(a?) S 07 HARS] G[a’lvbl]a
Z 0, S G[a27b2]

further, there exist some ¢; € (a;,b;) and some H € R such that

I—I(%a.) /ci [H(S,ai)Ql(S) — 91(5)h1(s, ai)]dS
19 K3 a; bL (2.12)
JrI’I(ZiQ)/ [H(bi’s)Ql(s)791(5)h2(b¢,8)]ds>()

holds fori = 1,2, then every nontrivial solution of (1.1)) has at least one zero either
in G(a1,b1) or in G(az,ba).

Proof. Suppose to the contrary that there exists a solution y(z) of (|1.1)) such that
y(z) > 0 for z € G[Tp, +00)(Ty > ap), by the assumption, we can choose aj,b; >
To(a; < by) such that e(z) > 0,z € Glag, by], then from Lemma 2.2 and Lemma

2.3 we see that (2.10) and (2.11) with ¢« = 1 hold. Adding (2.10) and (2.11)), we

have that

m /cl [H(S, a1)Q1(s) — gl(s)hl(s, a1)]d$
) ai by (213)
" @/ [H (b1, 5)Q1(s) — g1(s)h2(b1, s)]ds < 0.

which contradicts the assumption (2.12)) with i = 1.
When y(z) is eventually negative, we choose as, by > Ty such that e(z) < 0,z €
Glag, ba] to reach a similar contradiction and hence completes the proof. O

Theorem 2.5. Let (C1)—(C4) hold. Suppose that for any T > ag, the following
conditions hold:

(1) there exist T < ay < by < ag < by such that

e(x) S O, S G[al,bl],
> 0, x € G[az,bg]

and q(x) > 0(# 0) for z € Glay, b1] U Glaz, b
(2) there exist some ¢; € (ai,b;),i =1,2, and some H € R such that T < a; <

b1 < as < by and holds.
Then (1.1) is oscillatory.

Proof. Pick up a sequence {T;} C [ag,+00), such that j — oo, T; — oco. By the
assumption, for each j € N, there exist a1, b1, c1,az,b2,c2 € R such that T; < a; <
c1 < b <as < ey < by and holds. From Theorem every solution y(z)
has at least one zero on G(ai,b1) or G(az,b2). Noting that |z| > a1 > Tj,j € N,
we see that the zero set {z € Q : y(x) = 0} of y(z) is is unbounded. Thus, every
nontrivial solution of is oscillatory. The proof is complete. O

Remark 2.6. With an appropriate choice of function H one can derive a number
of oscillation criteria for (L.1J).
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As an immediate consequence of Theorem [2.5] we get the following oscillation
criteria for (|1.1)).

Corollary 2.7. Let (C1)—(C4) hold. Suppose that for any T > ag, the following
conditions hold:

(1) there exist T < a1 < by < ag < by such that
<0, ze€Glay, b,
e(z)
>0, z € Glag, b,
and q(z) > 0( 0) for x € Gla,b1] U Glag, ba].

(2) there exist some ¢; € (a;,b;),i = 1,2, and some H € R such that T < a; <
b1 < ag < by and the following two inequalities hold for i = 1,2,

/Ci [H(s,a;)Q1(s) — g1(s)h3i(s,a;)]ds > 0, (2.14)

i

b
/ [H (bi, s)Q1(s) — g1(s)h3(bi, s)] ds > 0. (2.15)

i

Then (1.1) is oscillatory.
9H(r=s) _ _9H(r=s) anqd denote

Moreover, let H = H(r — s) € R, we have tha = L
them by h(r — s). The subclass of R containing such H(r — s) is denoted by Ro.
Applying Theorem [2.5] to R, we obtain the following result.

Corollary 2.8. Let (C1)—(C4) hold. Suppose that for any T > ag, the following
conditions hold:

(1) there exist T < aj < 2¢1 — a1 < ag < 2¢9 — ag such that
<0, z€Glai,2c¢; —aq],
e(x)
>0, xe€ G[GQ,QCQ — az],
and q(x) > 0(# 0) for x € Glay,2¢c1 — a1] U Glaz, 2¢2 — ag].
(2) there exist some H € Ry such that T < a; < ¢; fori = 1,2 and the following
inequality holds
/ {H(s—a)[Q1(s) + Q1(2¢; — 5)] — [91(s) + g1(2¢; — 8)|h*(s — a;) } ds > 0.
' (2.16)

Then (1.1) is oscillatory.

Proof. Let b; = 2¢; — a;, then H(b; — ¢;) = H(¢; — a;) = H((b; — a;)/2), and for
any f € Lla,b], we have

/ H(b; — s) )ds:/ H(s —a;)f(2¢; — s)ds.
Thus that ) holds implies that (2.12) holds for H € ®y and therefor (|1.1)) is

oscillatory by Theorem O
Define -
Rr:/ ds, 1> ag, 2.17
(r) ) 0 (2.17)
and let

H(r,s) = [R(r) — R(s)|*, =5 = ao, (2.18)
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where a@ > 1 is a constant. Based on the above results, we obtain the following
oscillation criteria of Kamenev’s type.

Theorem 2.9. Let (C1)—(C4) hold. Assume that lim, oo R(r) = co. If for each
T > ag, the following conditions hold:

(1) there exist T < a; < by < ag < by such that
< 07 S G[a17b1]7
e(z)
> 07 S G[a‘27b2]7

and q(z) >0 (£ 0) for z € Gla1,b1] U Glaz, ba]
(2) there exist ¢; € (a;,b;) fori = 1,2, such that T < a1 < by < as < by and
the following inequalities hold for i = 1,2,

e [ RO - RaP @z s (2
b; 0[2
e | R0 - R Qs = s (220
Then 18 oscillatory.
Proof. 1t is easy to see that
a2 _1 = a[R(r) — R(s)]“T" L
hi(r,s) = a[R(r) — R(s)] ) ha(r, s) = a[R(r) — R(s)] (3
Hence we have
) 2 )ds = : s)a?[R(s) — R(a;)]* 2 L s
[ @i aois = [ on(e)alRes) - Blaol s
ci 2
= s) — R(a;)]*2-2 s .
= [ 1R ~ R s (221)
= m[R(Ci) — R(a;)]* "
From and we have
1 ¢
— a1 [H(s,a;)Q1(s) — g1(s)hi(s,a;)] ds
[R(c:) R(cil)] / | L (2.22)

= TR(c) = R(a) / [R(5) = Rlas)]*Qu(s)ds = =5 > 0

i.e., (2.14) holds. Similarly, (2:20) implies (2.15) holds. From Corollary 2.7, (L.I)
(I

is oscillatory.

Example. Consider (1.1 with
1 1 2 2
A:diag<7,7)’ BT:<7 T x2>’

r2’  r2

r) = -2 = 3 ex:isin r
q(x) RV fy)=y+v°, e@) VT,

T\T

where 7 = \/z? + 2%, 7 > 1, N = 2. Let k = 1, hence

Qu(r) = m}m 01(r) = 21/,
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Choose a1 = n?m?, by = (n+ 1)?72, az = (n+ 1)*7%, by = (n + 2)?72, and
H(r)= sin2 V7. It is easy to see that if o > 3/2, then

b1
My(H) = / (g1 (5)h3(s) — Q@ (s)H(s)]ds

ai

(n+1 w2 2 (n+1)271'2 -2
:7r/ COSTVS 4 —(2&—1)7r/ SIS

n2n2 2\[ n2n2 \/g
(n+1)7 20 — 1 (n+1)7
=7 / cos? sds — a2 / sin? sds
2 _ 2
T 2a— )7 <.
2 4 -

Similarly, for as, by we can show that My(H) < 0. It follows from Theoremthat
(1.1)) is oscillatory when « > 3/2.

3. OSCILLATION RESULTS WHEN 8 9bi DOES NOT EXIST FOR SOME 1
In this section, we establish oscillation criteria for (1.1)) in case when ﬁ does
not exist for some ¢. For convenience, we let
_ 2X(r _
@) = [ (o)~ G N@IBTAT Lo, ga(r) = 2,
s,

We begin with the following lemma, the proof of this lemma is easy and thus
omitted.

Lemma 3.1. For two n-dimensional vectors u,v € RN, and a positive constant c,
then

o

1
cuu® + uvT > iuuT - Q—C’UUT. (3.1)

Theorem 3.2. Assume (C1),(C3),(C4) and
(C2) b e CL(QR),pe (0,1),i=1,...,N.
Suppose that for any T > ag, there exist T < a1 < by < ag < by such that

e(m) S 07 T e G[alvbl]a
Z O, x e G[CLQ,Z)Q]

and q(x) > 0(# 0), x € Gla1,b1] U Glag, ba] If there exist H € ¥(a;,b;) such that

b;
H) = / {92<S)h2(5) - QQ(S)H(S)}ds <0, fori=1,2,

where ¥(a;,b;) is defined in Theorem[2.1] Then (L.I)) is oscillatory.

Proof. Suppose to the contrary that there exists a solution y(x) of ( such that
y(z) > 0 for |z| > a1 > ap. Define

W(z) = 1 W

/ W(x do, z € Glay,+0), (3.3)

——(AVy)(z), =z € Glay,+00), (3.2)
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where Vy denotes the gradient of y(x), v(z) = T ,|z| # 0 is the outward unit
normal to S,. From and ., it follows that

v-w«w:=—f“”(vaAVy——i—mm»ﬂy»+BTVy—eun

f2(y) f()
< “kWTA'W — g(z) — BTA™'W + ;((z)) -
< —%WTW ~q(z) - BTA"\W + ;((z)) (By Lemma )
< WP+ GA@IBTATE  gta) + 5.

where W7 denotes the transpose of W. Using Green’s formula in (3.3), we get

’r):/STV~W(9c)d0

< —/ q(z )da+ﬁ M=) BTA™! Pdo (3.5)
2A Witdo +/ @

By Cauchy-Schwartz inequahty,

T‘l_N 2
/ST (W (z)[>do > " [/S W (x) .»y(x)da} .

Moreover, by and ,
V'(r) g—/s o= )——)\( )|BTA ]do——gir)v%w/s ;Egda (3.6)

The rest of proof is similar to that of Theorem and hence omitted. ([l

Similar to the discussions in Section 2, we have the following results.

Lemma 3.3. Let (C1), (C2)’, (C3), (C4) hold. Assume that there exist ¢c; < by <
ca < by such that q(x) > 0 for x € G[e1,b1] U Glea, ba] and

e(m) <0, ZEEG[Cl,bl],
> O, x € G[Cg,bg],

y(x) is a solution of such that y(x) > 0 for x € Gley,b1] and y(z) < 0 for
x € Gleg, ba]. Then for any H € R, and i = 1,2,

1 b 1 bi )
e / H(bi,9)Qals)ds < V(e) + 57— / o(s)n2(bi, 8)ds.  (3.7)

bi7 Ci

Lemma 3.4. Let (C1), (C2)’, (C3), (C4) hold. Assume that there exist a; < ¢ <
ag < cg such that q(x) > 0 for x € Gla, c1] U Glag, co] and

() {S 0, z € Gla,c],

ZO, SCEG[CLQ,CQ],
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y(x) is a solution of (1.1)) such that y(x) > 0 for x € Glay,c1] and y(z) < 0 for
x € Glag,ca]. Then for any H € R and i = 1,2,

Ci, Gy

1 “ 1 ¢ 9
Hlea) /ai H(s,a;)Q2(s)ds < =V (¢;) + e a) /le 92(8)hi(s,a;)ds. (3.8)

The following theorem is an immediate result from Lemmas and

Theorem 3.5. Let (C1), (C2)’, (C3), (C4) hold. Suppose that there exist a1 <
by < ag < by such that q(x) > 0 for x € Glay,b1] U Glag, bs] and

6(.’1}‘) S O, x e G[al,bl],
> 0, x € G[az,bg]

further, there exist some ¢; € (a;,b;) and some H € R such that

ﬁ /Ci [H(S’ ai)Q2(5) — 92(8)h1<87ai)]ds
L bi (3.9)
+ m / [H (bi, 5)Q2(5) — g2(s)ha(bs, s)]ds > 0, i=1,2.

Then every nontrivial solution of (L.1) has at least one zero either in G(ay,b1) or
m G(ag, bg) .
Theorem 3.6. Let (C1), (C2)’, (C3), (C4) hold. Suppose that for any T > ag, the
following conditions hold:

(1) there exist T < aj < by < ag < by such that

<0, ze€Glag, b,
e(z)
> 0, T € G[ag,bg]
and q(z) > 0( 0) for x € Glaq, b1] U Glaz, bs]
(2) there exist some ¢; € (as,b;),i =1,2, and some H € R such that T < a; <
b1 < as < by and holds.
Then 18 oscillatory.
Corollary 3.7. Let (C1), (C2)’, (C3), (C4) hold. Suppose that for any T > aqg,
the following conditions hold:
(1) there exist T < a; < by < ag < by such that

S 0, T e G[ahbl],
e(x)
2 O, T € G[ag,bg],
and q(x) > 0(£ 0) for x € Glay,b1] U Glag, bs].
(2) there exist some ¢; € (ai,b;),i =1,2, and some H € R such that T < a; <
b1 < ag < be and the following two inequalities hold for i = 1,2,

/Ci [H(s,a;)Q2(s) — g2(s)hi(s,a;)] ds > 0, (3.10)

@

b;
/ [H (bi, 5)Q2(s) — ga(s)h3(bi, s)] ds > 0. (3.11)

7

Then (1.1) is oscillatory.
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Corollary 3.8. Let (C1), (C2)’, (C3), (C4) hold. Suppose that for any T > ay,
the following conditions hold:

(1) there exist T < a1 < 2¢1 — a1 < ag < 2¢9 — ag such that
<0, ze€Glai,2c¢; —aq],
e(x)
>0, z € Glag,2c — as],
and q(x) > 0(£ 0) for x € Glay,2¢1 — a1] U Glaz, 2¢2 — ag].

(2) there exist some H € Ry such that T < a; < ¢; fori = 1,2 and the following
inequality holds

/C {H(s — a;)[Q2(s) + Q2(2¢; — 5)] — [g2(5) + g2(2¢; — 8)|h*(s — a;) } ds > 0.
Z (3.12)
Then 18 oscillatory.

Theorem 3.9. Let (C1), (C2)’, (C3), (C4) hold. Assume that lim,_, . R(r) = co.
If for each T > ag, the following conditions hold:

(1) there exist T < a1 < by < ag < by such that

() <0, z¢€Glag,b],
> 07 S G[a’27b2]a

and q(z) > 0( 0) for x € Glaq, b1] U Glaz, bs]

(2) there exist ¢; € (a;,b;) for i = 1,2, such that T < a1 < by < az < by and
the following inequalities hold for i = 1,2,

2

1 Ci N o

[R(Cl) _ R(ai)]a—l /ai [R(S) - R(GZ)] QZ(S)dS > m, (3.13)
1 bi N o2

[R(b;) — R(c;)]*1 /c [R(bi) — R(s)]"Q2(s)ds = m. (3.14)

Where R(r) = [ —L-ds.

aop g2(s)
Then (1.1) is oscillatory.

Remark 3.10. The results of the paper are presented in the form of a high
degree of generality and thus they give wide possibilities of deriving the differ-
ent oscillation criteria with an appropriate choice of the functions H. For in-
stance, if we choose H(r,s) = (r — s)®, [R(r) — R(s)]%, [log(G(r)/G(s))]*, or
([ dz/p(2)]*, etc., for r > s > ag, where o > 1 is a constant, R(r) = faro ds/q1(s),
or R(r) = faro ds/ga(s), G(r) = [ ds/gi(s) < oo, or G(r) = [ ds/ga(s) < o0,
for r > ag, p € C([ag,0),RT) satisfying f:; dz/p(z) = oo, then we can derive
various explicit oscillation criteria.
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