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MAXIMIZERS FOR THE STRICHARTZ AND THE
SOBOLEV-STRICHARTZ INEQUALITIES FOR THE
SCHRODINGER EQUATION

SHUANGLIN SHAO

ABSTRACT. In this paper, we first show that there exists a maximizer for
the non-endpoint Strichartz inequalities for the Schrodinger equation in all
dimensions based on the recent linear profile decomposition result. We then
present a new proof of the linear profile decomposition for the Schréindger
equation with initial data in the homogeneous Sobolev space; as a consequence,
there exists a maximizer for the Sobolev-Strichartz inequality.

1. INTRODUCTION
We consider the free Schrodinger equation
i0pu + Au =0, (1.1)

with initial data u(0, ) = ug(z) where u : R x R? — C is a complex-valued function

and d > 1. We denote the solution u by using the Schrédinger evolution operator
citA.

u(t, z) = e Pug(z) :=/ ei‘”‘g_it‘g‘Z)ﬁo(f)df, (1.2)
]Rd
where 1 is the spatial Fourier transform of ug defined via

o (€) = /Rd ey (x)de, (1.3)

where x - £ (abbr. x€) denotes the Euclidean inner product of x and £ in the spatial
space R%. Formally the solutions to this equation have a conserved mass

/Rd lu(t, z)|>da. (1.4)

A family of well-known inequalities, the Strichartz inequalities, is associated with
(1.1)), which is very useful in nonlinear dispersive equations. It asserts that, for any
ug € L2(R?), there exists a constant Cy . > 0 such that

e uol| Lo mxray < Cagrlluollzz ey (1.5)
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holds if and only if (g,r,d) is Schrodinger admissible; i.e.,
2 d d
6—1—;:5, (q,7,d) # (2,00,2), q,7>2. (1.6)

For (q,7) = (2, d%dQ) when d > 3 or (¢,7) = (4,00) when d = 1, the inequality
is referred to as the “endpoint” estimate, otherwise the “non-endpoint” estimate for
the rest pairs. It has a long history to establish for all Schrodinger admissible
pairs in expect when (g,7) = (00,2), in which case it follows from (L.4)). For
the symmetric exponent ¢ = r = 2 + %, Strichartz established this inequality in
[17] which in turn had precursors in [2I]. The non-endpoints were established by
Ginibre and Velo [8], see also [20, Theorem 2.3] for a proof; the delicate endpoints
in higher dimensions were treated by Keel and Tao [I0]. When (g, r,d) = (2, 00, 2),
it has been known to fail, see e.g., [I5] and [19].

A close relative of the Strichartz inequality for the Schrodinger equation is the

Sobolev-Strichartz inequality: for 2 < g < 0o, and 2 < r < co and ug € el (R%)
with s(q,r) := 4 — % — 2> 0, there exists a constant Cq 4, > 0 such that
itA
le**Suoll Loy (mxray < Cagorlluoll goam gay; (L.7)

which can be proven by using the usual Sobolev embedding and the Strichartz
inequality .

In this paper, we are interested in the existence of maximizers for the Strichartz
inequality (L.5) and the Sobolev-Strichartz inequality , i.e., functions which
optimize nd in the sense that they become equal.

The answer to the former is confirmed for the non-endpoints by an application of
a recent powerful result, the profile decomposition for Schrédinger equations, which
was developed in [4] [14] [ 2] and had many applications in nonlinear dispersive
equations, see [I2] and the reference within. The problem of the existence of max-
imizers and of determining them explicitly for the symmetric Strichartz inequality
when ¢ = r = 2+ J has been intensively studied. Kunze [13] treated the d = 1
case and showed that maximizers exist by an elaborate concentration-compactness
method; when d = 1,2, Foschi [7] explicitly determined the best constants and
showed that the only maximizers are Gaussians by using the sharp Cauchy-Schwarz
inequality and the space-time Fourier transform; Hundertmark and Zharnitsky [9]
independently obtained this result by an interesting representation formula of the
Strichartz inequalities; recently, Carneiro [6] proved a sharp Strichartz-type inequal-
ity by following the arguments in [9] and found its maximizers, which derives the
results in [J] as a corollary when d = 1, 2; very recently, Bennett, Bez, Carbery and
Hundertmark [3] offered a new proof to determine the best constants by using the
method of heat-flow.

The answer to the latter is true as well. The proof follows almost along similar
lines as in the L2 case if we have an analogous profile decomposition for initial data
in the homogeneous Sobolev spaces. We offer a new proof for this fact, which we
have not seen in the literature.

1.1. In this subsection, we investigate the existence of maximizers for the non-
endpoint Strichartz inequalities. To begin, we recall the profile decomposition result
in [2] in the notation of the symmetry group which preserves the mass and the
Strichartz inequalities.
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Definition 1.1 (Mass-preserving symmetry group). For any phase 6 € R/27Z,
scaling parameter hg > 0, frequency & € R?, space and time translation parameters
zo,to € RY, we define the unitary transformation gg ng 02060 * L2(R?) — L2(R9)
by the formula

1 - — X0

0 ix- —ito A
L A e T

We let G be the collection of such transformations; G forms a group.

)I()- (1.8)

Definition 1.2. For j # k, two sequences I}, = (hi, &, x),t)),>1 and Tk =
(hE €F 2 t5),~1 in (0,00) x RY x RY x R are sald to be orthogonal if one of the
followings holds:

) nk hi S &

o lim, (iTZ + gk + hi\& — &k |) = 00,

. J _tk j_ .k Y,
o lim, o (It&gjgl Ty ms &l >|>

We rephrase the linear profile decomposition theorem in [2] by using the notation
in Definition [[1]

Theorem 1.3. Let {un}n>1 be a bounded sequence in L2. Then up to passing to
a subsequence of (un)n>1, there exists a sequence of functions qﬁj € L2 and group
elements (g3,)n>1,j>1 = 9o s 5 o1 ¢ € G with orthogonal (R, &), , ) tj) such that

n»'n
for any N > 1, there exists e) € L2,

U, = ng;w) +el, (1.9)
j=1

with the error term having the asymptotically vanishing Strichartz norm

lim lim He”A N||L2+4/d =0, (1.10)

N —00 n—o0

and the following orthogonality propertzes: for any N > 1,

Tim (Junli3 = Z 167113 + leX132)) =0, (1.11)
for j #Fk,
Jim 27 (@) 2 g5 (%) 1274 = 0, (1.12)
lim (g](¢7), 9(¢")) 22 =0, (1.13)
forany1<j<N,
Jim(g],(¢7), €5}z = 0. (1.14)

The first main result in this paper concerns on the existence of maximizers for

the symmetric Strichartz inequality L2 — L2+4/ <

Theorem 1.4. There exists a mazimizing function ¢ € L2 such that,

HeitA(b”Lf;% = SH¢”L§

with S := sup{||e™uy| ey luol|zz = 1} being the sharp constant.

ta‘



4 S. SHAO EJDE-2009/03

The proof of this theorem uses Theorem [I.3] and the following crucial inequality
n [2]: for any N > 1,

im | Zewgn @) ||2t:‘£52 < Z lim_ He”%fuzﬁiz (1.15)

Remark 1.5. The inequality is a consequence of by an interpolation
argument in [2], which we will generalize in the proof of Lemma When d =1, 2,
one can actually show that is an equality by using the fact that 2 + 4/d is
an even integer.

The inequality (1.15) suggests a way to obtain similar claims as in Theorem
for other non-endpoint Strichartz inequalities if the following lemma were estab-
lished.

Lemma 1.6. Let (q,7,d) be non-endpoint Schrodinger admissible pairs and N > 1.
Ifq=r,

N N
im IIZG”A%W)HZ%; < anirr;o\le’tA¢J\\ZgL;; (1.16)
j=1 j=1
ifqg<r,
N
lim IIZe”Agn ¢j)lquL7 Z He”%ﬂquL, (1.17)
j=1

Indeed, this is the case. Together with Theorem again, this lemma yields the
following corollary.

Corollary 1.7. Let (q,r,d) be non-endpoint Schrédinger admissible pairs. There
exists a mazimizing function ¢ € L2 such that,

"¢l Loy = Sqrll@llzz

itAuoHLgL; :luollz2 = 1} being the sharp constant.

with Sg ., = sup{|le

The proof of this corollary is similar to that used in Theorem and thus will
be omitted. Instead, we will focus on proving Lemma

Remark 1.8. When (¢,7) = (00, 2), from the conservation of mass (1.4), we see
that every L2-initial data is a maximizer for the Strichartz inequality.

1.2. In this subsection we concern on the existence of maximizers for the Sobolev-
Strichartz inequality (1.7]) for the Schrédinger equation.

Theorem 1.9. Let (q,7,d) be defined as in (L.7)). Then there exists a maximizing
function ¢ € H;(q’r) for (L.7) with Cq 4, being the sharp constant

ST = sup{||eimu0||L3L£ : ||u0||H;(q,'r) = 1}

As we can see, it suffices to establish a profile decomposition result for initial
data in Hi(q’r).

Theorem 1.10. Let s(q,r) be defined as in (L.7) and {un}n>1 be a bounded se-
quence in H;(q’r). Then up to passing to a subsequence of (Un)nzl, there exists a
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sequence of functions ¢’ € H; and a sequence of parameters (hi, zd tJ) such that
for any N > 1, there exists e € H?,

ZQ_WA( (W) d/2 i ;ij )) e (1.18)

with the parameters (hi, xJ, tj) satzsfyzng the following constraint: for j # k,

lim

n—oo

hk v W, (W) hi,

and the error term having the asymptotically vanishing Sobolev-Strichartz norm

A}lm lim |le"®e N||Lqu =0, (1.20)

—o0o n—

hi ) —tk J gk
(72 Ul 7 x"') = oo, (1.19)

and the following orthogonality property: for any N > 1,

Tim (fual, - Z 167112, + e 11%,)) = 0. (1.21)

When s = 1 and d > 3, Keraani [I 1] established Theorem|1.10|for the Schrédinger
equation based on the following Besov-type improvement of the Sobolev embedding

d d
£l 2= S IDFIE> HDfIIZ/ K (1.22)

where || - || pg _ is the Besov norm defined via
1l = Supl\fklng

with fk denoting the k-th Littlewood-Paley piece defined via the Fourier transform
fk = f12k<‘£‘<2k+1 and D? the fractional differentiation operator defined via the
inverse Fourier transform,

D)= [ el e)as

He followed the arguments in [I] where Bahouri and Gérard established the profile-
decomposition result in the context of the wave equation with initial data in L(R3).
Recently under the same constraints on s and d, Killip and Visan [12] obtained the
same result by relying on their interesting improved Sobolev embedding involving

the critical Lz 24/(d=2)_orm on the right-hand side:

d
£l 2ara-2 SUDFIEY supnfku s (1.23)

Note that implies by the usual Sobolev embedding. By following
their approaches, we will generalize both Keraani’s and Killip-Visan’s improved
H!-Sobolev embeddings to those with H* norms where 1+2=2andd>1in
the appendix of this paper. Consequently almost same approaches as in [I1] or [12]
would yield Theorem [1.10] without difficulties but we choose not to do it in this
paper for simplicity. However, we will offer a new proof of Theorem [1.10| by taking
advantage of the existing L2 linear profile decomposition, Theorem [1.3] The idea

can be roughly explained as follows.

IFor a rigorous definition of the Littlewood-Paley decomposition (or dyadic decomposition) in
terms of smooth cut-off functions, see [16] p.241].
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For (up)n>1 € HE, we regard (D*u,),>1 as an L2 sequence and then apply
Theorem to this new sequence. Then the main task is to show how to eliminate
the frequency parameter ¢/ from the decomposition. To do it, we have two cases
according to the limits of the sequence (h7&7),>1 for each j: when the limit of
hi &l is finite, we will change the profiles ¢’ so that we can reduce to & = 0; on
the other hand, when it is infinite, we will group this term into the error term since
one can show that its Sobolev Strichartz norm is asymptotically small.

We organize this paper as follows: in Section [I.3] we establish some notations; in
Section 2] we prove Theorems in Section [3| we prove Theorem finally in
Appendix, we include the arguments for the general Keraani’s and Killip-Visan’s
improved Sobolev embeddings.

1.3. Notation. We use X <Y, Y > X, or X = O(Y) to denote the estimate
|X| < CY for some constant 0 < C' < oo, which might depend on d, p and g but
not on the functions. If X <Y and Y < X we will write X ~ Y. If the constant
C depends on a special parameter, we shall denote it explicitly by subscripts.

Throughout the paper, the symbol lim,,_, should be understood as lim sup,,_, . -
The homogeneous Sobolev space HZ(R?) for s > 0 can be defined in terms of the
fractional differentiation:

Hy(RY) := {f : | fll s may = 1D° Fll 2 ey = 1€1° Fll 2 may < o0}

We define the space-time norm L{L” of f on R x R by

ez = ([ ([ oras)"a)™,

with the usual modifications when ¢ or r are equal to infinity, or when the domain
R x R? is replaced by a small region. When ¢ = r, we abbreviate it by Lg’m. Unless
specified, all the space-time integration are taken over R x R? and the spatial
integration over R%.

The inner product (-,-)z2 in the Hilbert space L2(R?) is defined via

<fag>Li = f(ac)g(x)dx,
Rd

where g denotes the usual complex conjugate of g in the complex plane C.

2. MAXIMIZERS FOR THE SYMMETRIC STRICHARTZ INEQUALITIES

Proof of Theorem[I.4. We choose a maximizing sequence (ty )n>1 With [|up |2 =1,
and then, up to a subsequence, decompose it into linear profiles as in Theorem [T.3
Then from the asymptotically vanishing Strichartz norm , we obtain that, for
any € > 0, there exists ng so that for all N > ng and n > ny,

N
S—e< || Z €itA9£L(¢j)||Lf;4/d~
j=1
Thus from (|1.15)), there exists ny > ng such that when n, N > nq,

N
S2+4/d — 2 < Z ||eitA¢j||2+4/d

2+a/d:
=1 t,x



EJDE-2009/03 MAXIMIZERS FOR THE STRICHARTZ INEQUALITIES 7

Choosing jo € [1, N] such that e*2¢7 has the largest Li:‘l/d norm among 1 < j <
N, we see that, by the usual Strichartz inequality,

N
4/d i j iond/d
S = 26 < AL D A 2 < ST 1 < 52

(2.1)

since (1.11)) gives

o0

Dol Nz < lim funllzs = 1. (2.2)

— 2 = nooo H

]_
This latter fact also gives that lim;_ . [|¢’||z2 = 0, which together with (2.1)
shows that jo must terminate before some fixed constant which does not depend
on €. Hence in (2.1) we can take € to zero to obtain

972 = 1.
This further shows that ¢/ = 0 for all but j = jo from (2.2). Therefore ¢’ is a
maximizer. Thus the proof of Theorem (|1.4) is complete. O

We will closely follow the approach in [2, Lemma 5.5] to prove Lemma

Proof of Lemma[I., We only handle (1.16) since the proof of (1.17) is similar.
By interpolating with (1.12]), we see that for j # k and non-endpoint Schrodinger

admissible pair (g, r,d),
nlgIgoHeztAg%(d)J) ZtAgfL( k)“Lg/ng/z =0. (23)

Now we expand the left hand side of out, which is equal to
N
S (15morn”ay”
j=1
NN
<(f ([l P12
i=1 =

. o a/r \T/4
+Z|eztAg¥L(¢])||eztA k ¢k ||ZeztA l d)l |r 2d{E> dt)
ey
N

N
< Z / /|e”Agn ¢g Z itA l ¢l )= ng)Q/rdt)r/q
j=1

_|_Z / /|eztAgn ¢] ||€ztA k HzeltA l r de)q/rdt)r/q

k#j
=: A+ B.

For B, since % = % +

B <Y e gh(¢7)e gk (@)l orey, r/2||2e”ﬁ ACD] oy
Py
which approaches zero by (2.3)) as n approaches infinity. Hence we are left with
estimating A.

r—2 _ 2
q’ 1=3
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For A, since (g, r,d) is in the non-endpoint region and ¢ > r, we have 2 < r <
2+44/d,ie,0<r—2<4/d. Welet s:= [r— 2], the largest integer which is less
than r — 2. Then because 0 <r —2 —s < 1,

itA j j itA l 7" 2
g ¢HZ

(2.4)

=

§Z|eitAg%(¢j)|2|ZeztA k ¢k | ‘eztA l ¢l ‘T 2—s
k=1

We now eliminate some terms in (2.4]). The first case we consider is [ # j: since
r—2—s <2, we write

N
|€itAg%(¢j)|2|Z itA k(¢k)| |eztA l( l)lr—2—s
k=1
:| itA J(¢J ‘4+s T|ZeztA k d)k)‘ |eztAgn(¢j) itA l(¢l)|w 2— s

k=1

Then the Holder inequality and show that the summation above goes to zero
as n goes to infinity. So we may assume that [ = j and take out the summation
in [ in . The second case we consider is when the terms in the expansion of
| Zivzl e”A gk (¢*)|* contain two distinct terms:

|ZeztA k

N

Z itA k ¢k |s Z | itA kl((bkl) itA k2(¢k2)‘ | itA k (¢k)

k1#ka, k1+-+ks=s

Again the interpolation argument and (2.3]) show that the second term above goes
to zero as n goes to infinity. Combining these two cases, we reduce (2.4) to

€2 gl ()7 + D 1B gl (¢7)|7 e gl (7)]°.
k#j

For the second term above, we consider r — s < s and r — s > s; it is not hard to
see that it goes to zero as expected when n goes to infinity. Therefore the proof of
Lemma [T.6] is complete. O

3. MAXIMIZERS FOR THE SOBOLEV-STRICHARTZ INEQUALITIES

Proof of Theorem [I.10 Tt is easy to see that {u, } € H2(R?) implies that { D*u,} €
LZ(RY). We then apply Theorem there exists a sequence of (17);>; and
orthogonal I, = (hJ,, &, xJ  t]) so that, for any N > 1

n»'n

N
=> gh@w) +wl, (3.1)
Jj=1



EJDE-2009/03 MAXIMIZERS FOR THE STRICHARTZ INEQUALITIES 9

with w2 € L2 and all the properties in Theorem being satisfied. Without loss
of generality, we assume all ¥/ to be Schwartz functions. We then rewrite it as
N
un =Y D7 g () + D w). (3:2)
j=1
Writing e := D~ wn , we see that for ¢,r in , the Sobolev embedding and
together give . Next we show how to eliminate &/ in the profiles.
Case 1. Up to a subsequence7 lim,, o hi &) = & € RY for some 1 < j < N.
From the Galilean transform,

eitOA(ei(')&)qﬁ)(x) — eimﬁo—ito\§0|26itoA¢(x _ Qtfo),
we see that

—thA( 1
(hi,)d/2

9 169 |2 il 1 R o
— ¢ithlénl?e mzA(Wez( i ( 7 ))(95—2%5%)

; 1 gl o
_ ix€d —itd A J n — J (o]
= e A (! () @) = A ) @)
On the other hand, since the symmetries defined in Deﬁnitionkeep the L2-norm
invariant,

i it (€9 (21 i(hd g ingt — T o
eiThERFILIEL I il )hnf'”w]](T”)) (z— 20 ¢9)

n

it 1 ixd €3 1itd (€3 |2 i()hd el —% .
||€ tnA(,ie nént tn|€n| [ (h & w]]( h ))(l-_thlé'gL)_

(h%)d/Q J
it 1 il € itd 169 121 i(Ned i — T o
_itha (We RELHILIEL I 108 i) . )) (& — 26.60)| 12

= [l(e™ 8 — )|z — 0
as n approaches infinity. Hence we can replace g7 (¢7) with
i 1 i Leitei12 e e e — ] o
AN | O 300 174 134 b PR QI SN & e 1 _ 9t g
et ( T O (- 260
for the differences, we put them into the error term. Thus if further regarding
e )7 as a new 97, we can re-define
() = e ithA (;emii’ +it], €| W(;ﬁl)) (z —2t0€0)

Hence in the decomposition (3.1]), we see that & no longer plays the role of the
frequency parameter and hence we can assume that & = 0 for this j term. With
this assumption,

o y 1 i
=5 _J(ohJ) — »—itLA D8 il Ly,
D=*gl (1) = e (—(% s (D ))(@).
Setting ¢’ := D%y’ we see that this case is done.
Case 2. lim,, ., |h?&)| = co. Tt is clear that
A G iwed _it|ed 1 i J —2td &I
0 gh () ) = einci-itel Lt 2 o 28

T T
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. . t—t] 7 —otd ¢l
Hence if changing ¢’ = -='» and 2/ = “Fa 20
AL 5

1D g () gny = ()T R D7 (382 ) 1 1,

= | D73 (e e A ) g,

, we obtain

By the Hormander-Mikhlin multiplier theorem [I8, Theorm 4.4], for 2 < r < oo,

D gl () |y ~
1D g g ~ o
as n goes to infinity since s > 0 and 17 is assumed to be Schwartz. In view of
this, we will organize D~%gJ (1/7) into the error term e?. Hence the decomposition
(T.18) is obtained. Finally the H, S-orthogonality follows from , and the
constraint (1.19)) from Definition since & = 0 for all j,n. Therefore the proof
of Theorem [I.10] is complete. O

le™* 297 L or, Sy (IBAELN T — 0
t T

4. PROOF OF THE IMPROVED SOBOLEV EMBEDDINGS

Here we include the arguments for the generalized Keraani’s and Killip-Visan’s
improved Sobolev embeddings, which can be used to derive Theorem [1.10] as well.
Firstly the generalization of ([1.22) is as follows: for any 1 < r < oo, s > 0 and
1 s 1
FrtaT

s 1-2s/d s 2s/d
171l S UDFIl > ID°F 15" - (4.1)
To prove it, we will closely follow the approach in [I] by Bahouri and Gérard.
Proof of (4.1). For every A > 0, we define foa, fsa via
fea(€) = 1Lig<af(€), f>a(&) = Lig=af(€).

From the Riemann-Lebesgue lemma,

If<allze S I f<alli: S 112x<pej<arer flls,
3 3
keZ, k<K

where K is the largest integer such that 2% < A. Then by the Cauchy-Schwarz
inequality,

R 4_g s

v <jej<orin flloy < 2°ED f gy -

Since%—s>0and2K§A,
4_s s
[feallie < CAIS D" Fl gy _

for some C' > 0. We write

91 ~ [ XU He €RY 5171 > Aan

0

and set

A= (2O|D3f|ggm)m'

Thus we obtain

DO | >

If<allze <



EJDE-2009/03 MAXIMIZERS FOR THE STRICHARTZ INEQUALITIES

On the other hand, the Chebyshev inequality gives

Hf>A()\)||L2

K1 > M < {Fsam *}I N

Hence we have

11 < / A3 / £)[2ded
E\>A>\)

lg|4/2 =2

20 D*? fHBo
< F(£)]2 N 3d\d
< / F©) / ¢
< Ds r_—2 28| £ Qd
S Lol MG IR
A

Therefore the proof of (4.1]) is complete.

11

]

Next we prove the generalized version of ((1.23): For any 1 < r < oo, s > 0 and

1, s __1
7’+d_2

£l SID°flya QS/dsupnf 17/,

(4.2)

where f; is defined as above. For the proof, we will closely follow the approach in

[12]. We first recall the Littlewood-Paley square function estimate [16], p.267].

Lemma 4.1. Let 1 < p < co. Then for any Schwartz function f,
£z ~ 1O 1) e,
keZ

where fi, is defined as in the introduction.

Proof of (4.2). By Lemmam we see that

Lr / Z |fM\2

MEZ

1£117

(4.3)

When r < 4, we have d — 4s > 0. Then the Holder inequality and the Bernstein

inequality yield,

Utz ~ [ (32 1) (3 bawr)
=D / Ful" g

M<N

D>

M<N

s
= (supnfknL;)
kEZ

2
M<N

< (swpllsiles) ™ 3 NMD* farll 2 D" vz
keZ M<N

a | fnllz2
L:
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Then the Schur’s test concludes the proof when r < 4. On the other hand, when
r > 4, we let 7* = [r/2], the largest integer which is less than r/2. Still by (4.3),
the Holder inequality and the Bernstein inequality, we have

(Ralye
5 5 r*—1 9 r/2—r*
~ (1B (S 1hP) (Slwl) " e
My Mo M
S | Fan 1 an | fam [P oy P o x| 2 fu] 2 d
< Iar [fan [ s [P Faag |2 o X e 1P| far z
My <My<Myw <M
S > I far ez v e a2 L fara e
Mi<Mo<--<M,x <M
< N fan ez 1 far 7 - W vt 11
r—2
d/2— —d/2
S (supllfiller) >0 MMy D fan 22 1D o 2.
kez My <M;

Since d/2 — s > 0, the Schur’s test again concludes the proof. Hence the proof of

(4.2)) is complete. O
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