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LINEAR MATRIX DIFFERENTIAL EQUATIONS OF
HIGHER-ORDER AND APPLICATIONS

RAJAE BEN TAHER, MUSTAPHA RACHIDI

ABSTRACT. In this article, we study linear differential equations of higher-
order whose coefficients are square matrices. The combinatorial method for
computing the matrix powers and exponential is adopted. New formulas rep-
resenting auxiliary results are obtained. This allows us to prove properties of a
large class of linear matrix differential equations of higher-order, in particular
results of Apostol and Kolodner are recovered. Also illustrative examples and
applications are presented.

1. INTRODUCTION

Linear matrix differential equations are important in many fields of mathematics
and their applications. Among the most simple and fundamental are the first order
linear systems with constant coeflicients,

X'(t) = AX(t), such that X(0) = 14, (1.1)

where 14 is the identity matrix of M(d;C), A € M(d;C) and X € C*(R; M(d;C)).
For the sake of simplicity we set in the sequel Ay = M(d; C). The system has
been extensively studied; its solutions depend closely on the computation of e' (¢ €
R). To perform this computation, many theoretical and numerical methods have
been developed (see [2, 3], 4L 6] [8), 111, 12| 14} 16, [17] for example). The combinatorial
method is among those considered recently for obtaining some practical expressions
of A" (n > d) and e*4 (t € R) (see [2, 3, [14]). Techniques of this method are based
on properties of some linear recursive sequences (see [10, [I3] for example), known in
the literature as r-generalized Fibonacci sequences (to abbreviate we write r-GF'S).

Let Ag,...,As_1 be in Ay and consider the linear matrix differential equation
of higher-order

XO () = A XC V() + -+ A1 X(8), (1.2)
subject to the initial conditions X (0), X’(0), ..., X®=1(0). To study (T.2) it

is customary to write it under its equivalent form as the linear first order system

(1.1). More precisely, (1.2) takes the form Y'(¢t) = BY (¢), where B € Ays and
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Y € C*(R; Ays) (see Section 4 for more details). For s = 2 properties of the linear
matrix differential equation (1.2]),

X"(t) = Ao X'(t) + A1 X (t), (1.3)

have been studied (directly) by Apostol and Kolodner (see [1,[9]) without appealing
to its equivalent form as equation .

The main purpose of this paper is to study solutions of a large class of linear
matrix differential equations , whose coefficients are in the algebra Ay. First
we consider when Ag = -+ = A, = 04 (the zero matrix of A;) and
A,_1 = A # 0O4. Solutions to these matrix differential equations are expressed in
terms of the coefficients of the polynomial P(z) = 2" —agz" " —---—a,_ satisfying
P(A) = ©4 and matrices A = 14, A, ..., A"~1. Moreover, these solutions are also
described with the aid of the zeros of the polynomial P(z). Furthermore, the case
r = 2 is improved and the fundamental results of Apostol-Kolodner are recovered
and their extension is established. Secondly, in light of a survey of the general
equation , we manage to supply their solutions under a combinatorial form.

In Section 2 we recall auxiliary results on the powers and exponential of an
element A € Ay. In Section 3, we study the class of linear matrix differential
equations of higher-order associated to Ag =+ =A;_2=0gand A,_1=A
(we call this class the Higher order linear matriz differential of Apostol type) and
recover the results of Apostol-Kolodner. In Section 4 we consider the combinatorial
aspect of the matrix powers and exponential in order to explore the general setting
of linear matrix differential equations . Finally, concluding remarks are stated
and a future problem is formulated in Section 5.

2. AUXILIARY RESULTS ON THE POWERS AND EXPONENTIAL OF A MATRIX

We review here some basic results on the matrix powers and exponential needed
in the next sections. That is, we recall some results of [2, [, [4] and set forth a new
result in Proposition 2.2} To begin, let Ao, ..., A, and Sp, ..., S,—1 be two finite
sequences of Ay with A,_; # ©4. Consider the recursive sequence {Y},},>o such
that Y,, =5, for 0 <n <r —1 and

Yni1=AYn+ -+ A 1Y, _ry1, foreveryn >r—1. (2.1)

When A;A, = A, A;, for every 0 < 4,k <r —1 and following the same straightfor-
ward computation as in [2] [I4] we obtain,

Y, =pn,r)Wo+---+pn—r+1,r)W,_q, foreveryn>r, (2.2)
where W, = A,_1S, + -+ 4,51 (p=0,1,...,r—1) and

p(n,r) = > (kI: ;.v- : +kkriln)!A§°A'fl AT (2.3)

ko+2ki1+-4rkp_1=n—1 QL e o1
for every n > r, with p(r,r) = 1 and p(n,r) = 0 for n < r—1 (see [2, B [T} 13} [14]).
The computation of the powers A™ (n > r) follows by a direct application of —
([2-3). Indeed, the polynomial equation P(A) = ©4 shows that AT = qgA™ +
<o+ a1 A" for every n > r — 1, and by the way the sequence {A"},,>0 is an
r-GFS in A4, whose coefficients and initial values are Ag = ag,...,Ar_1 = ar_1,
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So = A° = 14,...,5,_1 = A" (respectively). In light of [2, 14] we have the
following characterization of the powers of A,

r—1 p
A" = Z (Zar_p+j_1p(n =7 T))Ap, for every n > r, (2.4)
p=0  j=0
where
(ko + -+ k1) 4 o
p(n,r) = Z rolol o] ag’...a, 4", forn>r, (2.5)

ko+2k1+-Frk,_1=n—1

with p(r,r) =1 and p(n,r) =0 for n <r —1 (see [2, [14]). The matrix exponential
et (A € Ag) is defined as usual by the series !4 = S (#7/nl)A™. Tt turns
out following [2] that direct computation using |D allows us to derive that
the unique solution of the matrix differential equation (1.1)), satisfying the initial
condition X (0) = 14, is X () = e = 37 _} Qi (t)A* such that

th &
Q(t) = 47 + Dt kriaw(t), (0<k<r—1), (2.6)
I

with
+oo ng

wilt) =Y _pn—jir)— (0<j<r—1)

n=0
and p(n,r) given by (2.5).

As shown here the preceding expressions of A™ (n > r) and €' are formulated in
terms of the coefficients of the polynomial P(z) = 2" —agz" ! —--- —a,_; and the
first r powers A? = 14, A, ..., A"~'. The goal now is to express A" (n > r) and et
using the roots of the polynomial P(z) = 2" —ag2" ! —---—a,_ satisfying P(A4) =
©g4. To this aim, let A1, ..., A, be the distinct roots of P(z) = 2" —agz" 1~ —a,_;
of multiplicities my, ..., ms (respectively). For every j (1 < j < s) we consider the
sequence {b; j fo<i<m,—1 such that b; ; = 0 for i > mq+---+m;_1+m;j1+---+ms
and otherwise

S

bij = > I Gedy = ag)mara. (2.7)

hid-dhj_1+hji1+-+hs=i,ha<ma d=1,d#j

For every j (1 < j < s), let {a;j}o<i<m;—1 be the sequence defined by g ; = 1
and
-1
@ij = = (brj0i-1j +bajaing + o bimyjor +bijaeg),  (2:8)
0,7
where the bi,j are given by “ Recall that {bi,j}0§i§7nj—l and {ai,j}ogigmj_l
have been introduced in [3] for computing the powers of a matrix A € A,;. Besides
the exploration of Expression (4.15) in [I8] and Proposition 4.3 in [4] allow us to
obtain an explicit formula for the a; ; as follows,
j h —h
a; ;= (=1)' > IT G ) O = Aa) ™"
hit+hot-+hj_1+hjr1+hs=ihg<mg d=142;
(2.9)
With the aid of the basis of the Lagrange-Sylvester interpolation polynomials as in
[8], we obtain the following result.
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Proposition 2.1. Let A be in Ag such that p(A) = H‘;Zl(A —Ajlg)™ = Q4
(Ni # Aj, fori# j). Then

26“ JZ_ Fire() (A= X1q)Fq;(A),
| (2.10)
mj—1 k
—Ze“[ > A= A1) ps(A),
k=0

s min(n,m;—1) m;—k—1

Z Z Z Xk ( )(A Ai1a)F g (A) (2.11)

such that
mj —1

pj(z) = (=A™ /(A = A)™) Y iz = X),

d=1,d#j i=0

4i(2) = p(2)/(z = Xj)™ and
fik(®) Za” ACEDIVA | | g =)™,

where the o; ; are given by (2.9)).

When p(A) = (A—\;1)" = O4 we can take ag1 = 1 and ;1 = 0 for every ¢ # 0.
Let Qo(t) be the coefficient of A = 14 in the well known polynomial decom-
position et4 = Z;é Qp(t)A*. A direct computation, using 1| yields a new

formula for ¢(¢) in terms of {\;}1<;<s) as follows.

Proposition 2.2. Under the hypothesis of Proposition[2.1], we have

Qo(t) =>_eQit) [] % (2.12)

k=1 jetgpn P =A™

where
mpe—1

Z(Z%kt” UEDBICONE

with the oy given by (2.9). Moreover, we have %(t} = ar_ k20 (1) + Qi (1),
with Qo(t) = 1+ ar_qwo(t).

From Proposition we derive that

1 —Qo(t)

(=A1)™ (=)™
where Qq(t) is given by (2.12)). It seems for us that (2.12), which gives Qy(t) in
terms of the eigenvalues {);}11<;<s) of the matrix A, is not known in the literature
under this form.

The preceding results will play a central role in the next sections devoted to some
properties of the linear matrix differential equations of higher-order (|1.2)-(L.3).

wo(t) =
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3. HIGHER-ORDER MATRIX DIFFERENTIAL EQUATIONS OF APOSTOL TYPE

We are concerned here with the higher-order matrix differential equations
when Ag = -+ = A,_ o =04 and A,_1 = A # 04, where A € A;. These linear
matrix differential equations are called of Apostol type. For reason of clarity we
proceed as follows. We start by reconsidering the case r = 2 and afterwards we
focus on the case r > 2, particularly results of Apostol and Kolonder are recovered.

3.1. Simple second-order differential equations. Let A be in A, satisfying

the polynomial equation P(A) = O4, where P(z) = 2" —agz" ' — -+ —a,_1. It is
well known that the second-order linear matrix differential equation
X"(t) = AX(t), (3.1)

has a unique solution X (¢) = C(¢) X (0) + S(¢)X'(0), where X (0) and X'(0) are the
prescribed initial values and C(t) and S(t) are the following series

Jio 12k . Jf $2k+1 3
O(t) = Ak St =y ——— A4
£ (2K)! 2k +1)!

(see [1,[9]). If we substitute for A* its expression given in (2.4) we manage to have
the following improvement of the Apostol-Kolodner result.

Proposition 3.1. Let A be in Ay satisfying the polynomial equation P(A) = ©g4,
where P(z) = 2" — apz" "' — - —a,_1. Then, the unique solution of the ma-
triz differential equation , with the prescribed initial values X (0) and X'(0) is
X(t) = SSiZt (CR(t) X (0) + Sk(t) X'(0)) A*, such that

12k +oo £2n 12k+1 +oo £2n+1

) = g T 2 @y ) Sk(t):(2k+1)!+n=r G

for 0 < k <r—1, where pp(n) = Z?:o Ar—kt+j—1p(n — j,7) with the p(n,r) given
by (2.5).

Consider the first-order differential equation with A € A, satisfying P(A) =
O4, where P(X) = 2" — apz" ' — -+ — a,_1. Kolodner’s method (see [9]) shows
that P(D)X(t) = P(A)X(t) = 0, where D = d/dt. Therefore, we have X (t) =
Z;;é ¢;(t) A7, where the functions ¢;(¢) (0 < j < r—1) verify the scalar differential
equation P(D)z(t) = 0, whose initial conditions are D*¢;(0) = §;5 (=1 for j =k
and 0 if not), (see [9,[I1]). For the linear matrix differential equation we have
D?X(t) = AX(t), and the preceding method shows that P(D?)X (t) = 0. If we set
Q(z) = P(2?), it is easy to show that each function ¢;(t) (0 < j < 2r —1) is also
a solution of the scalar ordinary differential equation (of order 2r) Q(D)x(t) = 0,
satisfying the initial conditions D*¢;(0) = §;5 (0 < j < 2r — 1). Therefore,
Equation implies that

o
Pu(t) = 5+ D bor k1w (8), (3:2)
b=
where by; = 0, bgj+1 = a; and w;(t) = :SQT p(n —4,2r)t"/n! (0 < j < 2r—1),

with p(n,2r) given by (2.5)) are such that the a; and r are replaced by the b; and
2r (respectively). In conclusion we have the following proposition.
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Proposition 3.2. Let A € Ay such that P(A) = ©,., where P(z) = 2" — apz" "t —
-+ —ap_1. Then, the unique solution of the matrixz differential equation ,
with the prescribed initial values X (0) and X'(0), is given by X (t) = C(£)X(0) +
S(t)X'(0) with

O(t) = i bori1 () AR, S(t) = i dar(t) A, (3.3)
k=0 k=0

where the ¢ (t) (0 <k <r—1) are described by (3.2).

Proposition represents a new formulation of the result of Kolodner (see [9]).
As an application of the last propositions, let us consider the following example.

Example 3.3. Let A € A, satisfying P(A) = A% — 14 = ©4 (or equivalently
A? = 1,), then po(2n) = 1,p0(2n + 1) = 0 and p1(2n) = 0,p1(2n + 1) = 0 for
n > 2. And a straightforward verification, using Propositions [3.1] or shows that
we have X (t) = (Co(¢) X (0) + So(t)X'(0)) 14 + (C1(¢) X (0) 4+ S1(¢)X'(0)) A, where

1 1
Co(t) = §(ch(t) +cos(t)), So(t)=t+ E(sh(t) + sin(t)),
1 1
Cu(t) = 5(ch(t) —cos(t)),  Si(t) =t + 5(sh(t) —sin(t)).
3.2. Higher order linear differential equations of Apostol type. In this
Subsection we extend results of Subsection [3.1] to the class of Apostol linear matrix
differential equations of order p > 2,

XP (1) = AX(t), (3.4)

whose prescribed initial conditions are X (0), X’(0), ..., X®=1(0), where A € A
satisfying the polynomial equation P(A) = ©4, where P(z) = 2" — agz" ! —
a,_114. Consider the vector column Z(t) =t (X®=1(#),..., X(¢)) and the square
matrix dp X dp,

Oy 64 ... 64 A
1d @d .« e @d

B— O 1lg 64 ... ©4 . (3.5)
O ... O4 15 ©y4

It is well known that the solution of the linear matrix differential equation (3.4
can be derived from the usual solution,

Z(t) = eBZ(0) where Z(0) =t (X®~V(0),..., X'(0), X(0)), (3.6)
of the first order linear system (1.1)) defined by the matrix (3.5). That is, we

focus our task on the computation of e*®, which is essentially based on the explicit
formula of the powers B™(n > 0). Indeed, by induction we verify that, for every
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n > 0, we have

Q4 ... AL .. 9,

A" ©q ... Oy : . . . :

o o, . . g _ Qg 64 ... 064 Al
L ey A" 9y ' o

Qg ... B4 A" o . . :

Qs ... A" ... oy,

(3.7)
for 1 < i < p—1, where the power A" of the first line is located at the (p—i-+1)*"
column and the power A" of the first column is located at the (i + 1)** line. That
is, the matrix B""™" = (E; ;)1<ij<p such that 1 <i < p—1and E;; € Ag, is
described as follows : Ej,_j1; = A" for j = 1,...,i+ 1, E;y;; = A" for
j=1,...,p—i—1and E;; = Og otherwise. The solution X(¢) of the matrix
differential equation , is derived by a direct computation. More precisely, the
natural generalization of Proposition [3.1]is formulated as follows.

Theorem 3.4. Let A be in Ay. Then, the linear matriz differential equation
of order p > 2, with the prescribed initial conditions X (0), X'(0), ..., XP=1(0)
has a unique solution X (t) satisfying X (t) = Co(t, A)X(0) + C1(¢t, A)X'(0) +--- +
Cp_1(t, A)X@®=1(0), where

T yonty

C;i(t,A) = A", for every j (0 <j <p-—1). (3.8)

— (np+j)!

Expression of the powers of the matrix , can be easily derived using
the general method of Section [d] where this later is based on the extension of the
technique of [B, [7]. On the other hand, properties of the family of the functions
C;(t,A) (0 <j < p—1), may be obtained from . Indeed, a simple verification
gives the corollary.

Corollary 3.5. Under the hypothesis of Theorem., the functions C;(t) (0 < j <
— 1) defined by @) satisfy the following differential relations,

DFC;(t, A) = Cj_1(t, A), for 0<k<j<p—1, and D*C;(0) = &;4,

where D = d/dt. Moreover, for every j (0 < j < p — 1) we have C;(t) =
Dp_j_lcp_l(t).

A direct application of (2.4)-(2.5) and Theorem permits us to establish that
solutions of the linear matrix differential equation (3.4]) are expressed in terms of
the coefficients a; (0 < j < r—1) of the polynomial P(z) = 2" —agz" ' =+ —a,_;
satisfying P(A) = ©4. More precisely, replacing A™ in by its expression given

in (2.4) yields the following proposition.
Proposition 3.6. Let A be in Ay such that P(A) = 04, where P(z) = 2" —

apz" ' — -+ —a,_1. Then, the solution of the linear differential equation (3.4),
with the prescribed initial conditions X(O) X'(0), ..., X®P=1(0), is
7‘71 -
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such that
c Pk+i X pnty
k() = ~ + - n),
with px(n) = Z?:o r—p+j—1p(n — j,7), where p(n,r) is given by (2.5).

Now we obtain an explicit formula for the solution of the linear matrix differential
equation , in terms of the roots of the polynomial P(z) = 2" —agz" "1~ —a,_1
satisfying P(A) = ©4. To this aim, in Expression we substitute for A™
(n > r) its expression set forth in Proposition Then, a hard straightforward
computation leads us to the following result.

Theorem 3.7. Let A be in Ay such that P(A) = [[_;(A=Xj1a)™ = O4 (\i # )
for i # j). Then, the unique solution of the linear matriz differential equation
(3:4), with the prescribed initial conditions X (0), X'(0), ..., XP=1(0), is X (t) =
SPTLCi(t, AYXD(0) such that

mj;—1
S ) J deL
Ci(t,A) = Zapj(t;A), with @;(t; A) = Z ﬁ(t,/\j)pjk(A),
j=1 k=0
where Vi(t,z) = 3129 (;:::;)Iz” and
m;—k—1 s
1 ’ (Z - )\t)mt
pik(2) = y( Z (2 — /\j)k+d) ( H m)
T d=0 t=1,t£5 t

with agq; given by (2.9)).

The expression of the C;(t,A) (0 < j < s) given in Theorem seems quite
complicated, yet its application is a powerful tool in many important practical
situations as shown is the following corollaries and Example [3.10] it also leads to
have explicit formulas. Indeed, when p(A) = H;:1(A —\jlg) =04 (N # )}, then
we show that pjo = ag; = 1, and the following corollary is derived.

Corollary 3.8. Let A be in Aq such that p(A) = TT'_1(A—Xjlq) = Oa (N # N
for i # j). Then, the unique solution of Equation , with the prescribed initial
conditions X (0), X'(0), ..., X®=1(0) is X(t) = Zf’:—ol Ci(t, A)XD(0), where

T +oo ; T
7 (z —\t)
=3 (3 ) T S
’ | .

j=1 n=0 (pn + Z)' t=1,t#£j ()\J At)
In the particular case where p = 2, the result of Apostol (see [I]) is derived as
a simple consequence of the above corollary. Another important result of Theorem
can be established when p(A) = (A — A\114)" = O4. Indeed, as it was noticed
above, in this case we have ag; = 1 and «;; = 0 for each i # 0 , whence p1 x(z) =

1 k

Corollary 3.9. Suppose that A € Ay satisfies p(A) = (A — M\1q)" = ©4. Then,
the unique solution of Equation (3.4), with the prescribed initial conditions X (0),
X'(0), ..., X®=1(0), is X(t) = S.P—) Ci(t, A)XD(0), where

1L &7 i
Cz(t,A) - Z Wm(t, Al)(A - Alld)j 1.
1
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Example 3.10. Let A € Ay such that P(A) = ©4, where P(z) = (z — \)?(z — )
(with X\ # ). Then, the solution of the third-order matrix differential equation
X"'(t) = AX(t), with the prescribed initial conditions X (0), X’(0) and X" (0), is
given by X (¢) = Co(t, A)X(0) + C1 (¢, A)X'(0) + Co(t, A) X" (0). And by Corollary
we have C) (t, A) = DCy(t, A), Co(t, A) =D?Cy(t, A) (D = d/dt), where

Calt, ) = Va(t. M) [1ar+ = —214]61(A) + 2 (6 V(A= AL (4 ) +Valt i) (A)
with
+oo t3n+2 N Z—p
Va(t, ) :;mz , di(z) = P

_ (=N
and ¢2(z) = ESVER
Remark 3.11. As shown before, our method for studying these kinds of matrixz
differential equations is more direct and does mot appeal to other technics. Mean-
while, it seems for us that the method of Verde Star based on the technics of divided
differences can be also applied for studying such equations (see [17T]).

4. SOLUTIONS OF EQUATION (|1.2): COMBINATORIAL SETTING

We are interested here in the combinatorial solutions of , where the expo-
nential generating function of the family of sequences {p(n—7j,7)}n>0 (0 < j <r—1)
is defined by .

Let Ag,...,A.—1 and Sp,...,S,—_1 be two finite sequences of Ay such that
A,—1 #0. Let C*(R ;Ay) be the C-vector space of functions of class C*°. Con-
sider the class of linear matrix differential equations of higher-order , with
solutions in X € C*(R ;.A4) and subject to the initial conditions, X (0), X’(0), ...,
X=1(0). Set Z(t) =t (XU=D(¢t),...,X(¢)) and Z(0) =t (X"=1D(0),...,X(0)).
A standard computation shows that is equivalent to the following first-order
matrix differential equation,

Z'(t) = BZ(t), (4.1)
where B € M(r, Aqg) is the companion matrix
Ao A ... A,
ld @d e @d
B=1©s 1la ©g ... ©4 | (4.2)
Q4 ... 64 15 Oy

It is well known that the solution of the linear matrix differential equation is
Z(t) = e'BZ(0), where the expression of e!® depends on the computation of the
powers B™ with the aid of Ay,...,A,_1. To this aim, we apply the recent technique
for computing the powers of the usual companion matrix (4.2 (see [5, [7]). Indeed,
let {Yis}tn>0 (0 < s < r—1) be the class of sequence in Ag such that
Y s =0n,slg (On,s =1if n=sand 0 if not) for 0 <n <r—1 and

Yn+1,s = AOYn,s + Alyn—l,s +-+ Ar—lyn—r+1,sa for n 2 r—1. (43)
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Lemma 4.1. Let Ag,...,Ar_1 be in Agq with A,_1 #0. Then

Yn+r—1,r—1 Yn+r—1,r—2 ce Yn+r—1,0
. Yonir—2r-1 Yngr—2,-2 ... Yuir oo
B" = ) ) ) ) ,  foreveryn>0. (4.4)
Yn,r—l Yn,r—? (R Yn 0

EXpI"eSSiOD implies that €tB = (CiJ' (t>)0§i7 j<r—1, where Ci)j (t) (O < ’i, ] <
r—1) is the exponential generating functions of the sequence {Y,4+r—1-ir—1—j }n>0
(0 <, j <r—1). Thus, the characterization of solutions of the linear matrix
differential equation , can be formulated as follows.

Theorem 4.2. Let Ag,...,A._1 be in Ag such that A,._1 # 0. Then, the solution
of the linear matriz differential equation is X(t) = Z:;é C; ()XY (0), where
C;(t) = ::6 Y, ;t"/n! (0 < j <r—1) is the exponential generating function of
the sequences {Yy, j}n>0 (0 < j <r—1) defined by (4.3).

A result similar to Theorem[4.2]has been given by Verde Star under another form,
by using the divided difference method for solving linear differential equations (|1.2))
(see Section 5 of [19]). Indeed, Equation is analogous to the Equation (5.6)
given by Verde Star whose solutions (5.13), submitted to the initial conditions
Co,C1,...,Cs, are expressed in terms of a sequence { Pyt o< <sk>0 (see [19]),
satisfying a linear recursive relation analogous to (4.3), moreover { Py ;}o<j<s,k>0
is nothing else but the sequence {Yj s_;}; defined previously by (4.3). Com-
parison of our procedure with the Verde Star’s method leads to infer that the
functions Cy(t), C1(t),...,Cr_1(t) of Theorem are identical to the functions
Go,1(t),Goz(t),...,Go,s(t) considered in [19].

Furthermore when the condition A;A, = AxA; (0 < j,k < r —1) is satisfied,
expressions 7 show that the combinatoric formula of sequences can
be written explicitly as follows,

J
Yo = Z Ar_jip—ip(n—k,r), forn>r, (4.5)
k=0

where the p(n,r) are defined in (2.3) for n > r, with p(r,r) = 14 and p(n,r) =
O4 for n < r — 1. Therefore, Expression 1' implies that C;(t) = %1d +
S0 o Ar_jrk—19x(t), where g (t) = 32725 p(n—k, 7)t" /n! is the exponential gener-
ating functions of the sequence {p(n—k, r)},>0. Moreover, we verify easily that the
; kg
functions g;(t) (0 < k < j) satisfy dI 7M@) = ddtj,’f (t)=gx(t). Hence, an extension
of Proposition [3.1] and Theorem can be formulated as follows.
Proposition 4.3. Let Ag,...,A,_1 be in Ay such that A; A = ApA; for 0 <1,
k <r—1. Then the solution of the linear matriz differential equation (1.2), subject
to the prescribed initial values X (0), X'(0),..., X"=1(0), is the following

X0 =3 80X = 3 (5 +1,040)x00), @)

such that
j .
+ A'r—j-i—k—lD]_ka

k=0

tJ

g
A;(t) = il + ZAr—j+k—1gk(t)7 I;(D) = il
R !
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where D = d/dt and g;(t) is the exponential generating function of the sequence
{p(n —j.r)}n>0-

Proposition shows that solutions of the linear matrix differential equation
may be given in terms of the exponential generating function of the class of
sequences {Y;, j}n>0 (0 < j <7 —1) defined by (4.3). In the same way, expressions
(2:2)-(2.3) may be used to obtain the combinatoric formulas of the sequences in
. Moreover, solutions of the linear matrix differential equation , subject
to the prescribed initial values X (0), X’(0),..., X"=1(0), can be expressed in
terms the exponential generating functions of the class of sequences {p(n—k,7)}n>0
0<k<r-—1).

Remark 4.4. Consider a unitary topological C-algebra A instead of the C-algebra
of the square matrices A4. Suppose that A € A is an algebraic element satisfying
P(A) =0, where P(2) = 2" —apz" ' —---—a,_1 (aj € Cfor 0 <j <r—1). Then,
all results of the preceding Sections are still valid. On the other hand, it’s easy
to show that Theorem and Corollary on the solutions of the linear matrix
differential equation , do not depend on the condition that A is algebraic.

Remark 4.5 (Future problem). Solutions of the linear matrix differential equation
, can be also described using some recursive relations and the exponential
generating functions of the combinatorial sequences . One of the main problems
is to study the spectral aspect of solutions of these classes of differential equations.
More precisely, suppose that the two (non trivial) matrices Ag, A; appearing in
satisfy the following polynomial equations Pj(Ag) = Py(A41) = ©4, where P(z) =
[[iLo(z = Aj)P and Pa(2) = [[;24(z — p1;)%. The problem can be formulated as
follows : study the solutions of the linear matrix differential equation , in terms
of the \j (0 <j <s1)andp; (0<j<sy). Some investigations are currently done
for this purpose.
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