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POSITIVE SOLUTIONS FOR SYSTEMS OF NONLINEAR
SINGULAR DIFFERENTIAL EQUATIONS

YANYAN YUAN, CHENGLONG ZHAO, YANSHENG LIU

ABSTRACT. By constructing a special cone and using the fixed point theorem
of cone expansion and compression, this paper shows the existence of positive
solutions for two-point boundary-value problems of nonlinear singular differen-
tial systems. To illustrate the applications of our main results, some examples
are given.

1. INTRODUCTION

Recently, singular boundary value problems (SBVP for short) have been stud-
ied extensively (see [1l B, @ Bl [6] [7, [8 @, 10] and references therein). Under the
superlinear effect, Wei and Zhang [8] obtained necessary and sufficient conditions
for the existence of C2[0, 1] and C?3[0, 1] positive solutions for fourth-order singular
boundary value problems by using the fixed point theorem of cone expansion and
compression. Under the sublinear effect, Wei [7] obtained necessary and sufficient
conditions for the existence of positive solutions for fourth-order singular boundary
value problems by using the upper and lower solution method and the maximal
principal. However, in this paper, we will investigate the existence of positive so-
lutions of second and fourth order singular boundary value problems of nonlinear
singular differential systems. We obtain necessary and sufficient conditions for the
existence of C2[0,1]x C[0, 1] and C3[0, 1] x C'*[0, 1] positive solutions for the coupled
systems. Two examples are given to show the applications of our results.

In this article, we investigate the boundary-value problem

u™® = f(t,u,v);

=" = g(t,u,v); (1.1)
w(0) = u(1) = u”(0) = u”’(1) = 0; ‘
v(0) =v(1) =0,

where t € (0,1), f,g € C[(0,1) x[0,00) %[0, 0), [0,00)]; that is, f, g may be singular
att=0and t=1.
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Let
E ={(u,v) € 02[0 1] x C[0,1] : uw(0) = u(1) = u"(0) =" (1) =0,
v(0) = v(1) = 0},

with the norm H(u,v)” = |lullz2 + |lv|lo, where ||u|lz = maxies|u”(t)], ||v]o =
maxey |v(t)], J = [0,1]. Then (E,| - |) is a Banach space. In this paper, E
will be the basic space to study (1.1). Define

P:{(u,v)eE:v(t)Zt(l—t)U() u(t
u(t) > —t(1 —t)u"(s)/30, u"(t) <

u(t),v(t) are nonnegative concave functions, for all ¢,s € J }

) = (1 = t)u(s),
t(1 —t)u”"(s) <0 and

It is easy to see that P is a cone of E.

A pair (u,v) is said to be a C?[0,1] x C[0, 1] positive solution of ifue
C?[0,1] N C™(0,1), v € C[0,1] N C?(0,1) satisfy and u(t) > 0, u’(t) <0,
v(t) > 0 for t € (0,1). In addition, if (u,v) is a C?[0, 1] x C[0, 1] positive solution
of and both «”(0%), «”/(17), v(0%) and v'(17) exist, then (u,v) is said to
be a C3[0,1] x C[0,1] positive solution of (L1

Now, we state a lemma which will be used in Section 2.

Lemma 1.1 ([I]). Let P be a cone of real Banach space E, Q1, Qo be bounded open
sets of E, and 0 be in Q1 C Qy. Suppose that A : PN (Qa\ Q1) — P is completely
continuous such that one of the following two conditions is satisfied:

(i) [[Az|| < ||z|| for z € PN OQ; |Az|| > ||z|| for x € PN OQ,.
(i) ||Az| < ||z|| for x € PN OQs; ||Az|| > ||z|| for z € PN OQy.

Then, A has a fized point in PN (Q2\ Q).

2. MAIN RESULTS

Let us list some conditions to be used later.
(H1) g € C[(0,1) x [0,00) x [0,00), [0, 00)] and satisfy

/1t(1 S (L — 1), 1)dE < o0, /1 H1— £)g(t,t(1 — 1), 1)dt < oo.
0 0

(H2)

/1 F = ), 4(1 — £))dt < oo, /1 gt t(1 — 1), t(1 — £))dt < oo.
0 0

(H3) f is quasi-homogeneous with respect to the last two variables, that is, there
are constants Aq, 1, a1, 81, N1, M1, No, My with 0 < A\ < 1 < 400, 0 <
<L <L+ <,0<N <1< Mqp,0< Ny <1< M, such that
forall 0 <t <1, u >0, v >0 satisfying

(a) " f(t,u v) < f(t,cu,v) < M f(t,u,v), 0 < c< Ny
M f(t,u,v) < f(t, cu,v) < M f(tu,v), ¢ > My;

(b) Prft,u,v) < f(t,u,cv) < c® f(t,u,v), 0 < c < Ny;
c f(tu,v) < f(tu,cv) < P f(tu,v), ¢ > M.
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(H4) g is quasi-homogeneous with respect to the last two variables; that is, there
are constants Ao, fio, o, B2, N3, M3, Ny, My with 0 < Ao < pg < +00, 0 <
g <P <1, us+0B2<1,0< N3 <1< Mz, 0< Ny <1< My such that
forall0<t<1l,u>0,v>0 Satisfying

(a) c*2g(t,u, v)<g(t cu v)g 2g(t,u,v), 0 < ¢ < Ns;
A2g(t,u,v) < g(t, cu,v) < c#2g(t,u,v), c > Ms;
(b) ®2g(t,u,v) < g(t,u,cv) < c® g(t u,v), 0 < ¢ < Ny;
c2g(t,u,v) < g(t,u,cv) < cP2g(t,u,v), ¢ > My.
(H5) There exist 0 < ; < 1,k; > 0(i = 1,2) such that

F(tuw) > ki(u+ o), g(tu,v) > kalu+ o)™
for any t € J, (u,v) € P.

The main results of this paper are as follows.

Theorem 2.1. Suppose (H3)-(H5) hold. Then (1.1)) has a C?[0,1] x C[0, 1] positive
solution (u,v), if and only if (H1) holds.

Theorem 2.2. Suppose (H3)-(H5) hold. Then (L.1)) has a C3[0,1]xC1[0, 1] positive
solution (u,v), if and only if (H2) holds.

To prove Theorems [2.1] and we need some preliminary lemmas.

Lemma 2.3. The functions u € C?[0,1] N C™(0,1),v € C[0,1] N C?(0,1) form
a solution to if and only if (u,v) is a fived point of the integral operator
A(u,v) = (A1 (u,v), Az (u,v)) in C?[0,1] x C[0, 1], where

1 1
Aq(u,v)(t) :/ G(t, 5)/ G(s,7)f(r,u(r),v(r))drds,
/Gts s,u(s),v(s))ds, (2.1)

t(1— 0<t< 1;
Gits)— {109 s<1;
s(1—t), 0<s<t<l,
The proof of the above lemma is obvious; we omit it.

Lemma 2.4. Assume that (H1), (H3), (H4) hold. Then A: P — P is a completely
continuous operator.

Proof. First of all, we show that A(P) C P. Note that G(¢,s) > t(1 —t)G(s, ) for
all 7,s € J. Then

- / G(t,7) / G, €) (€, ul€), v(€))dedr
0 0

1 1
> (1 t) / G(s,7) / G, €) £ (€. ul€), v(€))dedr
=t(1—-t)A1(u,v)(s), Vt,seJ, (u,v)€P.

(A1 (u,v)) /GtT (ryu(r),v(T))dr
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=t(1—t)(A1(u,v))"(s) <0, Vt,seJ, (u,v) € P.
As(u,v)(t) = / G(t, 5)g(s. u(s), v(s))ds

> 41— t)/o G(s, 7)g(r, u(r), v(r))dr
=t(1 —t)A2(u,v)(s), Vt,seJ, (u,v) €P.
(Az(u, )" (t) = —g(t,u(t),v(t)) <0, VteJ, (u,v)€P.
It is easy to see that G(t,s) > s(1 — s)t(1 —t). Then

A, 0)() = — / Gt 7)(Ar (u, ) (r)dr

(=)

Y

_/0 G(t,7)T(1 — 7) (A1 (u,v))" (s)dr

v

1
(1 t) / 21— 1) (A (u,0))(s)dr

= (= (A (0))(5), Ve €1, (w0) € P

Therefore A(P) C P.
Next we show that A is bounded. Suppose V is an any bounded set of P, then
there exists a M > 0 such that ||(u,v)|| < M for any (u,v) € V. It follows from

u(t) = fol G(t,s)(—u"(s))ds that u(t) < $¢(1—t)||ul|2. On the other hand, it follows
from u(t) > t(1 —t)u(s), for all t,s € J that u(t) > t(1 —t)|lul|o. Hence

1= Dllullo < u(t) < 510~ Dllulls, e (2.2)

Choose positive numbers ¢; > max{Mj, %} and ¢ > max{Ma, NMZ} For any
(u,v) €V, t € J, we can get

|(Ar (,0))" ()] = / G(t, 5) (5, u(s), v(s))ds

s(1—s cM s
c1s(1 —s) (1=9)c2 C2 )d

1
§/0 s(1—s)f(s,c1
e 1711(8) Al@als —8)f(s,5(1—s s
<o [ (1= ) s s(1 = 9.1
1

1
A a] —oq
< G Ml e ol ™ [ (1= )51 = 5). 1)

1
< 9 Mgk imen praaten / s(1—8)f(s,s(1—s),1)ds < +o0.
0

Let c3 > max{Mg,%} and c¢q4 > max{My, NM4} For any (u,v) € V, t € J, we
have

| Az (u, v)(t)] :/0 G(t,5)g(s, u(s), v(s))ds

! u(s) v(s)
< /0 s(1—9)g(s, @,ms(l —3), 04074)d8
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1
< 2_>‘zc§27’\204627a2M’\2+a2 / s(1—s)g(s,s(1—s),1)ds < +oo.
0
Consequently, A is bounded on P.

Thirdly, we show that AV is equicontinuous for arbitrary bounded set V' C P.
Choose positive numbers ¢; > max{Mj, %}7 ¢y > max{ M, NMQ}, it follows from

1 1
Al(u,v)(t):/o G(t, s)/o G(s,7)f(r,u(T),v(r))dTds

that
1
(A1, 0)'(0) = = [ Gt.5) (5., ()
:-/ s(l—t)f(s,u(s),v(s))ds—/ 11— 8)f (s, u(s), v(s))ds,
0 t

(A1 (u,v))"(t) :/o sf(s,u(s),v(s))ds —/t (1= s)f(s,u(s),v(s))ds
t 1
< [ srtuv@)ds+ [ (0= (suls)o(s)ds
< co(/o sf(s,s(1—s),1)ds —|—/t (1—3)f(s,s(1—s), l)ds),
where ¢y = 272 1T M AT pphtar - Agsume

H(t)= co(/ot sf(s,s(1— 8)71)ds+/t1(1 —8)f(s,s(1— s),l)ds).

So we can obtain

/OlH(t)dt: co(/oldt/otsf(s,s(l 9 1)ds

+ /01 dt/tl(l —8)f(s,s(1 —s), l)ds) (2.3)

1
= 200/ s(1—9)f(s,8(1—5),1)ds < +o0.
0

Thus for any given t1,te € J with ¢; <t and all (u,v) € V, we obtain

(A (1, 0))" () — (As (w,0)" (@)l = | [ Avu, o))" (1)t < [ H(t)at.

t1 t1

From this inequality, (2.3) and the absolute continuity of integral, it follows that
A1V is equicontinuous on J.
On the other hand

|(Az(u,v))'(t)] = —/O 89(87U(8)av(8))d8+/t (1 —s)g(s,u(s),v(s))ds
t 1
S/o Sg(s,u(s),v(s))dsqL/t (1 —38)g(s,u(s),v(s))ds
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Let G(t fo sg(s,u(s),v(s))ds + ftl(l — 8)g(s,u(s),v(s))ds,c3 > max{Ms, %}
and cq4 2 max{ My, N4}, then

1 1
/ G(t)dt = 2/ s(1—8)g(s,u(s),v(s))ds
0 0

1
< Qi Ae g A2 2 m o ypdotas / s(1—8)g(s,s(1 —s),1)ds < +oc.
0

(2.4)
Thus for any given t1,te € J with ¢; <t and all (u,v) € V, we obtain

to
[A2(u, v)(te) — Aa(u,v)(t1)|| = |/ (Az(u,v)) (t)dt| < G(t)dt
ty
From this inequality, , and the absolute continuity of integral, it follows that
A5V is equicontinuous on J. Therefore AV are equicontinuous on J. It follows
from the Ascoli-Arzela theorem that A1V and A5V is relatively compact.

Finally, we show that A : P — P is a continuous operator. Notice that A is
continuous on C?[0,1] x C[0,1] if and only if A; is continuous on C?[0,1] and Ay
is continuous on C0, 1].

Suppose {(un,vn)} C P, (u,v) € P and ||Jup, —ull2 — 0, ||v,—v|lo — 0 as n — oo.
It follows from that [|ullo < %[lufl2. So we can get |lu, — ullo — 0(n — o)
from ||u, — ull]2 — 0(n — o00). Then u,(t) — u(t) and v,(t) — v(t) as n — o
uniformly with respect to ¢t € J. Therefore

(A (un, va))" (£) = (A1 (u, v))"(1)]

—|/Gts (8, (5), v, (s ds—/Gts (s,u(s),v(s))ds|

g/o (£, 9)| £(5, tn (), va(5)) — F(s,u(s), v(s))|ds.

From (H1), (H3) and the Lebesgue dominated convergence theorem, it follows
that

[(A1(un,vn))" (t) = (A1 (u,0)"(t)] = 0 asn — oo.
Hence one can conclude that
A1 (tn, v0) — A1 (u,v)]l2 = 0 as n — oo.

In fact, if this is not true, then there exist eg and {u,,} C {un}, {vn,} C {vn} such
that || A1 (un,, vn,) — A1(u,v)|l2 > € (i =1,2...). Since {A;(un,v,)} is relatively
compact, there exists a sequence of {A;(u,,v,)} which convergence in C?[0,1] to
some y. Not loss of generality, we may assume that {A4;(un,,v,,)} itself converge
to y, then y = A;(u,v). This is a contradiction. Consequently A; is continuous.
In the same way, we can get As is continuous, too. This completes the proof. [

Lemma 2.5 ([2]). Suppose (u,v) € P and p € (0,%). Then u(t) + v(t) > p(l —
w([[ullo +[lvllo), t € [p, 1 — gl

The proof of the above lemma is obvious; we omit it.
In the following we prove Theorem
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Proof. Sufficiency. From Lemma we can choose ¢ = 1. Then u(t) + v(t) >
%(Hu”o + ||v]l0),t € [i, %} First of all, we prove
[A(w, )| = [[(w, v)ll,  V(u,v) € OF,, (2.5)

where P, = {[|(u,v)| <r},

) k 3/4 T—71
r < min {2N1,N2,2N3,N4, (W /1/4 [s(1— 5)]1+v1ds) ,

1
i—

ko 3/4 . 2
(W/l/4 [s(1 — 5)-*22ds) }

From the definition of P, we know that [jullo > 55t(1—1)||ul2 for any (u,v) € P,t €
J. By condition (H5) and Lemma [2.5] we obtain

1
(A (u, )" () = / G(t, 5)f (s, u(s), v(s))ds

3/4
> ‘11/1/4 s(1—98)f(s,u(s),v(s))ds

1 3/4

z */ k1s(1 —s)(u(s) + v(s))"ds
4 /14
k 3/4 3

>3 )L, 2= g+ o) ds

kl 3/4 )

P —" b _ 7

= 3(160)71 /1/4 [s(1 = )]s

= g = M;)H, vt € J, (u,v) € OPF,.

Consequently
s (o)l = L8 i) e op,

2 )
For any ¢ € J, (u,v) € OP,, by virtue of (H5) and Lemma one can see

Ag(u,v)(t):/ G(t, s)g(s,u(s),v(s))ds

v

0
3/4
i/ s(1—9))g(s,u(s),v(s))ds

1/4

Y

ko 3/4 3
R2 1— 2 2
T, s g+ o) s

R 72 /3/4[3(1 —8)]2ds
4(160y= "/,

/4
> T M, vt € J, (u,v) € OP,.
2 2
Therefore, ||As(u,v)|lo > H(UQ’U)H, for all (u,v) € OP,. Consequently, (2.5) holds.
Next we claim that

[ACu, 0)[| < ll(u, 0)I,¥(u,v) € IPr, (2.6)

v
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where

R > max {2N1M1, MyNy, 2N3Ms, MyN,,
1
(21_“1N1’\1_’*‘N§‘1_61 / s(1—s)f(s,s(1—s), 1)d8) 1*“‘;*51),
0

1 1
(21_”2N§‘27”2Nf‘27ﬁ2 / s(1—s)g(s,s(1—s), l)ds)m},
0

Pr = {|[(u,v)|| < R}.
Let ¢ = 2—]}\271 and ¢o = %. Then for any (u,v) € dPg, by virtue of (H3), we
have

~(r( )0 = [ G(e8) (s uls) o)
1
§/0 s(1—s)f(s,u(s),v(s))ds

cﬁ?isz s) s, CQZQ(S)
u(s M B
) )™ (Y™ yu(s))™ F(s, s(1 — s), L)ds

c15(1 —s) Co

= /01 s(1—=8)f(s,c1 )ds

1
§/ s(1—s)ef (
0
1
< 9 Mk o= phatan / s(1—s)f(s,s(1 —s),1)ds
0

1
= 2_“1N1>‘17’“N;‘lfﬁlR"ﬁB1 / s(1—15)f(s,s(1—s),1)ds
0
_B )
-2 2
Therefore, for any (u,v) € 9Pg, we have

141 (1, 0) > < L0

For any (u,v) € 9Pg,t € J, by virtue of (H4), one can also see
1
As(u,v)(t) = / G(t,8)g(s,u(s),v(s))ds
0
1
g/ s(1—s)g(s,u(s),v(s))ds
0

1
< 27M2N;2*H2N22*ﬁ2Ru2+52 / 8(1 _ 3)9(57 s(l — 8), 1)ds
0

_R_ ol
-2 2
Then for any (u,v) € OPg, we have
st ol < 10

Consequently, (2.6]) holds. By Lemma and Lemma we obtain that A has
a fixed point (u,v) in Pg \ P and satisfies u”(t) < 0, u(t) > 0, v(t) > 0, for all
te(0,1).
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Necessity. Let u € C2[0,1]NC®(0,1),v € C[0,1]NC?(0,1) be a positive solution
of (L.I). It follows from u(0) = u(1) = 0 and w”(t) < 0 for ¢t € J that there exist
0 < my <1 < mg such that mt(1 —¢) < wu(t) < mgt(1—t). In the same way, there
also exist 0 < n; < 1 < ng such that nit(1 —t) < v(t) < ngt(1 —¢). There exists
to € (0,1) such that v'(tg) = 0. This together with v”(¢) < 0 for ¢t € (0,1) yields
that v'(t) > 0 as t € (0,t9) and v'(t) < 0 as ¢t € (tg,1). Choose positive numbers

¢z < min{ N3, m},q < min{ Ny, m} Then

gL —1),1) = gt c5 2L —(;;) . 04043(15)”(’5))
< (D) L™ ) )
= cault) 1 equ(t) TN
p2 B2
S () T g) gt o)
= e e (0() g (8, u(t), o(t)

Namely,
(W(£) gt (1 = 1), 1) < &> 22~ Pmy gt u(t), o(1))-

Hence, integrate ([2.7) from tg to ¢ to obtain

t

/(M$W@@JO—QJMSS@T“iTmm?f/g@w@%ﬂ@ﬂs

to to
_ Aa—p2 ax—LPa2 —pa 7
=(; cy mi "' (t).

Since v(t) is decreasing on [tg, 1], we get
t
(0D [ gls.5(1 = 9), s < P2 im0 1)
to

namely,

t V(o)
g(s,5(1 — 5),1)ds < —c#2cge e V)
[ ots.st1=5).1) o L

Note that 62 < 1, then integrate (2.8]) from ¢y to 1 to have

A0
to tO to ('U(t)) o

Therefore,

[ gt sl s), s < R (1 o) (v(t))

to

On the other hand, we can also prove

to
/ sg(s,s(1 —s),1)ds < co.
0
Thus
1
/ s(1—s)g(s,s(1—s),1)ds < 0.
0

2.7)

(2.8)

< Q.
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Next, we prove that
1
/ s(1—s)f(s,s(1—s),1)ds < c0.
0

Let ¢; < min{ Ny, m}, co < min{No, ﬁ}, then

(1715) » 1

041 = ).1) = f(t. 1" (), er—0(0)
< (0D i L™ o), o)
= () 2 Yequ(t) B
1 B1
<) c;“‘ﬁwv(lt)) (b, u(t), o)

= " e T (w(8) T (8 ult), o (1),
There exists ¢ty € (0,1) such that u"” (o) = 0 from v (0) = «”(1) = 0. This together

with u(®) > 0 for o € (0,1) yields that u/”(t) > 0 as t € (0,ty) and u"(t) < 0 as
t € (to,1). Integrate u™® (t) = f(t,u(t),v(t)) from t to to, we can get
—u® (t) / f(s,u(s),v(s))ds,t € (0,t0).

However,

to to to

/ tf(t,t(1—1¢),1)dt = / dt f(s,s(1 —s),1)ds
0
<[ / TG (u(s) (s, us), o).

On the other hand

/Gts (s,u(s),v(s))ds

8/4 u(s v(s
> - / s(1—98)g(s,s(1—s)cs () ),66 ())ds

T4 i css(l—s C6
Let c5 > max{Mi, 2}, cg > max{Mp, ”UHO} Then

L Xo—ps as—p o/ Ba
v(t) > 1052 2eg? Pmag M s(1—3)((v(s))g(s,s(1 —s),1)ds.
1/4

However, one can see that v(t) > = |v]jo as t € [+, 2]. Hence, for t € J,
3/4
v(t) > 27(2+4ﬁ2)022_”202‘2_521711“2 ||v||§2 / s(1—s)g(s,s(l—s),1)ds.
1/4
Let

_ M on—P1 ) —p [(9—(24+462) .a2—p2 a2—B2 o B2
ko = 3 €2 my 2 Cs5 Ce m1*?[lvlfg

3/4 ~b
X /1/4 s(1—s)g(s,s(l—s), 1)ds) .
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/0 ' tf(t,t(1—1t),1)dt < ko/o ' dt/t i f(s,u(s),v(s))ds = ko(—u" (tg)) < oco.

In the same way, we can also prove

/1(1 — ) f(t,t(1 —t),1)dt < +oo.

to

Hence

/1 H1— 1) F(t £(1 — 1), 1)dE < +oo.
0

Proof of Theorem[2.3. Sufficiency. First of all, we prove that

/1 FH — )41 — 1))t < 40
implies 0

/1 t(1—t)f(t,t(1—1),1)dt < 4o0.
Choose positive number z > max{Ma, ﬁ} Then

Ftt(1 =), (1 —t) = f(t,t(1 — t),c@)

> e (1= 1) f(t (1 - 1), 1)
> (1 —t) f(t, (1 — 1), 1).
Consequently, we can get
1 1
/ flt,t(1—1),t(1 —t))dt > =5 / t(1 —t)f(t,t(1 —t),1)dt,
0 0
namely,
1
/ H1 = 1) F( £(1 — 1), 1)dE < +oo.
0

On the other hand, we can also prove that

1
/ g(t, t(1 —t),t(1 —t))dt < 4o0.
0
This implies
1
/ t(1—1t)g(t,t(1 —t),1)dt < 4o0.
0

From above inequalities, we know that exists a C?[0,1] x C[0,1] positive
solution (u,v). Therefore it suffices to show that v/ (0%), v (17),v'(07) and v'(17)
exist. The same reason as the proof of Theorem [2.I] of necessity asserts that there
exist 0 < m; < 1 < mg and 0 < n; < 1 < ng satisfying mit(1 —¢) < u(t) <
mat(1 —1t) and nit(1 —t) < wo(t) <ngt(l1—1),t € J.

Let ¢; > max{M;, X}—f} and ¢z > max{Moa, %}, then we have

' u® = 1 u(t), v
/0 ) (1) dt / £t u(t), v(t)dt
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= A [t e clt’l(il(t)t)t(l — t)’CQCgtz()l(t)t)t(l —t))dt

A1 v ar pl
<A ontg) dnty) [ oo

<M Ao [ (e t(1 — 1), 61 — t))dt < +oo.
0

This guarantees v”/(07) and u’(17) exist.
On the other hand, let c3 > max{Ms, %—;} and ¢y > max{My, ]’Z]—i}, then

/0 ()t = / ot u(t), o(t))dt

_ u(t) u(t)
_zlga%%ﬂl_ﬂﬂ1_wm4tu-¢»ﬁ

1
< 0’52_/\20452_‘127712’\2712‘12/0 g(t,t(1 — 1), t(1 — t))dt < +oc.

This means that v/(07) and v/(17) exist.

Necessity. Let (u,v) be a C3[0,1] x C1[0, 1] positive solution of (L.I). The same
reason as the beginning of the proof of sufficiency asserts that there exist 0 <
m; <1 <mgand 0 < n <1 < ng satisfying mt(1 —t) < u(t) < mot(l —1t)
and nit(1 —t) < v(t) < nat(l —t),t € J. Suppose ¢; < min{Nl,ﬁ}, ey <
min{ Ny, ﬁ}, c3 < min{Ng, m} and ¢4 < min{Ny, m} Then we have

gt -t
FE40L= 0,40 = 0) = flt.r " (e e ()

Alt(l;tmcalt(l;tﬁl u(t), v
a2 Cm) fEu®.v)

< ClAlfﬂlcQarﬁhmlﬂunlfﬁl f(t, u(t), v(t)).

Consequently,

/1 Ftt(1—1),t(1—1))dt < 1M Hrep® = Prmy ~Hin, A (17) ="' (0)] < +oo.
0

On the other hand, we can also prove

/1 gt t(1—1),t(1 —))dt < ez 12,2 Py =12, =P2 [/ (17) — 0/ (07)] < 4o0.
0

Therefore, our conclusion follows. ([

In the following we give some examples to illustrate the theorems obtained in
Section 2.

Example 2.6. Consider with
Ftu,0) = p(O)u ' + (w4 0)'?, g(tu,0) = a(t)u*o®® + (u+v)*/,
where p,a € C[(0,1), RT] and

/1[p(t)(t(1 — M+ (1 =) (1 —t) + 1)3)dt < +o0,
0
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/l[a(t)(t(l — )% 4 (t(1 — 1)) (t(1 = t) + 1)*/%)dt < +o0.
0

It is obvious that f, g satisfy (H3)-(H5). So it is easy to see, by Theorem that
(1.1) has a C?[0,1] x C[0, 1] positive solution.

Example 2.7. In (L.1)), let
ftu,v) = qt)udo* + (u+ )4 gt u,v) = e(t)uo? + (u 4 v)?/3,
where ¢,e € C[(0,1), RT| and

/1[61(?5)(15(1 — )"+ (26(1 = 1) 1)dt < +oc,
0

/1[e(t)(t(1 — )3 4 (2t(1 - £))P)dt < +o0.
0

It is obvious that f, g satisfy (H3)-(H5). So it is easy to see, by Theorem that
(1.1) has a C3[0,1] x C1[0,1] positive solution.
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