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ON BOUNDARY-VALUE PROBLEMS FOR HIGHER-ORDER
DIFFERENTIAL INCLUSIONS

MYELKEBIR AITALIOUBRAHIM, SAID SAJID

ABSTRACT. We show the existence of solutions to boundary-value problems for
higher-order differential inclusion (™) (t) € F(t, z(t)), where F(.,.) is a closed
multifunction, measurable in ¢t and Lipschitz continuous in z. We use the fixed
point theorem introduced by Covitz and Nadler for contraction multivalued
maps.

1. INTRODUCTION

The aim of this paper is to establish the existence of solutions of the following
higher-order boundary-value problems:

e Forn > 2
2™ (t) € F(t,z(t)) a.e. on [0,1];
cD0)=0, 0<i<n-—2 (1.1)
n) = z(1)
e Forn>2
™ (t) € F(t,z(t)) a.e. on [0,1]; (1.2)
z(0) =2'(n);  x(1) = z(7). '
e Forn >4
2™(t) € F(t,z(t)) a.e. on [0,1];
z@(0) = 20Y(n), 2<i<n-—2 (1.3)
2(0) = 2'(n); (1) = 2(1).
e Forn>2

2™(t) € F(t,x(t)) a.e. on [0,1];

) . 14
zD(0) =2Y(n), 0<i<n-—2 (14)

where F : [0,1] x R — 2% is a closed multivalued map, measurable with respect to
the first argument and Lipschitz with respect to the second argument, and (n,7) €
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Three and four-point boundary-value problems for second-order differential in-
clusions was initiated by Benchohra and Ntouyas, see [4, [5, [6]. The authors inves-
tigate the existence of solutions on compact intervals for the problems and
in the particular case n = 2. In order to obtain solutions of and
when F is not necessarily convex values, Benchohra and Ntouyas (see [6]) reduce
the existence of solutions to the search for fixed points of a suitable multivalued
map on the Banach space C([0,1],R). Indeed, they used the fixed point theorem
for contraction multivalued maps, due to Covitz and Nadler [3].

In this paper, we give an extension of the Benchohra and Ntouyas’s result [6]
to the n—order non-convex boundary-value problems and we prove the existence of
solutions for and . We shall adopt the technique used by Benchohra and
Ntouyas in the previous paper.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

Let (E, d) be a complete metric space. We denote by C(]0, 1], E') the Banach space
of continuous functions from [0,1] to E with the norm [|z(.)||e := sup {||z(¢)[; ¢ €
[0,1]}, where || - || is the norm of E. For 2 € E and for nonempty sets A, B of
E we denote d(z,A) = inf{d(x,y);y € A}, e(A, B) := sup{d(z,B);z € A} and
H(A, B) := max{e(A, B),e(B, A)}. A multifunction is said to be measurable if its
graph is measurable. For more detail on measurability theory, we refer the reader
to the book of Castaing and Valadier [2].

Definition 2.1. Let T : E — 2% be a multifunction with closed values.

(1) T is k-Lipschitz if and only if
H(T(x),T(y)) < kd(z,y), foreachz,y € E.

(2) T is a contraction if and only if it is k-Lipschitz with k& < 1.
(3) T has a fixed point if there exists € E such that x € T'(x).

Let us recall the following results that will be used in the sequel.

Lemma 2.2. [3] If T : E — 2F is a contraction with nonempty closed values, then
it has a fized point.

Lemma 2.3. [7] Assume that F : [a,b] x R — 2R is a multifunction with nonempty
closed values satisfying:

e [or every x € R, F(.,x) is measurable on [a, b];

e For every t € [a,b], F(t,.) is (Hausdorff) continuous on R.
Then for any measurable function x(.) : [a,b] — R, the multifunction F(.,x(.)) is
measurable on [a, b].

Definition 2.4. A function z(.) : [0,1] — R is said to be a solution of (1.1)
(vesp. (1.2)), (T.3), (T.4)) if x(.) is (n—1)-times differentiable, z(»~1)(.) is absolutely
continuous and x(.) satisfies the conditions of (1.1 (resp. (1.2)), (1.3]), (1.4)).

Let n € R and n € N\ {0,1}. Define a sequence of functions (¢,(.))2<p<n by:
For all ¢ € [0, 1]

pa(t) = 1;
@3(t) =t + p2(n);
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p—k

op(t) = +Zsok1 )—pr 1(n)-

We remark that
(a) For t €[0,1] and k € {0,...,n — 2}, o' (t) =
(b) For k € {0,...,n — 3}, pn—1(0) = on_k-1(n);

(c) For k € {0,...,n — 2} the function @%k)(.) is increasing.

(pnfk(t%

Assumptions. We will use the following hypotheses:

(H1) F : [0,1] x R — 2R is a multivalued map with nonempty closed values
satisfying
(i) For each x € R, t — F(t,x) is measurable;
(ii) There exists a function m(.) € L*([0, 1], R™) such that for all ¢ € [0, 1]
and for all x1, 22 € R,

H(F(t,z1), F(t,z2)) < m(t)|z1 — 2.
(H2) For n €]0,1],
! ; (L(1)+L(”);L 1)) <1

(n—1)! 1—pn-1

where L(t) = fot s)ds for all t € [0, 1];
(H3) For (n, ) €0, 12,

T (B e )+ 2] <
=0

(H4) For n €]0,1],

n—2 (k)
AU @’kal) <1

Main results. We shall prove the following results.

Theorem 2.5. If assumptions (H1) and (H2) are satisfied, then problem (1.1)) has
at least one solution on [0, 1].

Theorem 2.6. If assumptions (H1) and (H3) are satisfied, then problems (1.2)
and (1.3) have at least one solution on [0,1].

Theorem 2.7. If assumptions (H1) and (H4) are satisfied, then problem (1.4) has
at least one solution on [0, 1].
3. PROOF OF THE MAIN RESULTS
Proof of Theorem For y(.) € C(]0, 1], R), set
Sry() = {g € L'([0,1],R) : g(t) € F(t,y(t)) for a.e. t € [0, 1]}

By Lemma for y(.) € C([0,1],R), F(.,y(.)) is closed and measurable, then it
has a selection. Thus Sg () is nonempty. Let us transform the problem into a fixed
point problem. Consider the multivalued map T : C([0,1],R) — 2€(%1R) defined
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as follows: for y(.) € L'([0,1],R), T(y(.)) is the set of all z(.) € C([0,1],R), such

that
t (t _ s)nfl tnfl n ( _ S)nfl
z(t) = /o mg(s)ds + [ /0 Tzn ~ g(s)ds

tn—1 1 (1 _ S)n—l
| S et

- 1— nnfl
where g € Sg (-
We shall show that T satisfies the assumptions of Lemma[2.2] The proof will be
given in two steps:

Step 1: T has non-empty closed values. Indeed, let (y,(.))p>0 € T'(y(.)) converges
to g(.) in C([0,1],R). Then g(.) € C([0,1],R) and for each ¢ € [0, 1],

t —s n—1 n—1 n —_s n—1
yAﬂeaA UG”}U!lN&y@»ds+lf”ﬁ_lﬂ;(zn—aﬂ F(s,y(s))ds

tnfl 1 (1 o S)nfl
ST /0 1) F(s,y(s))ds.

Since the sets

t —_s n—1 n—1 n — 3 n—1
/ uF(s,y(s))ds, ! / (= 3) F(s,y(s))ds,
0 0

=y =" Jy ~(n—1)!
tn—1 1 (1 _ S)n71
L—nt /0 o1y s yls))ds

are closed for all ¢ € [0, 1], we have

g(t) E/O %F(s,y(S))ds_’_ - f”;nil /077 (n— 8)nT F(o,(s))ds

i 1 (1_ g1
T 1t /o (<n _)1>! F(s,y(s))ds.

Then g(.) € T(y(.)). So T'(y(.)) is closed for each y(.) € C([0, 1], R).
Step 2: T is a contraction. Indeed, let y1(.),y2(.) € ,
T(y1(.)). Then

t — s n—1 n—1 n — s n—1
z1(t) :/0 (t))!gl(s)der t /0 (n ) I g1(s)ds

(n—1 1—pn-t

tn—1 1 (1 _ s)n—l
T, e

where g1 € Spy, (). Consider the multivalued map U : [0,1] — 2%, defined by
Ut)={z eR:|gi(t) —z| < m(t)|y(t) — ya(t)]}-
For each t € [0,1], U(¢) is nonempty. Indeed, let ¢ € [0, 1], from (H1) we have
H(F(t,y1(t)), F(t,y2(t)) < m(t)|yr(t) — y2(t)].
Hence, there exists z € F(¢,y2(t)), such that
|91.(t) — x| < m(t)|y2(t) — y2(t)].
By [2, Proposition III.4], the multifunction
Vit—-U{)NF(t,y(t)) (3.1)
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is measurable. Then there exists a measurable selection of V' denoted g» such that

92(t) € F(t,y2(t)) and [g1(t) — g2(t)] < m(t)|y2(t) — y2(t)[, for each ¢ € [0,1].
Now, for ¢t € [0, 1] set

t (t _ S)n—l tn—l n (’I’) _ S)n—l
)= J, T g | S g

tn—1 1 (1 _ S)n—l
_ - nn—l /O (n — 1)' gg(S)dS.

Then
20— 2201 < [ 00 - i
e [ ) - sl
bt [ ) - st

t t—Sn_l
< [ ment) - msids
n—1 n 787171
L / 0 =) )y (s) — wa(s)]ds

1—pn-l (n—1)!

. (1(;5>f)_1m<s>y1<s>—y2<s>|ds

]_777n 1
1
< oyt Hoo/ m(
1
e rm o - y2<>||oo/ m(s)ds

+ (1fnn7})(n ) ||y1 y? ||oo/ m
e CORE T ) [ISERASI e

IN

So, we conclude that
1) = 220w < gy (B0 + S () = 20l

By the analogous relation, obtained by interchanging the roles of y1(.) and ya(.), it
follows that

H(T (1 (), T(y2(.))) <

(n —1 1)! (L(l) + W) ly1() = y2( e

Consequently, T is a contraction. Hence, by Lemma T has a fixed point y(.).
Proposition 3.1. y(.) is a solution of (1.1)).
Proof. We have

oo = [ S ot o [ gsas
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tn—1 1 (1 _ S)n—l
- d
o | s

where g € Sy (.). Then

i = [ O ads s [ s

(n—1)! 1
s [ s
— / <an>f)llg(s>ds - j”n:_l / “(n_"”)f)!lg(S)ds
and
v = | 1 %g@)ds o ! ﬁnj)f)!lg(s)ds
S 1- 1}"*1 /01 (1(71_;9):)_!19(‘9”5
- | e - s [ s

hence y(1) = y(n). On the other hand, for 0 <i < n — 2, we have

TP Gt iU (e VIRPY (IRt ) il KU Rt KB
y " (t) /o g(s)ds + /0 g(s)d

(nfifl)! 177]77,71 (nfl)l
(0= 1)l = = g
_ [ /0 (= 1) g(s)ds,

hence 3V (0) = 0. Finally, it is clear that y™)(t) = g(t), so y™(t) € F(t,y(t)). O

Proof of Theorem We transform the problem into a fixed point problem.
For t € [0,1], set

t(p _ g)n—1 n-2 My _ )k
1= [ S e+ e [T s

( !

where g € Spy(). Consider the multivalued map, T : C([0,1],R) — 2¢([0,1].R)
defined as follows: for y(.) € C([0, 1], R),

T(y()) = {=() € (10,11, R) : 2(8) = 98(¢) + 1 ($4() — v4(1) }.

We shall show that T' satisfies the assumptions of Lemma The proof will be
given in two steps:

Step 1: T has non-empty closed values. Indeed, let (y,(.))p>0 € T(y(.)) converges
to g(.) in C([0,1],R). Then g(.) € C([0,1],R) and for each ¢ € [0,1],

k

)€ [ G Fatonds + 32 40 [ Pl vt

+ 111_:- [/OT (Zn_—S)ln): F(s,y(s))ds
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k

- "(n=s)
+ A [ Rt

1] _ g1 n—-2 M (n— s)k
- ((n_)l)!F<s,y<s>>ds—I;)so;’f><1> | Fe ),

Since the set

t _ \k
| s
is closed for all t € [0,1] and 0 < k < n — 1, we have
t n—1 n—2 k
_ (t—>s) () T(n—s)
s e | Fls.of)ds + 3 o0 (0) [ F(s, y(s))ds
o (n—=1) kZ:o 0 k!

+ 1lj_7t- {/OT (T(n__s)i; F(s,y(s))ds

n—2 n _s k
+ et [ %ﬂs, y(s))ds
k=0

1 — g1 n —s k
_/0 (1(n _)1) Z@(k) i (=31 k‘!) F(s,y(s))ds|.

Then g(.) € T(y(.)). So T(y(.)) is closed for each y(.) € C([0, 1], R).
Step 2: T is a contraction. Indeed, let yi(.),y2(.) € ([ 1,R) and z1(.) €
T(y1(.)). Then

(1) = 92 () + 1ot (98 () — 8 (1),

where g1 € Sgy, (). By (3.1)), there exists go such that

92(t) € F(t,92(t)) and  [g1(t) = g2 ()] < m(t)[y1(t) — ya2(t)],  for each ¢ € [0, 1].
Now, set for all t € [0, 1],

za(t) = P2 (t) +

On the other hand, we have

o -vpols [ S0
2

n—

+ sow(t)/o”"‘s) 191(5) — ga(s)]ds

/ m(s)|y1(s) — ya(s)|ds
n k'/ m |y1 IdS
< gyl O - w0l / m(s

2 () - v 1),

l91(s) — g2(s)|ds
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+Z<p yllyl — (- IIOO/ m(

n—2 (k)
< ((anli)! + L)Y w”k!(l))llyl(.) —2() ]| oo-

k=0
Then, by (c)
22(t) = 21(6)] < 102 6) — 082 ()] + [W( )= 09 ()] + g (1) — g ()]
< (i + Y 1) = Ol

- n—2 (k) r
2 [<(L<>)| L) ,; @"k,( D () = 120l

1—71 n—1)!
n—2 (k
(3 —7)L(1) + 2L(7 )
= [ =701
L(

+Z 16 = 1600 + 260 ) = 12Ol

By the analogous relation, obtained by interchanging the roles of y1 (.) and y2(.), it
follows that

AT T0n() < [P EEED 5 H - 0 )
=0

+ 260 ()] [ l1 () = () o-
Consequently, T" is a contraction. Thus, by Lemma T has a fixed point y(.).
Proposition 3.2. y(.) is a solution of and .
Proof. We have
y(0) = v + T

where g € S (). Then

P8 (1) — g (1)),

y(1) = Y1) + T () — vA(D) = TTp8(1) + 1o (r)

and

)+ (),

hence y(1) = y(7). On the other hand, for 0 <i <n —2 and t € [0, 1], we have

— g)n—i 1 n—2 n —s k
w0 = [ s+ 3 ol [ g

k=0 0

y(r) = ¥4 + Tt (0 — W) =
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(t— S)n i—1 n+i—2 / . S)lfi
= [ ST sy W =8) _ 4(s)d
/0 (m—i— ot Z“” o I
B (t— S)n i—1 n—2 / )l 4
_/0 i) ds—f—Zgo A=) g(s)ds.
Then, by (a) and (b)
) n _ \n—i—2 l—1
w100 = [T s + Z 00 [T gt
0 0 -

(n—i— 1)!
n—3

n — 3 n—i—2 n — S I=1
:/0 Mg(s)d8+;@n—l—l(n)/o Hg(s)ds

and by (a)

g1(i+1 _ ”(n—S)"” = 1) " (n— )li
[n](Jr)(W)—/O mg d5+Z;<P(l+ 77)/0 WQ(S)dS

n n—i—2 n—3 n l—i
= /0 mg(sm + ; wnfu(n)/o %Q(S)d&
consequently
i) (n) = 5] (0), (3:2)
which implies that y(0) = ¢/(n) and y® (0) = y+1(n) for 2 < i < n — 2 whenever
if n > 4. Finally, it is clear that y(™ (t) = g(t), hence y(™ (t) € F(t,y(t)). O

Proof of Theorem[2.7. Consider the multivalued map T : C([0,1],R) — 2¢([0:18)
defined as follows: for y( ) € C([0,1],R),

={z(.) €C([0,1],R) : 2(t) = 4(t)}.
We shall show that T satisfies the assumptions of Lemma The proof will be
given in two steps:
Step 1: T has non-empty closed values. Indeed, let (y,(.))p>0 € T'(y(.)) converges
to g(.) in C([0,1],R). Then g(.) € C([0, 1], R) and for each ¢ € [0, 1],

t — 5" 1 —s k
win e [P + ZW ) [ R s

Since the set . i
R I
0 !
is closed for all t € [0,1] and 0 < k < n — 1, we have
t — 3 n—1 n—2 n — 3 k
o0 € [ S Floatnds + 32w [P voas
Then 3(.) € T(y(.)). So T'(y(.)) is closed for each y(.) € C([0,1],R).

Step 2: T is a contraction. Indeed, let y1(.),y2(.) € C([0,1],R) and z(.) €
T(y1(.)). Then

21(t) = ¥ (1),
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where g1 € Spy, (). By (3.1)), there exists g such that

92(t) € F(t,y2(t)) and [g1(t) — g2(t)] < m(t)|y1(t) — w2(t)[, for each ¢ € [0,1].
Now, for ¢ € [0, 1], we set z2(t) = 22 ().
On the other hand, we have

tt—g)nt
wrm -l < ((n)),
s k
- Zw(’” / =1 (5) — gals)las
< ﬁ [ s s) ~ )

+ Z E % [ o (s) = (o)

< il i [

= yl y2 [} m
(o]

+Z<p Hy1 —ya(. IIOO/ m(

191(s) — g2(s)|ds

(k)

< ((nL_1 Z“”” DY) = 120
Then, by (c)
(k)
20 - 210 < (0 ank' D) = )l

By the analogous relation, obtained by interchanging the roles of y1 (.) and ya(.), it
follows that

H(T@l(.)),T(yg(.»)s((n_1 Z“""k, Y1) = 320l

Consequently, T is a contraction. Hence, by Lemma 2} T has a fixed point y(.). O
Proposition 3.3. y(.) is a solution of (1.4).

Proof. By (3.2), we have y®(0) = 4+ (n), for 0 < i < n—2. Since y™ (t) = g(t),
we have (") (t) € F(t,y(t)). O
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