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MULTIPLE POSITIVE SOLUTIONS OF FOURTH-ORDER
FOUR-POINT BOUNDARY-VALUE PROBLEMS WITH
CHANGING SIGN COEFFICIENT

ZHENG FANG, CHUNHONG LI, CHUANZHI BAI

ABSTRACT. In this paper, we investigate the existence of multiple positive
solutions of the fourth-order four-point boundary-value problems

y (1) = h(D)g(y(1),y" (1), 0<t<1,
y(0) = y(1) =0,
ay”(€1) —by""(&1) =0, cy”(&2) +dy"'(&2) =0,
where 0 < &1 < 2 < 1. We show the existence of three positive solutions by

applying the Avery and Peterson fixed point theorem in a cone, here h(t) may
change sign on [0, 1].

1. INTRODUCTION

Recently, several authors have studied the existence of positive solutions to
boundary-value problems for fourth-order differential equations. For details; see,
for example, [3, 4, 5 [©, [7, [8, @, T0]. Zhong, Chen and Wang [I0] investigated the
fourth-order nonlinear ordinary differential equation

y W)~ ftyt),y" (1) =0, 0<t<1, (1.1)
with the four-point boundary conditions
y(0) =y(1) =0,
(0) =y(1) 1.2)

ay” (&) = by (&) =0, (&) +dy" (&) =0,

where f € C([0,1] x [0,00) X (—00,0],[0,00)), a,b, ¢, d are nonnegative constants,
and 0 < & < & < 1. Some results on the existence of at least one positive solution
to BVP — are obtained by using the Krasnoselskii fixed point theorem.
Their key result reads as follows.

2000 Mathematics Subject Classification. 34B10, 34B15.

Key words and phrases. Four-point boundary-value problem; positive solution;
fixed point on a cone.

(©2008 Texas State University - San Marcos.

Submitted September 3, 2008. Published December 3, 2008.

1



2 Z. FANG, C. LI, C. BAI EJDE-2008/159

Lemma 1.1 ([I0, Lemma 2.2]). If &« = ad+bc+ac(§2—E&1) # 0 and h(t) € C[&1, &),
then the boundary-value problem

uP(t) =h(t), 0<t<l,
u(0) = u(l) =0,
u’(61) = bu"(&) =0, cu’(&2) +du (&) =0

has a unique solution

1 &2
u(t) :/0 Gi(t,s) /51 Gao(s,T)h(T) dT ds, (1.3)
where
_)s(1—=t), 0<s<t<1,
Clts) = {t( ), 0<t<s<l,
(1.4)
+C(§2—t)) s<t<1, §1§8§52,

) _ 1 )(a(s=&)+b)d
Ga(t,s) = {( t—f1)+b>( +e(a—35)), 0<t<s, & <s<&.

Unfortunately this lemma is wrong. Indeed, by [2, Lemma 2.1], expression (|1.3))
should be replaced by

1 31
u(t) :/0 G1(t, s)/ (1 — s)h(r)dr ds
k (1.5)

1 /L &2
+5 [ @) [ a6 -9 - b)(elea — 1) + dhir) drds,
0 &1
where § = ad+bc+ac(§2 &1) > 0. So the conclusions in [I0] should be reconsidered.
If f(t,y(t),y"(t)) in are replaced by h(t)g(y(t),y”(t)), then (1.1]) reduces to
y(4) (t) — h(t)g(y(t).y"(t)) =0, 0<t<1, (1.6)
where h € C[0,1] and g € C([0, 00) X (—00,0], [0, 00)).

To the authors’ knowledge, no one has studied the existence of positive solutions
for problem (1.6), (1.2) using the assumption that h(¢) changes sign. Hence, the
aim of this paper is to investigate the existence of positive solutions of the BVP
(1.6) and (1.2) by using a triple positive fixed-point theorem of Avery and Peterson
in [1].

2. PRELIMINARIES

Let E = {y € C?[0,1] : y(0) = y(1) = 0}. Then we have the following lemma.

Lemma 2.1 ([I0]). Fory € E, we get

[9lloo < N1y oo < 15" oo
where [|Ylloo = sup;epoq) 1y(2)]-

By Lemma[2.1] E is a Banach space with the norm ||y|| = ||y”||s. We define the
operator T : £ — E by

- / Gi(t, 5)(Qy)(s)ds, (2.1)
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where G1(t, s) as in (1.4), and
@u)s) = [ (7= (g lutr).a (7)) ar

&
% A (b—a(&1 — s))(c(&2 — 7) + d)h(1)g(y(7),y" (7)) dr.

Here, 6 = ad + bc + ac(& — &) > 0.

From [2] Lemma 2.1], we easily know that u(¢) is a solution of the four-point
boundary-value problem (1.6]), (1.2) if and only if u(¢) is a fixed point of the operator
T.

It is rather straightforward to show that

(2.2)
_|_

0<Gi(t,s) <Gi(s,s), 0<t,s<1, (2.3)
and
Gi(t,s) > wGi(s,s), te€w,1—-w], s€][0,1], (2.4)
where
0 <w<min{,1—&} < % (2.5)

For the convenience of the reader, we present some definitions from the cone
theory in Banach spaces.

Definition. The map « is said to be a nonnegative continuous concave functional
on a cone P of a real Banach space E provided that o : P — [0, 00) is continuous
and

alte+ (1 —1t)y) > ta(z) + (1 —taly), Vr,ye P, 0<t<1.
Similarly, we say the map 3 is a nonnegative continuous convex functional on a
cone P of a real Banach space E provided that §: P — [0,00) is continuous and

Btz + (1 -t)y) <tf(x)+ (1-t)By), Ve,yeP, 0<t<1
Let v and 0 be nonnegative continuous convex functionals on P, « be a non-
negative continuous concave functional on P, and v be a nonnegative continuous

functional on P. Then for positive real numbers a, b, ¢, and d, we define the follow-
ing convex sets:

P(1.d) = {z € P: 5(x) < d},
P(y,a,b,d) ={zx € P:b < a(z),y(x) < d},
P(v,0,a,b,¢c,d) ={x € P:b< a(zx),d(x) <cy(z) <d},
R(v,¢¥,a,d)={x € P:a <y(zx),vy(x) <d}.
The following fixed-point theorem due to Avery and Peterson is fundamental in the

proof of our main result.

Lemma 2.2 ([I]). Let P be a cone in a real Banach space E. Let v and 0 be
nonnegative continuous convex functionals on P, a be a monnegative continuous
concave functional on P, and 1 be a nonnegative continuous functional on P sat-
isfying v(Ax) < Mp(z) for 0 < X < 1, such that for some positive numbers M and
d7

a(r) <¢(x) and |[lz]| < My(z),
for all x € P(vy,d). Suppose T : P(v,d) — P(v,d) is completely continuous and
there exist positive numbers a,b, and ¢ with a < b such that
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(i) {z € P(v,0,a,b,¢,d) : a(x) > b} # and a(Tx) > b forx € P(y,0,a,b,¢,d);
(ii) a(Tx) > b for x € P(v,a,b,d) with 0(Tx) > ¢;
(iii) 0 & R(v,%,a,d) and Y(Tx) < a for x € R(v,,a,d) with ¢(x) = a.

Then T has at least three fized points x1,xo, x5 € P(7,d), such that

Y(z;) <d fori=1,2,3, b<a(r1), a<ip(rz) with a(z:) <b, P(zs3) <a.

3. MAIN RESULT

Define the cone P C E = {y € C?[0,1] : y(0) = y(1) = 0} by
P={ye E:y(t) >0, yis concave on [0,1]}.
Let the nonnegative, increasing, continuous functionals v, ¢, # and « be

v(y) = max [y (1)), ¥(y) =0y) = max y(t), aly) = min [yl

We make the following assumptions:

(H1) g:[0,00) x (—00,0] — [0,00) is continuous;
(HQ) h € C[Oa 1]7 h(t) < 0, vt € [Oagl]a h(t) > 07 vt € [51752]7 h(t) < Oa vt €
[€2,1], and h(t) is not identically zero on any subinterval of [0, 1].

Lemma 3.1. Assume that (H1)—(H2) hold. If b > a&; and d > c¢(1 — &), then
T : P — P is completely continuous.

Proof. For each t € [0, 1], we consider three cases:
Case 1: t € [0,&]. For any y € P, we have from (2.2)), (H1), (H2) and b > a&; that

&1
(Qu)(t) = / (t — (g (y(r),y" (7)) dr
‘ (3.1)

1 [
5 [ 0= ag+ anelea — 1) + DB,y (7)) 2 0.

Case 2: t € [£1,&2]. For each y € P, we have from (H1), (H2) and (2.2) that

(Qu)(t) = / (r = OR(T)g(y(r), ¥ (7)) dr

1 t

_|_7
0 Je,

(b—a&s +at)(c(&2 — 7) + d)h()g(y(7),y" (1)) dr

1 &2
+5 /t (b —a&1 + at)(c(éa — 7) + d)h(T)g(y(7),y" (7)) dr (3.2)

=5 ), (b+a(r — &))(c(&2 —t) + d)h(1)g(y(7), y" (7)) dr

1 &2
+ g/t (b+a(t — &) (c(& — ) + d)h(T)g(y(7), y"(7))dT > 0.
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Case 3: t € [£2,1]. For any y € P, we have from (H1), (H2), (2.2) and d > (1 —&2)c
that
¢

&2
@) = [ (7= D).y )dr + [ (7= Oh(r)gu(r).y (7)) dr

2

1 [
45 [ 0= ati+an(eta — ) + (g (ulr). (7)) dr

52
— % ¢ (b+a(r — &) (d —c(t — &)h(T)g(y(r), y" (1)) dr

+/ (r = t)h(m)g(y(r),y" (r))dr > 0.

(3.3)
Thus, from (3.1)-(3.3)), we get
(Qy)(t) >0, telo,1]. (3.4)
Therefore, by (2.1), G1(t,s) > 0 and (3.4)), we obtain
(Ty)(t) >0, te0,1] (3.5)

Obviously, we have (Tu)(0) = (Tw)(1) = 0, and
(T’U,)H(t) = _(Qu)(t) <0, te [07 1]'

Hence, T : P — P. Moreover, it is easy to check by the Arzera-Ascoli theorem that
the operator T is completely continuous. ([

Remark 3.2. By 0 = ad+bc+ac(§2—&1) >0, b > a&; and d > ¢(1 — &), we have
b>0andd>0.

For convenience of notation, we set

&1 1 bd &2
M = / —7h(T)dr +/ —(1=7)h(r)dr + (& — & + f) h(r)dr, (3.6)
0 2 &
m = min{my, ma}, (3.7)
where
bd &2 &2
m = h(r)dr G1(w, s)ds,
&1 &1
bd €2 &2 (38)
mo = — h(r)dr Gi(1 —w,s)ds.
0 &1 &1

We are now in a position to present and prove our main results.

Theorem 3.3. Let b > a&y and d > ¢(1 — &). Assume (H1)—(H2) hold. Suppose
there exist constants 0 < p < ¢ < min{w, é}r such that

(H3) g(u,v) <r/M, for (u,v) € [0,7] x [-r,0],

(H4) g(u,v) > q/m, for (u,v) € [g,q/w] x [-r,0],

(H5) g(u,v) < 8p/M, for (u,v) € [0,p] x [-r,0],
where M, m are as in -, then , has at least three positive solu-
tions y1, Y2, and ys such that

{/ < ': .
Orgfgllyz(t)l_r, fori=1,2,3;
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Jmn [y ()] > p < max [y2()];

Lo ly2(t)| < g fax, lys(t)] < p.

Proof. From Lemma [31] T : P — P is completely continuous. We now show that

all the conditions of Lemma [2.2] are satisfied.
If y € P(y,r), then v(y) = maxo<i<1 |y’ (t)] < r. By Lemma we have
maxo<i<1 [y(t)| < r, then assumption (H3) implies g(y(¢),y”(¢t)) < r/M. On the

other hand, from (3.1))-(3.3)), we have
&1

max (Qu)(®)< [ ~rhir)g(u(r).y’ (7)) dr
0

0<t<&1

1 &2
0 Je,

&1
< /O —rh(r)g(y(r), o (7)) dr

+ b(e(éa — 1) + d)h(1)g(y(7),y" (1)) dr

(3.9)

&2
be(Ea — &1) + d) / h(r)g(y(r),y" (r))dr,

1

+

| =

51][2?%{52(62”(75) < % /51 (b+alt — &) — 1)+ d)h(T)g(y(7),y" (7)) dr

&
(b+alt — &1))(c(62 — 7) + d)h(T)g(y(7),y" (7)) dr

&2
/6 (b+a(t — &))(c(éa — 7) + d)h(T)g(y(7),y" (7)) dr

&2
(b+a(§2 —&))(c(& — &) +d) A h(r)g(y(r),y" (1))dr,
' (3.10)

and

' . (3.11)

b+ ol —6)) [ hr)a(ytr). o/ (n)dr

+ / (1 = Dh(r)g(y(r). y" (7)) dr.

By (.9)-@.11), we get

_ " _
Y(Ty) = Jnax (Ty)" ()| = o |

(Qy)(1)]

Te1<t<és €2<t<1 }

= max { max [(Qu)(1)]. max |(Qv)(1)], max |(Qu)(1)

1

&1
< / () g (y(r), " (7)) dr + / (1= D) (y(r)y (7)) dr

2
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&2

+5btale ~ (e~ )+ ) [ hOglun.y @) (312

1

<

(/061 —7h(7)dT + /1 —(1=7)h(r)dr + (&2 — & + %) /52 h(T)dT)

M =r.

r

M
r

M

Hence, T': P(vy,r) — P(y,r).

To check condition (i) of Lemma we choose y(t) = ¢/w, 0 <t < 1. Tt is
easy to see that y(t) = ¢/w € P(v,0,0,q,q/w,r) and a(y) = q/w > ¢, and so
{y € P(v,0,,q,q/w,7) : a(y) > q} # 0. Hence, if y € P(~,0,a,q,q/w,r), then
g <y(t) <q/w, —r <y"(t) <0 forw <t <1—w. From assumption (H4), we have
g(y(t),y"(t)) > b/m for w < ¢ <1 —w, and by the definitions of « and the cone P,
we distinguish two cases as follows:

Case (1): a(Ty) = (Ty)(w). By and (3.2)), we have

o(Ty)
1
= (M) = [ Galws)(Qu)(e)ds
&2
> A G1(w, s)(Qy)(s)ds
&2 s &2

> % A Gl(w,s)ds[ A bdh(T)g(y(T),y”(T))dT + bdh(T)g(y(T),y”(T))dT}

bd &2 &2 .
=5 | Gtwnis [ (o) v )i
> bd 4 “ G (w, s)ds “ h(r)dr

o m &1 &1
= % "My 2 q.

Case (2): a(Ty) = (Ty)(1 — w). Similarly, we obtain

&2
o(Ty) = (Ty)(1 - w) > / G (1 - w, 5)(Qu)(s)ds

&2 &2
> bd%/ Gl(l—w,s)ds/ h(r)dr

1

ie.,
a(Ty) >q, Vye P(v,0,a,q, %ﬂ“)
This show that condition (i) of Lemma [2.2]is satisfied. Secondly, we have

. q
a(Ty) = min [(Ty)(0)] 2 Tyl = w(Ty) > L =g

for all y € P(v,a,¢,7) with 8(Ty) > g/w. Thus, condition (ii) of Lemma is
satisfied.
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We finally show that (iii) of Lemma also holds. Clearly, as ¥(0) = 0 < p,
there holds that 0 &€ R(y,%,p,r). Suppose that y € R(vy,¢,p,r) with ¥(y) = p
Then, by (H5) and (3.12), we get

0(Ty) = max [(Ty(0)] = max [ Ga(t.5)(Qu) (o)

0<t<1

&1 &2
— max \ / G (t, 5)(Qy)(s)ds + / G (t, 5)(Qy)(s)ds
0 &1

0<t<1

1
+ / Gi(t,5)(Qy) (s)ds

&2
<
< gmax | max Qo)) | "Gt sy + Jmax (@)(o) | Gilt9)ds

1

+§2rg§><<1(62y)( s) 5 Gl(t,S)dS]

<max{ max (Qy)(s), max (Qy)(s), max (Qy)(s)} max / Gi(t,s)

0<s<&; £<s<& £,<s<1 0<t<
1

&2

+ 50+ al6 — ) (el ~&) +4) [ h(ur). v ()]
1 1
< ax, | Galt,s)ds- SMP[/O Th(f)dw/& —(1 = 7)h(r)dr
&2
te -+ [ e
s
s a0 M

So, condition (iii) of Lemmais satisﬁed Therefore, an application of Lemma
imply the boundary-value problem (/1.6] . ) has at least three positive solutions
Y1, Y2, and y3 such that

< fori=1,2,3; ;
Orgtaglly W<r, fori=123  mn ln)l>g
p< max [y2()],  min it <g o max [ys(t)] <p.
The proof is complete. O

Now, we give an example to demonstrate our result. Consider the fourth-order
four-point boundary-value problem

y @ (1) = h(t)gly(t),y" (), 0<t<1, (3.13)
y(0) =y(1) =0,

3.14

VG -G =0 v )+ () =0, o
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where & = 3, & = 2, h(t) = 97 sin(3t — 1), and

2

%*(f}ﬁ)sa 0<u<l, v<0,
glu,v) = S VU —1— (%)% +3, 1<u<9, v<0,
11V8 + 5 — (1%)3, uw>9, v<O0.

It is easy to check that the functions h and g satisfy (H1) and (H2). Set w = 1/3.
It follows from a direct calculation that
1/3 1
M = 977[/ —7sin(37 — 1)wdr + / —(1 —7)sin(37 — 1)mdr
0 2/3

2/3
+ g 1/: sin(31 — 1)7rd7}
46
7 )
and
2/3 2/3 2/3
m=9m- §/ sin(37 — 1)7rd7'~min{ (l,s)ds7 (g,s)ds} = g
7 Jis 1/3 13 3 7

Choose p =1, ¢ = 3 and r = 130, then we have

8
g(u,u)§1.151<1.21:Mp, for0<u<1, —130<v <0;
glu,v) > 14.232>105= L, for3<u<9, —130 <v < 0;
m
g(u,v) <19.651 < 19.78 = &, for 0 <u <130, —130 < v <0.

Noticing that b > &a and d > (1 — &)c hold, then all conditions of Theorem

hold. Hence, by Theorem BVP (3.13), (3.14) has at least three positive

solutions y1, yo and y3 such that

/,/ < ) — : 1 M
Orgtagxl |yz (t)| = 1307 for 4 17 27 37 %1;1;2% |y1 (t)| > 37
1< max |y2(t)], \oin, lv2() <3 max Jys(t)] < 1.

—3
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