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POSITIVE PERIODIC SOLUTIONS FOR AN IMPULSIVE
RATIO-DEPENDENT PREDATOR-PREY SYSTEM WITH
DELAYS

YAN LIU, QUANYI WANG

ABSTRACT. In this paper, we study a periodic ratio-dependent predator-prey
system of two species with impulse and multiple time delays. By means of
analysis techniques and the continuation theorem of coincidence degree theory,
we obtain sufficient conditions for the existence of positive periodic solutions
of the system. Our results extend previous results obtained in [9].

1. INTRODUCTION

The existence of positive periodic solutions of predator-prey models has been
extensively studied by many mathematicians and biologists in recent years. Some
authors have already obtained many good conclusions, see [2] [6] [T0] [1T].

However in many cases, especially when predators have to search, share or com-
pete for food, a more suitable general predator-prey model should be based on the
ratio-dependent theory. This roughly states that the per capita predator growth
rate should be a function of the ratio of prey to predator abundance, see [3l [5].

In addition, there are numerous examples of evolutionary systems which at cer-
tain instants in time are subjected to rapid changes (for example, those due to
seasonal effects of weather, food supply, hunting or harvesting seasons, etc). Those
short-time perturbations are often assumed to be in the form of impulses in the
modelling process. Consequently, impulsive differential equations provide a natural
description of such systems. Because equations of this kind are found in many fields
such as chemotherapy, population dynamics, optimal control, ecology, biotechnol-
ogy and physics, they have attracted the interest of many researchers, see [T}, 8 9]
and the references cited therein.
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For the above reasons, Liu and Li [9] considered the following ratio-dependent
predator-prey system with only one time delay and impulsive effects

t)y(t)
= () (by(t) — ar(Bat) - —IE g
Hx(t — 1)
"= y(t)(—ba(t) + ax  tE
Yy y( )( 2() mg(t)y(t—7)+x(t—r)) # k
x(tf) — x(t;) = exx(te). (eL.1)
y(t5) —y(ty) = dey(tr), =ty
(l’(0+), y(0+)> = (.170, y0)7
(z(t),y(t) = (p1(t), ¢2(t)) >0, —7<t<0,
where x(t), y(t) represent the densities of prey and predator at time ¢, respectively;
T is a positive constant time delay, b1 (t), a1(t), m1(t), ba(t), c(t), az(t), ma(t) > 0
are continuous T-periodic functions, Z, = {1,2,...}. The initial functions are
o(t) = (p1(t), p2(t)), where 0 < t; < to < -+ <t < ... and limg_ o tp = +o00.
Assume that ¢y, di, (k € Z) are constants and there exists an integer ¢ > 0 such
that cx1q = ¢y ditq = diy thyq =t + T, 0 < tj41 — t < T. Liu and Li [9}
obtained the following result.
thmA([9]) Assume that the following conditions hold:

bT+In(| (14 c)) > (—)T,
el e >G5
q —
H1+dk 7 @>b2, T>T7
k=1

q
ax' (T —7) = b T + ([ [ (1 + i)
k=1

q
cl—ml b1—|— H1+ck

Then system (el.1) has at least one positive T-periodic solution.
However, this theorem is not valid because the condition

1 i
¢ —my by + T ln(kl:[l(l +c))] >0

contradicts the condition

because

m1“ mia ’
Thus, the existence of a solution to (el.1) has not been proved. Moreover, there are
also some mistakes in the course of the proof of thmA, such as the computations

of Kp(I— Q)N <;‘$) (see [9, p. 719]) and QNX (see [9 p. 722]).
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In the actual environment, scientific researches suggest that time delays often
occur in the course of the interaction of species in many ecological systems. So, in
the present paper, we study the following two-species ratio-dependent predator-prey
system with multiple time delays and impulsive effects

c(t)y(t — o1(t))

' (t) = x(t)[bi (t) — ar(t)a(t — i (t) — Dyt — o1 () + 2t — T2(t))], t# bk,

' as(t)x(t — m3(t

e o e R e S
w(tf) —x(ty) = cip(te),
y(t) —y(ty) = cony(tn), t=ty, k=1,2,...,
((0+),y(0+)) = (z0,%0);
((t),y(t) = (p1(t), p2(t)) >0, —7 <t <0,

(el.2)

where z(t),y(t) represent the densities of prey and predator at time ¢, respec-
tively; aq(t),as(t),b1(t), ba(t), c(t), m1(t) and mo(t) are all positive continuous w-
periodic functions; o1(t), o2(t), 71 (t), 72(t) and 73(t) are all nonnegative continuous
w-periodic functions, 7 = maxo<i<w,{01(t), 02(t), 71(t), 72(t), 73(t)}. For the study
of (el.2), we always assume that

(H1) {cik} is a real sequence and 1+ ¢;, >0,i=1,2, k=1,2,...;

(H2) There exists an integer ¢ > 0 such that ¢;(p1q) = cir, 1 = 1,2, k =1,2,...;

(H3) 0 < t1 < tg < -++ < ty < w are fixed impulsive points in a period and

thyg =t +w, k=1,2,....

In what follows, we shall use the following notation

P = s J0. = min £, T2 [ ro

te(0,w] te[0,w]

where f(t) is a continuous w-periodic function.

2. PRELIMINARIES

In this section, we first introduce the continuation theorem of coincidence degree
theory [7], which will be used in this paper.

Let X, Z be real Banach spaces; let L : Dom . C X — Z be a linear mapping and
N : X — Z a continuous mapping. The mapping L is called a Fredholm mapping
of index zero if dimker L = codim Im L < +00 and Im L is closed in Z. If L is a
Fredholm mapping of index zero and there exist continuous projectors P : X — X
and QQ : Z — Z such that InP = ker L, ker@ = Im L, X = ker L & ker P and
Z =Im L & Im@Q, then the restriction Lp of L to Dom L Nker P is one-to-one and
onto Im L, so that its (algebraic) inverse Kp : ImnL — Dom L Nker P is defined.
Let ©Q be an open bounded subset of X, the mapping N is called L-compact on € if
QN :Q — Z and Kp(I — Q)N : Q — X are compact. Since Im @ is isomorphic to
ker L, there exists an isomorphism J : Im @) — ker L. The following results appears
in [7].
lem2.1([7]) Let Q C X be an open bounded set. Let L be a Fredholm mapping
of index zero and N : X — Z a continuous operator which is L-compact on .
Assume

(a) for each X € (0,1), x € 90N Dom L, Lz # ANz;
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(b) for each x € 0Q Nker L, QNx # 0;
(¢) deg{JQN,QNkerL,0} # 0.

Then the operator equation Lz = Nx has at least one solution in Q N Dom L.

To prove the main conclusion by means of the continuation theorem, we need to
introduce some function spaces.

Let J; C R, and PC(Jy,R) be the set of functions ¢ : J; — R such that () is
continuous for t € Ji, t # t, and is continuous from the left for ¢t € J;, and w(tZ‘)
exists for k = 1,2,.... Also define

PCY(J1,R) = {v: J; — R, ¢ € PC(J1,R)}.
Now we define
X = {u(t) = (u1(t),us(t))” : wi(t) € PC([0,w],R) for ¢t € [0,w],
ui(t +w) = u;(t) for t € R,i =1,2}
and Z = X x R??, where
R¥* =R*xR? x...xR?.

q
Denote
[ull = max { sup |ui(t)|, sup |uz(t)]} forue X
te(0,w] tel0,w]
q
Izl = ||u|| + Z el for z = (u,r1,72,...,74) € Z,
k=1
where

rp = (“’“) €R?, |kl = max{|rixl, [rarl}, E=1,2,....q.
T2k

Then (X, ||-]|) and (Z, ||-||) are both Banach spaces.
def2.1([1]) The set F' C PC([0,w],R) is said to be quasi-equicontinuous in [0,w] if
for any e > 0 there exists 6 > 0 such thatifx € F, k € Z, t1,t2 € (tx—1,tx)N[0,w],
‘tl — t2| < (5, then |l‘(t1) — x(t2)| <E.
lem2.2([1]) The set F C PC(]0,w],R) is relatively compact if and only if

(1) F is bounded; that is, ||¢|| = sup{|¢| : t € [0,w]} < M for each ¢ € F and

some M > 0;
(2) F is quasi-equicontinuous in [0, w].

3. EXISTENCE OF POSITIVE w-PERIODIC SOLUTIONS

In this section, we demonstrate the existence of a positive w-periodic solution of
(el.2).
thm3.1 Assume that (H1)—(H3) hold, and further assume the following conditions:

(1) byw + i In(1+ c1p) > Lmil)w
(2) abw + 374 In(1+ c2x) > bow
(3) bow > 3¢ In(1+ cax)

Then (e1.2) has at least one positive w-periodic solution.
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Proof. Let z(t) = e ®), y(t) = €“>(®), then system (el.2) can be rewritten as

c(t>eu2(t—01(t))
mi (t)e“z(t*‘fl(t))
aQ(t)eul(t—T3(t))
mo(t)et2(t=02(t)) 4 eua(t=7s(1))’

uy(t) = by (t) — ag (t)erE=0) - +ent=m2O) oLy

uy(t) = —ba(t) + t # ty, (e3.1)

Auy () = wi () — ua (tx) = In(1 + e1x),
Aug(ty) = u2(tg) —ug(ty) =In(1 4+ cop), k=1,2,....

For the sake of simplicity, we denote

C(t)eug(tfa'l(t))
my (t)ev2(t=01() 4 eui(t=72(t))’
ag(t)et (t=s(1))
ma (t)eUQ(t—U2 (1)) + eul(t—Tg(t)) 2
Auq (t
Aulty) = u(ty) — u(ty) = (mé&',:;) , k=120,

U(t) = (ul(t), 'LLQ(t))T, Cip = ln(l + Clk), Co = ln(l + Cgk).

fi(t u(t)) =b1(t) — a1(t)e“1(t*71(t)) —

fa(t,u(t)) = —ba(t) +

It is obvious that if system (e3.1) has an w-periodic solution u*(t) = (u}(t), u3(t))?,
then (z*(t),y*(t))T = (e¥1®), eu2()T is a positive w-periodic solution of system
(el.2). So, to complete the proof, it suffices to show that the system (e3.1) has one
w-periodic solution.

To apply lem2.1 for establishing the existence of w-periodic solutions of system
(€3.1), now let

Dom L = {u(t) = (u1(t),uz(t))T € X : (u1(t),ua(t))” € PCY([0,w],R)},
and take L : Dom LC X — Z as follows:
u— (U, Aulty),. .., Du(ty)),

and define N : X — Z by

_ | ([i(Eu(t)) (Cu Ciq
= ( (f2<t,u<t>>) | (0) (o) )
for u = (u1,u2)? € X. Evidently, we have

ker L = {u:u € X,u=cecR?},

w

w q
ImL = {z=(u,r1,72,...,7¢) €EZ: l(/ U(t)dtJrZrk) — 0}
0 k=1

So, Im L is closed in Z, and dimker L. = 2 = codim Im L. Hence, L is a Fredholm
mapping of index zero.
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Set two projectors P: X — X and @ : Z — Z as follows:

== wu w=(uy,us)’
Pu = / (Bdt, (Yu= (ur,un)” € X),

1, [“ 1
Qz=Q(u,r,...,1q) = (;(/ u(t)dt—i—Zrk),0,0,...,O),
0 k=1
(Vz = (u,r1,72,...,7¢) € Z).
It is easy to see that P and () are continuous projectors, such that

ImP=kerL, kerQ=ImL,
X=kerL@&kerP, Z=ImL&ImQ.

Furthermore, through an easy computation, we find that the inverse Kp of Lp (the
restriction of L to Dom L Nker P) has the form Kp : Im L — Dom L Nker P,

Kp(z(t)) = / s)ds + Z rk—f / / dsdt+2rk (w— tr)]

0<tp<t k=1

,Tq) € Z. Accordingly, QN : X — Z and Kp(I — Q)N : X —

" — l(fw fl(s’u(s))d3+ Eq: Cie)
QN ((E(fgﬂ fa(s,u(s))ds + Zézll C%)> ,0,07...,0> 7

for z = (u,r1,79, ...

X read

and

Covva = [ Jo fi(su()ds + Tocy, o Cun
Kp(I - Q)N <fzt fa(s,u(s))ds + 20<tk<t Czk>

1 fo fo fi(s,u(s))dsdt + 370 Crg(w — tr)
w fo fo fa(s,u(s))dsdt + > 1, Cop(w — ty)

ot L fils u(s))ds + 300 Oy
(W )(fgd f2(svu(5))d5+2§:1 Czk>'

Using the Lebesgue convergence theorem, it is easy to see that QN and Kp(I-Q)N
are continuous. Moreover, from the expressions of QNu and Kp(I — Q)Nu, it is
easy to see that QN (Q) and Kp(I — Q)N () are bounded for any open bounded
set 2 C X. Furthermore, we have that

d
Z(QNu)=(0,0,...,0), t#t, k=12...

and

d L (Rltu() = 2O (s u()ds + T, Cu)
a BpL = @QNu) = (f2<tu 1t fE fals s))ds+2§_1c2k>)

fort #tp, k=1,2,..., and u € X. It follows from these expressions that the sets
{L(QNu) :ue Q} and {£(Kp(I—Q)Nu) : u € Q} are bounded. So we have that
QN(Q) and Kp(I — Q)N(RQ) are equi-continuous in [0,w]. It follows from lem2.2
that QN(Q) and Kp(I — Q)N(Q) are compact. Therefore N is L-compact on 2.
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Corresponding to the operator equation Lu = ANwu with A € (0,1), we have
t ug(t—a'l (t))
Af)e ], t#t,
my (t)eUQ(t_a'l(t)) + eur(t—T2(t))

o ag(t)et (t=s(1))
uh(t) = N — ba(t) + ma (£ (=720 F ¢ (=7 (D)

Auq (tr) = An(l + 1),
AUQ(tk;) :)\hl(l—i-CQk), k=1,2,....

uy (t) = /\[bl (t) —ay (t)eul(t—ﬁ(t)) _

|, t#t,

(e3.2)
Suppose that u(t) = (u1(t),u2(t))” € X is an w-periodic solution of (e3.2) for a
certain A € (0,1). Integrating (e3.2) over the interval [0, w], we obtain

y wa(t—o1 (1)) “
N wi (b= (1) _ ct)er? _
/O (b (t) —as (t)e e g ;ln(u—cm),

w ao (t)eul (t_7—3(t)) . 4
A [ - bQ(t) + mg(t)€u2(t702(t)) + eul(t*ﬁ,(t))]dt = — kz_l ln(l + CQk)7

which yield

w t—o1(t
[al( Je ur(t=m1(t) 4 c(t)e ua( (#)
ml(t)e“2 (t—o1(2)) + et (t—m72(t))

/ by (t dt+Zln1+clk

Jdt
(e3.3)

Y (t=5(1)) a
/ - ew(t Uz(t))+eu1(t —ydt = /b2 t)dt — Z (14 o). (e3.4)

In view of (e3.2), (e3.3) and (e3.4), we have

w w q q
/ luy/ (t)|dt < 2/ by (t)dt + Z In(1+ c1) = 2bjw + Z In(1+4c1), (e3.5)
0

k=1 k=1

/|u2( \dt<2/ bo (1)t — Zln +02k)—2b2w—21n1+62k) (e3.6)

k=1 k=1

Since u(t) = (uy(t),u2(t))T € X, there exist 1;,&; € [0,w], (i = 1,2) such that

ui(n;r) = sup u;(t) or wi(n; )= sup u(t),
t€[0,w] te[0,w]

ui(gj) = tei[r(l)’fw} wi(t) or w(§ )= tel[%fw] ui(t), (1=1,2).

Whichever they are, for the sake of simplicity, we can denote them as follows:

wi(ni) = sup ui(t), ui(§) = inf w(t), (1=1,2).
te[0,w] te[0,w]

Furthermore, it follows from (e3.3) that

g w
biw+ > In(1+ 1) > / ay (t)e ) gt > grwetr(€1),
k=1 0
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q
biw + Z In(1+ c1x)
k=1
w w uz (t—o1(t))
_ n (t- (1)) c(t)e
A al(t)e dt + /0 ml(t)eu2(t,gl () + 6u1(t*7'2(t)) dt
C

Twe"l(m) + (mi)w
1

IN

So, from the condition (1), we have

. biw + 30 In(1 + cu)

< =: .
uy (&) <1 T Hy, (e3.7)
biw— (S)w+ > 7 In(1 + c)
ui(m) > In 2 lek ! =: H,. (e3.8)
Hence, (e3.5)—(e3.8) yield
w q
w(®) <)+ [ @+ Y 1+ )
0 —
=t (e3.9)

q
< Hy+2hw+ Y [In(1 4 ea) + In(1 + e1x)[] =: Hs,
k=1

w2 wlm) - [ O =3 1+ e

\ =1 (€3.10)
> Hy — 25w — Y [In(1+ cg) + [In(1+ c1x)[] =: Hy.
k=1
It follows from the two equations above that
sup |u1(t)| < max{|Hs|,|H4|} =: K;. (e3.11)

te[0,w]

On the other hand, from (e3.4), we can easily get

q w u M pui(m)
_ as(t)e 1(m) adlew(m)y,
ZW*’;IH(”C%) = /0 (D) @) ) S i) e (e3.12)
and
q w u L ou1(é1)
— ag(t)er (&) aset 1)y
baw — ;hl(l +can) 2 /O mz(t)euz(ﬁz) + eu1(é1) dt = mé‘/[@uﬂnz) + eur(é1)’
(e3.13)

Thus, from (e3.11)—(e3.13) and the conditions (2) and (3), one has
[adw — bow + 31 In(1 + cop) | e
mi [baw — 375 In(1 + car)]
[abw — bow + > In(1 + cop) | e
mb! @gw >t In(1+ c%)}

U,2(§2) S In = H5 + Kl, (6314)

uz(n2) > In = He — K1, (e3.15)
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where
[aé\/[w — bow + >t In(1+ czk)]
mh [baw — 374 In(1 + e2x)]
[a2w —bow + Zk 1 In(1+ CQk)]
md! [bow — >°7_ In(1 + ca)]

Furthermore, from (e3.6), (e3.14) and (e3.15), it follows that

H5=1Il

He =

wlt) < ua(ea) + [l (Ol + 3 1+ ca)

k=1

. . (€3.16)
< H5 + K1 + 2bow — Zln(l + cor) + Z In(1 + cor)| =: Hr,
k=1 k=1
w q
ua(t) 2 ualim) ~ [ fus'(0)dt = Y (1 + can)
0 -
. . (e3.17)
Z HG — K1 — 252(4) + Zln(l + Cgk) — Z |11’1(1 + Czk)‘ =: Hg.
k=1 k=1
Therefore,
sup |ua(t)| < max{|Hr|,|Hs|} =: Ks. (e3.18)

te(0,w]

Set K =1+ K1 + Ky + |Hi| + |Hs| + |Hs| + |Hg|. Clearly, K is independent of A
(A €(0,1)). Then it follows from (e3.11) and (e3.18) that

ull < K. (3.19)

Suppose u = (ug,us)” € R%. Then from the expression of QNu , we obtain

(i)

= ( (bl —ae't — = fo ml(ctgi)“eziew dt + %ZZZI In(1+ clk)> 0 0)

as(t)e"l
b2t g fO Wwdt+%zzzl In(1 + c2x)

(€3.20)
Consider the equation
— eu2 1 <
b —aze™ — / m1 6"2Jreuldt—i_;;ln<1—i_clk>:07
¢ (e3.21)
(l2 1
—by ——dt+ — In(1 =0.
o + — / malt e“2+e“1 +wkZ:1n( + cok)

By analysis similar to the one for (€3.7), (e3.8), (€3.14) and (e3.15), it is not difficult
to see that any solution u* = (u},u3)? € R? of (e3.21) exists, it must satisfy:
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(a3 w — bow + 31y In(1 + cop) | e

- mb [ng -3 In(1+ czk)]
1 [} w — bow + Y7 In(1 + cop)] .
mlz I:EQW — Z:l ln(l + Cgk)] !
= Hs + Hi,
ub > 1In [aéw — byw + > f_; In(1 + C2k)] "
2= ma" [baw — Y74y In(1 + co) ]
—1n [ahw — bow + 370 In(1 + o) ot
mb! [ng — > In(1+ CQk)] '
= Hg + Ho,
which yield
Ju™[| < K. (e3.22)

Put Q = {u = (u1,u2)? € X : |lu| < Ko}, where Ko = K +1. Then it follows from
(€3.19) that condition (a) of lem2.1 is satisfied.
Furthermore, for each u = (u1,u2)’ € 90 Nker L = 90 N R?, we know that
u = (u1,u2)T is a constant vector in R? with |ju|| = Ko, and then can directly get
QNu # 0 by (€3.20)-(e3.22). This shows that condition (b) of lem2.1 is satisfied.
Finally, let us prove that the condition (c¢) of lem2.1 is satisfied. Define ¢ :
QnkerL x [0,1] — R? by

by — age™ In(1
¢(U17U2,77)—< L=ae g Zk 1 In( +C1k) >

et 5 Jy qumdf+ S0 (1 + ca)
+n< o Jo mlé)euuewdt>

where u = (u1,u)? € QNker L, n € [0,1]. First, we will prove that ¢(u1,u2,1) # 0
when u = (u1,u2)’ € O0nNker L,n € [0, 1] Abbume the conclusion is not true, then
there exists a constant vector v = (uq, uz) with ||u|| = Ko, such that ¢(uy,us,n) =
0 for a certain n € [0, 1]; i.e.,

by —ae™ Zln + 1) / . e“2+e“1dt:0’
(e3.23)

(12 et
—by In(1 =0.
2+ — / it 6“2 o dt kzl n(l+cop) =

By a similar discussion on the solutions of (e3.21), it is easy to see that any solution
u = (u1,uz)’ € R? of (e3.23) must satisfy

[[ull < K < K, (e3.24)

which contradicts |Jul| = Ko (Vu € 02 Nker L). This shows that ¢(u1,uz,m) # 0
when u = (u1,u2)” € 92N R? and n € [0,1]. We next prove that the equation
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#(uy,u2,0) = 0 in Q Nker L has a unique solution v** = (ui*,us*)T. In fact,
d(ui*, us*,0) = 0 means

_ 1<
b —are'i + =Y In(1 -0
1 —age +w n(l+ c1g) ,

=1 (€3.25)
a2
by 4+~ / -0 u2 bt Zln1+02k)70
k: 1
that is,
" by + 2370 In(1+ i)
Uq =In )
ay
q (e3.26)
—by —=dt In(1 =0.
2t / 7TL2 e“z + et1 +— kz::l Il( +C2k)
For us € R, let
az
glug) = —by + — / —r ew — u**dt—k Zln (14 can), (e3.27)

Y=
then g(uz) € C*(R,R) and
1 [“ ag(t)ma(t)ets e
g/(u2) _ _7/ 2( ) 2( ) —
wJo  [ma(t)evs + evi”]

that is, g(ug) is strictly monotonous decreasing in R. From the conditions (2) and
(3), it is easy to obtain

dt < 0;

g(400) = —by + — Zlnl—Fch <0,

g(—00) = a5 — by + ;Zm(l + cor) > 0.
k=1

Therefore, there exists a unique ug* € R such that g(u*) = 0; that is,

02
—by + — / dt+ E In(1+ co) = 0. e3.28
? ma(t "z +e w 2) (¢3.28)
Then by integral mean value theorem, there exists a tg € [0,w] such that
— GQ(to)euT*
7b2+m (to)evs + " + — E In(1+ co) = 0. (e3.29)

It follows from (e3.29) and conditions (2), (3) that
to) — by + £ >0 In(1 +
i = 122(t0) — b2 & 2 I )] e (¢3.30)
ma(to) [b2 = & Xkey In(1 + car)]
Thus, from (e3.24) and (e3.30), we obtain
Hy <wui* < Hy, Hy+ He<wuy" < H;+ Hs,

which imply
lu*] < K < Ko;
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i.e., the equation ¢(u1, uz,0) = 0in QNker L has a unique solution v** = (u}*, u3*)7.

Now define the isomorphism J : Im ) —ker L by

J(i(/Ow“(t)dt'f‘lirk)ﬁ,o,...,0) = i}(/owu(t)dt_’_;ro’

then JQNu = ¢(uq,uz, 1) for each u = (uy,us)? € QNker L. Using the property
of topological degree, from (e3.25) and (€3.29), we have

deg{JQN,QNker L,0}
= deg{p(u1,u2,1), 2 Nker L, 0}
— deg{¢(u1, 12, 0), 9 N ker L, 0}

—a;e™ 0
a (to)mz(to)euiﬂ*eus* _ a (to)mz(to)eui*eug*

(ma(to)e™s +e"i™)2 (ma(to)e™s 4+e"i™)2

= sign

£0.

Thus, condition (c) of lem2.1 holds and by now we have proved that all the con-
ditions of lem2.1 are satisfied. Hence, system (e3.1) has at least one w-periodic
solution. Accordingly, system (el.2) has at least one positive w—periodic solution.
This completes the proof. ([

If we set o1(t) = 71 (t) = 72(t) = 0, 73(t) = 02(t) = 7, w = T, then system (el.2)
is simplified to system (el.1) which was studied by Liu and Li in [9].

Obviously, our result in this paper extends and improves greatly the result in
[9]. Finally, let us consider the system without impulse

o et - c(t)y(t —o1(t))

2 (t) = z(t)[br(t) — a1 (t)z(t — 71(t)) my()y(t — o () + a(t — Tz(t))}’
o ~ as(t)x(t — 73(t))

y'(t) =y®)[ - ba(t) + ma )yt — o2(t)) + 2(t — Tg(t))]’

where aq(t), as(t), b1(t), b2(t), c(t), mi(t) and mz(t) are all positive continuous w-
periodic functions; o1 (t), o2(t), 71(t), 72(t) and 73(t) are all continuous w-periodic
functions. From [3] and its proof, we immediately get the following result.

thm3.2 If system (e3.31) satisfies the conditions

(e3.31)

. < _
by >(—), d'>b
1> (), g > b
then (e3.31) has at least one positive w-periodic solution.

4. AN EXAMPLE

In this section, we give an example that illustrates the feasibility of our results.
Consider the system

(3]sint| + 1)y(t — | cost|)
y(t — | cost|) + x(t — |sin 2t|)

22(t — | sin 3t]) 1 tA1
2y(t — | cos 2t]) + 2(t — |sin 3t])" b

w(th) — x(ty) = ciem(t),

y(tz) _y(t;) ZCQky(tk)a k= 1327"'u

2 (t) = :v(t)[(1 + |cost|) — z(t — |sint|) —

9 ]at7étka

Y () =y(t)[ - (Z + %sint) +
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where
™ 3T 1
t1:§, t2:7, lpyo2 =tk +2m, c11 =1, 12 = —3,
3 .
C21 = 17 Ca2 = _Zv Ci(k+2) = Cik, 1= 1327 k= 1,2,....

Corresponding to (el.2), we have

4 1 3 1
w=2m at)=1, ag(t):;, bl(t):§+|cost|, bg(t)zi—i—asint,

1 1
c(t) = §|sint| + T mi(t) =1, mo(t) =2, o1(t) =|cost|,
oa(t) =|cos2t|, T1(t) =|sint|, 7o(t)=|sin2t|, 73(t) = |sin3t|.
It is easy to obtain that,

— 1 (1 2 1 — 1 [* 1 3
by = — - thdt ==+ =, by=— S 4 Zsint)dt ==
1= 5, ) (GHleostdt =245, by 2WA (7 +gsintydt =7,

1 21 1 1 1
—) == —|sint| + =)dt = = + —
(o) =30 | (Glsintl+ it =7+,

mi

2 2
Zln(l +cg)=In2—-In2=0, Zln(l +eor) =In2—Ind=—-1n2,
k=1 k=1

and then
2 T c
b1w+kzz:lln(l+clk) =7T—|—4>2—|—§ = (m—l)w,
2 3r —
alzw—i—;ln(l—i—cmc) =8—-In2> - = bow,

2
— 3
bow = 5 > —In2= ;ln(l + o).

Thus, all the conditions of thm3.1 are satisfied. Then system (e4.1) has at least
one positive 2m-periodic solution.

Acknowledgements. The authors are grateful to the anonymous referees for their
valuable suggestions.
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