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N-BODY PROBLEM IN Rn: NECESSARY CONDITIONS FOR A
CONSTANT CONFIGURATION MEASURE

K. ZARE

Abstract. A formulation of the N-body problem is presented in which mi

and ri ∈ Rd are the mass and the position vector of the i-th body, x =

(
√

m1r1, . . . ,
√

mNrN ) ∈ Rn and n = dN (d = 1, 2, 3). The configuration

measure Z = |x|F , where F is the Poincare’s force function, which plays an
important role in this formulation. The orbit plane is a two dimensional linear

subspace of Rn spanned by the position vector x and the velocity vector ẋ.

The N-body motion in Rn has been decomposed into an orbit in the orbit
plane and the instantaneous orientation of the orbit plane. For a solution to

stay on a level manifold of Z, it is necessary that the orbit in the orbit plane

be elliptic (h < 0), parabolic (h = 0)or hyperbolic (h > 0) where h is the total
energy. The instantaneous orientation of the orbit plane can be obtained by

integration of certain differential equations. These possible solutions include
the central configuration solutions in which the orbit plane is fixed in Rn.

1. introduction

The problem of N bodies may be simply stated as follows. N point masses are
attracting each other according to the Newton’s laws. Given the initial positions
and velocities determine their subsequent motion. The equations of motion are

mir̈i =
∂F

∂ri
, i = 1, . . . , N (1.1)

where mi and ri are the masses and the position vectors, a dot over a variable
indicates differentiation with respect to time t and

F =
N∑

i=1

N∑
j>i

Gmimj

|ri − rj |
(1.2)

is the Poincaré’s force function or the negative potential. System (1.1) possesses
ten first integrals (i.e. the classical integrals). They are: the energy integral

h =
1
2

N∑
i=1

miṙi · ṙi − F , (1.3)
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the angular momentum integrals

c =
N∑

i=1

miri × ṙi , (1.4)

and the linear momentum integrals

N∑
i=1

miṙi = 0 and
N∑

i=1

miri = 0. (1.5)

Note that without loss of generality we have assumed that the origin is at the center
of mass.

Some influential works on the subject have been published by Euler [5], Lagrange
[8], Jacobi [7], Poincaré [12], Painlevé [11], Sundman [18], Birkholf [1], Chazy [2],
Wintner [19], Smale [17], Siegel and Moser [16], Saari[14], etc. There are two
publications by Saari that are relevant to the subject of this article. In the first
paper, Saari [13] stated the following conjecture (known as the Saari’s conjecture):

If the polar moment of inertia, I, is a constant, then the N-body
motion is that of a rotating rigid body.

In the second paper, Saari [15] generalized his original conjecture and stated the
following extended conjecture:

The configuration measure is a constant if and only if the N-body
motion is homo-graphic.

Despite the simplicity of its statement, the Saari’s conjecture and its generalization
have not been proved in the general case. However, in the recent years, significant
progress has been made in special cases by Diacu et al. [3, 4], Moeckel [10], and
Saari [14], just to mention a few.

In this paper, a new formulation in Rn is given where x = (
√

m1r1, . . . ,
√

mNrN )
is in Rn, ri ∈ Rd, and n = dN (d = 1, 2, 3). The function Z = |x|F which is equiv-
alent to the configuration measure in the Saari’s extended conjecture plays an im-
portant role. Using this formulation, the necessary conditions for the configuration
measure to be a constant have been obtained.

We begin in Section 2 with the new formulation in Rn and its similarities to the
central force problem. A generalization of vector product is defined in Subsection
2.1. This generalization is necessary to define the generalized angular momentum
and eccentricity vectors and to find their properties in Subsection 2.2. As a by
product an exact identity for the Golubev’s inequality [6] has been found. A new
independent variable is introduced in Subsection 2.3. This is necessary to express
certain solutions analytically. The orbit plane is defined in Subsection 2.4 and a
decomposition of solutions into the orbit plane has been obtained. The necessary
(but not sufficient) conditions for a solution to stay on a level manifold of Z are
given in Section 3.

2. Formulation in Rn

In this section, we formulate the problem in Rn. We begin with the following
theorem.
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Theorem 2.1. The equations of motion (1.1) are equivalent to

ẍ =
−Z

|x|3
x +

1
|x|

Zx, (2.1)

where x = (
√

m1 r1, . . . ,
√

mN rN ) is an n-dimensional vector (n = dN , d =
1, 2, 3), Z = |x|F , and

Zx · x = 0 . (2.2)

Proof. First we note that (1.1) may be written as ẍ = Fx. If Z = |x|F , then

Zx =
F

|x|
x + |x|Fx or Fx = − F

|x|2
x +

1
|x|

Zx = − Z

|x|3
+

1
|x|

Zx

This leads to the equivalence of (1.1) and (2.1). Equation (2.2) follows from the
Euler’s theorem noting that Z is a homogeneous function of degree zero. �

Remark: The first term for ẍ in (2.1) has been also given in Saari [14] and it was
known to Wintner [19]. The second term is new replacing the unspecified function
D in the Saari’s formulation. This is a necessary step for the analysis that follows.

Theorem 2.2. If the origin is at the center of mass, the Jacobi function

J(x) =
1
M

N∑
i=1

N∑
j>i

mimj |ri − rj |2, M =
N∑

i=1

mi (2.3)

is an equivalent norm of x.

Proof. Note that

J(x) =
1

2M

N∑
i=1

N∑
j=1

mimj(ri − rj) · (ri − rj)

=
1

2M

[ N∑
i=1

mi|ri|2
N∑

j=1

mj +
N∑

i=1

mi

N∑
j=1

mj |rj |2 − 2
( N∑

i=1

miri

)( N∑
j=1

mjrj

)]
= |x|2

where we have used (1.5). This completes the proof. �

We may now rewrite the classical integrals as functions of x and ẋ. In particular,
the energy integral becomes

h =
1
2
(ẋ · ẋ)− Z

|x|
. (2.4)

Definition: A solution xc(t) of (2.1) is called a central configuration solution if
Zx(xc(t)) = 0.

Since Ż = Zx(xc(t)) · ẋc(t) = 0, it follows that on a central configuration solution
Z = µ, a constant, and (2.1) reduces to ẍ = −µx/|x|3. This is an n-dimensional
generalization of the central force problem where a certain value of Z plays the role
of the gravitational parameter. In general (2.1) is an n-dimensional central force
problem in which the gravitational parameter Z is not a constant and there exists
an additional non-central force Zx/|x|. In the next sub-section, we define a vector
product of two n-dimensional vectors. This assists us to generalize some of the
familiar functions in the central force problem.
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2.1. A vector product for Rn. The inner product of two n-dimensional vectors
is a function defined by u · v : Rn ×Rn → R, where u · v = u1 · v1 + · · ·+ un · vn. It
follows that |u|2 = u ·u where |u| denotes the Euclidean norm of u. This is a direct
generalization from R3. On the contrary the usual vector product for R3 can not
be generalized directly. Here we show that by adding a complementary subspace
to Rn,we may define a vector product for Rn which preserves many properties of
the usual vector product.

Let us first consider the usual vector product for R2, u × v : R2 × R2 → R
where u × v = (u1v2 − u2v1)e3, u = u1e1 + u2e2, v = v1e1 + v2e2, e1 and e2 are
an orthonormal bases of R2, and e3 is a unit vector normal to the plane containing
e1 and e2. Note that the vector product is not in R2, but in a complementary
dimension normal to R2. The addition of this dimension to R2 forms a higher
dimensional space, namely R3.

To generalize the vector product to Rn with an orthonormal bases (e1, . . . , en),
we introduce a complementary subspace Rm normal to Rn with an orthonormal
bases denoted by eij (1 ≤ i < j ≤ n). The vector product is a function defined by
u× v : Rn × Rn → Rm, m = n(n− 1)/2, where

u× v =
n∑

i=1

n∑
j>i

(uivj − ujvi)eij . (2.5)

The addition of this subspace to Rn forms a higher dimensional space Rk with the
orthonormal bases (e1, . . . , en, . . . , eij , . . .), where k = n + m = n(n + 1)/2. Note
that in this extended space u and v are in the subspace Rn and u × v is in the
complementary subspace Rm.

Theorem 2.3. If u, v, w, z are vectors in Rn, the vector product is defined by (2.5)
and the inner product is defined in Rk, then

(I) u× u = 0,
(II) u · (u× v) = 0,

(III) v · (u× v) = 0,
(IV) (u× v) · (w × z) = (u · w)(v · z)− (u · z)(v · w),
(V) |u× v|2 + (u · v)2 = |u|2|v|2,

(VI) and assuming u(t) and v(t) are differentiable: (u× v)· = u̇× v + u× v̇.

Proof. The proofs for (I)–(III) follow directly from the definition. To prove (IV),
we observe that

(u× v) · (w × z) =
1
2

n∑
i=1

n∑
j=1

(uivj − ujvi)(wizj − wjzi)

=
1
2

( n∑
i=1

uiwi

n∑
j=1

vjzj −
n∑

i=1

uizi

n∑
j=1

vjwj

−
n∑

i=1

viwi

n∑
j=1

ujzj +
n∑

i=1

vizi

n∑
j=1

ujwj

)
= (u · w)(v · z)− (u · z)(v · w).

To prove (V), let w = u, and z = v in (IV). The identity (VI) follows directly by
differentiating (2.5) with respect to t. �
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Remark: For n = 3, we have m = 3, and the complementary subspace has the
same dimension as the original space. In this case we may match the two spaces
by letting e12 = e3, e23 = e1, and e13 = −e2. This leads to the usual definition of
the vector product in R3. This matching is not possible for n > 3 since m > n.

2.2. Generalized vectors. We have already shown that (2.1) may be considered
as a generalization of the central force problem. With this point of view, it is
natural to generalize the vector functions which appear in that problem.

Definition: The generalized angular momentum vector C is defined as

C = x× ẋ =
n∑

i=1

n∑
j>i

(xiẋj − xj ẋi)eij (2.6)

It follows that

|C|2 = C · C =
n∑

i=1

n∑
j>i

(xiẋj − xj ẋi)2. (2.7)

The difference between this norm and the norm of the angular momentum vector
is

φ2 = |C|2 − |c|2 =
N∑

i=1

n∑
j=di

d∑
k=1

(xd(i−1)+kẋj − xj ẋd(i−1)+k)2. (2.8)

Theorem 2.4. The rate of change of the generalized angular momentum satisfies

Ċ =
1
|x|

x× Zx. (2.9)

Proof. Using (VI) in Theorem 2.3,

Ċ = x× ẍ + ẋ× ẋ

= x× ẍ (using (I) in Theorem 2.3)

= − Z

|x|3
x× x +

1
|x|

x× Zx (using (2.1))

=
1
|x|

x× Zx

were we have used (I) in Theorem 2.3. �

Corollary 2.5. The generalized angular momentum vector is fixed if and only if
the solution is a central configuration

Proof. From (2.9),

|Ċ| = |x× Zx|
|x|

=

√
|x|2|Zx|2 − x · Zx

|x|
(using (V) in Theorem 2.3)

= |Zx|,
where we have used (2.2). �

Corollary 2.6. The norm of the generalized angular momentum vector is fixed if
and only if the solution is on a level manifold of Z.
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Proof. Using (2.6) and (2.9),

d

dt
|C|2 =

2
|x|

(x× ẋ) · (x× Zx)

=
2
|x|

[(x · x)(Zx · ẋ)− (x · Zx)(x · ẋ)] (using (IV) in Theorem 2.3)

= 2|x|Ż,

where we have used (2.2). �

The generalized angular momentum may be used to obtain the following result.

Corollary 2.7. The norm of x satisfies

d2|x|
dt2

= − Z

|x|2
+
|C|2

|x|3
.

Proof. From |x|2 = x · x and differentiating,

d2|x|
dt2

=
1
|x|

(ẋ · ẋ + x · ẍ− (x · ẋ)2

|x|2
)

=
1
|x|

(ẋ · ẋ− Z

|x|
− (x · ẋ)2

|x|2
) (using (2.1) and (2.2))

= − Z

|x|2
+
|C|2

|x|3
,

where we used (V) in Theorem 2.3 and (2.6). �

Remark: A theorem in Saari[14] states that “the equation

d2|x|
dt2

= − A

|x|2
+

B

|x|3
,

where A and B are constants, holds for an N -body solution if and only if Z is
a constant. In this case A = Z.” Note that Corollary 2.7 holds for any N -body
solution, and Saari’s theorem follows immediately from Corollary 2.6.

Definition: The generalized eccentricity vectors e and f are defined as

Ze = (2h +
Z

|x|
)x− (x · ẋ)ẋ, (2.10)

Zf =
Z(x · ẋ)
|C||x|

x +
|C|2 − |x|Z

|C|
ẋ. (2.11)

Theorem 2.8. The generalized vectors satisfy the following:
(I) Z2(1− |e|2) = −2|C|2h

(II) |f | = |e|, and
(III) e · f = 0.

Proof. (I) Using (2.4) and (2.10),

Z2|e|2 = Z2 + (|ẋ|2 − 2Z

|x|
)(|x|2|ẋ|2 − (x · ẋ)2) = Z2 + 2|C|2h

where we used (2.4), (2.6), and (V) in Theorem 2.3.
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(II) Using (2.11),

Z2|f |2 =
Z2

|C|2
(|x|2|ẋ|2 − (x · ẋ)2) + |C|2|ẋ|2 − 2Z

|x|
(|x|2|ẋ|2 − (x · ẋ)2)

= Z2 + |C|2(|ẋ|2 − 2
Z

|x|
) (using (V) in Theorem 2.3 and (2.6))

= Z2 + 2|C|2h

where we used (2.4). This leads to |f | = |e|.
(III) Using (2.10) and (2.11),

Z2e · f = |C|(x · ẋ)(−|ẋ|2 + 2h +
Z

|x|
) +

Z(x · ẋ)
|C||x|

(|x|2|ẋ|2 − (x · ẋ)2)

= |C|(x · ẋ)(
−Z

|x|
) +

Z(x · ẋ)
|C||x|

|C|2 = 0,

where we used (2.4), (2.6), and (V) in Theorem 2.3. �

Corollary 2.9. The norm of the generalized eccentricity vector is bounded as fol-
lows

0 ≤ |e| ≤ 1, if h < 0,

|e| = 1, if h = 0,

|e| ≥ 1, if h > 0.

The proof of the above corollary follows immediately from (I) in Theorem 2.8.

Corollary 2.10. If h < 0, then Z2 ≥ −2|c|2h.

Proof. Using corollary 2.9,

Z2 ≥ Z2(1− |e|2)
= −2|C|2h (using (I) in Theorem 2.8)

= −2(|c|2 + φ2)h (using (2.8))

≥ −2|c|2h.

�

Remark: The inequality in Corollary 2.10 was first obtained by Golubev [6] using
Sundman’s inequality, and independently later by Marchal and Saari [9] using the
same method, and by Zare [20] and [21] using a theorem for Hamiltonian systems
that identifies regions of motion in the configuration space. Combined with the
reduction theory in Hamiltonian dynamics, this theorem is applicable to any me-
chanical system which has integrals linear in the momenta in addition to the energy
integral. The theorem has been also applied to the problem of a rigid body with a
fixed point by Zare and Levinson [23]. In the three body problem, this inequality
leads to the forbidden triangular configurations and to a sufficient condition for no
binary exchanges. This topic became very popular in the late seventies and the
eighties and many articles on the subject appeared in the literature during that
period. I became aware of Golubev’s article when Roger Broucke gave me a copy
in 1979. To acknowledge the priority, I called it Golubev’s inequality in my 1981
paper [22]. For more information on this subject the interested reader may consult
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the references. The Identity I in Theorem 2.8 is the best possible improvement to
this inequality since it is an identity rather than a sharper inequality.

Theorem 2.11. The rates of change of the generalized eccentricities satisfy

d

dt
Ze =

Ż

|x|
x− x · ẋ

|x|
Zx, (2.12)

d

dt
Zf =

Ż

|C|3
[
x · ẋ
|x|

(|C|2 − |x|Z)x + |x|2Zẋ] +
(|C|2 − |x|Z)

|C||x|
Zx (2.13)

Proof. Differentiating (2.10),

d

dt
Ze = (

Ż

|x|
− Z

x · ẋ
|x|3

)x + (2h +
Z

|x|
− ẋ · ẋ− x · ẍ)ẋ− (x · ẋ)ẍ

=
Ż

|x|
x− x · ẋ

|x|
Zx

where we used (2.1), (2.2), (2.4). Differentiating (2.11) and using Corollary 2.6,

d

dt
Zf = −|x|Ż

|C|3
[
Z(x · ẋ)
|x|

x + (|C|2 − |x|Z)ẋ]

+
1
|C|

[(
Ż|x|2(x · ẋ) + Z|x|2(ẋ · ẋ + x · ẍ)− Z(x · ẋ)2

|x|3
)x

+ (|x|Ż)ẋ + (|C|2 − |x|Z)ẍ]

=
Ż

|C|3
[
x · ẋ
|x|

(|C|2 − |x|Z)x + |x|2Zẋ] +
(|C|2 − |x|Z)

|C||x|
Zx

where we used (2.1), (2.2), (2.6), and (V) in Theorem 2.3. �

Corollary 2.12. The generalized eccentricity vectors are fixed if the solution is a
central configuration.

Proof. On a central configuration solution Zx(xc(t) = 0, and Ż(xc(t)) = Zx(xc(t)) ·
ẋc(t) = 0. Substitution into (2.12) and (2.13) leads to ė = 0 and ḟ = 0. �

Corollary 2.13. The norm of the generalized eccentricity vectors is fixed if the
solution is on a level manifold of Z.

Proof. Differentiating (I) in Theorem 2.8),

d

dt
|e|2 =

2(1− |e|2)
Z

Ż +
2h

Z2

d

dt
|C|2

=
−4hŻ

Z3
(|C|2 − |x|Z),

using (I) in Theorem 2.8 and Corollary 2.6. �

2.3. A new independent variable. In this sub-section we introduce a new inde-
pendent variable s defined as

t′ =
dt

ds
= |x|, (2.14)

where prime indicates differentiation with respect to s. Using the new independent
variable s and the generalized eccentricity e introduced in the previous sub-section
we obtain the following result.
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Theorem 2.14. The equations of motion (2.1) are equivalent to

x′′ − 2hx = −Ze + |x|Zx. (2.15)

Proof. From (2.14),

x′′ = |x|2ẍ + (x · ẋ)ẋ

= − Z

|x|
x + |x|Zx + (x · ẋ)ẋ (using (2.1))

= − Z

|x|
x + |x|Zx + (2h +

Z

|x|
)x− Ze (using (2.10))

= 2hx− Ze + |x|Zx

which completes the proof. �

Corollary 2.15. The norm of x satisfies

|x|′′ − 2h|x| = Z. (2.16)

Proof. Using |x|2 = x.x and differentiating,

|x|′′ =
x′ · x′ + x · x′′

|x|
− (x · x′)2

|x|3

=
4h|x|2 + 2Z|x| − Ze · x

|x|
− (x · x′)2

|x|3
(using (2.2), (2.4) and (2.15))

= 2h|x|+ Z

where we used (2.10),and (2.14)). �

2.4. The orbit plane. The geometric description of the N -body motion by intro-
ducing the orbit plane plays an important role in the following section.

Definition: The orbit plane is a two-dimensional linear subspace of Rn spanned
by x and ẋ or equivalently by the two orthonormal vectors ê = e/|e| and f̂ = f/|f |.

Theorem 2.16. If |e| is not zero, the N-body motion can be decomposed into the
orthonormal bases (ê,f̂) in the orbit plane as follows

x(s) =
|C|2 − |x|Z

Z|e|
ê +

|C||x|′

Z|e|
f̂ (2.17)

x′(s) = −|x|
′

|e|
ê +

|C|(2h|x|+ Z)
Z|e|

f̂ (2.18)

Proof. Solving for x and ẋ in the system of equations(2.10) and (2.11) leads to

x =
1
D

[
(|C|2 − |x|Z)Z

|C|
e + (x · ẋ)Zf ], ẋ =

1
D

[− (x · ẋ)Z2

|C||x|
e + (2h +

Z

|x|
)Zf ],

where

D =
1
C

[2|C|2h− 2h|x|Z − Z2 +
Z

|x|
(|C|2 + (x · ẋ)2)] =

Z2|e|2

|C|
,

using (2.4), (2.6), (V) in Theorem 2.3 and (I) in Theorem 2.8. Substituting D and
using (2.14) leads to (2.17) and (2.18). �
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3. Solutions on the level manifolds of Z

The importance of Z(x) in our formulation can not be overemphasized. The
function Z(x) is invariant under the change of scale and the rotation. These prop-
erties follow since Z is a homogeneous function of degree zero and a function of
the mutual distances only. In this section, we obtain the necessary conditions for a
solution to stay on a level manifold of Z (i.e. Ż(x(t)) = Zx(x(t)) · ẋ(t) = 0). These
solutions include the central configuration solutions (i.e. Zx(xc(t)) = 0).

Theorem 3.1. If a solution is on a level manifold of Z = µ, then
(I) |C| is fixed

(II) |e| is fixed, and
(III)

|x| =


− µ

2h (1− |e| cos(ωs) h < 0, ω =
√
−2h

1
2µs2 + |x0| h = 0,
µ
2h (|e| cosh(ωs)− 1) h > 0, ω =

√
2h.

Proof. Parts (I) and (II) follow from Corollaries 2.6 and 2.13. To prove (III), let
h < 0, then the solution of (2.16) with Z = µ is

|x| = − µ

2h
(1−A cos(ωs))

where A is a constant of integration. This leads to |x| = −µ(1−A)/(2h) and |x|′ = 0
at s = 0. Then from (2.10), the initial eccentricity vector is e =

(
2h
µ + 1

|x|
)
x. It

follows that
|e| = (

2h

µ
+

1
|x|

)|x| = 1 +
2h

µ
|x| = A.

The proofs for h = 0 and h > 0 are similar; we omit them. �

Theorem 3.2. If a solution is on a level manifold of Z = µ and h < 0, then
(I) the orbit in the orbit plane is given by

x = − µ

2h
[(cos(ωs)− |e|)ê +

√
1− |e|2 sin(ωs)f̂ ], (3.1)

x′ =
µ

ω
[− sin(ωs)ê +

√
1− |e|2 cos(ωs)f̂ ], (3.2)

which is an ellipse with the semi-major axis a = −µ/(2h) and the eccen-
tricity |e|. The major-axis and the minor-axis of the ellipse are respectively
in ê and f̂ directions;

(II) the instantaneous orientation of the orbit plane in Rn can be obtained from

ê′ = − 1
ω

sin(ωs)Zx, (3.3)

f̂ ′ =
1

ω
√

1− |e|2
(cos(ωs)− |e|)Zx. (3.4)

Proof. Since Z = µ and Ż = 0, by Theorem 3.1, |C| and |e| are fixed and

|x| = − µ

2h
(1− |e| cos(ωs)).

Also |C|2 = −µ2(1− |e|2)/(2h) by (I) in Theorem 2.8. Substituting for Z, |x|, |x|′
and |C| in (2.17) and (2.18) leads to (3.1) and (3.2). (3.3) and (3.4) have been
obtained by substituting for Z, Ż, |x|, |x|′ and |C| in (2.12) and (2.13). �
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Remark: Similarly it can be shown that if a solution is on a level manifold of Z,
the orbit in the orbit plane is a parabola (h = 0) or a hyperbola (h > 0).

Corollary 3.3. If a solution is a central configuration and h < 0, then
(I) the orbit in the orbit plane is an ellipse, and

(II) the orbit plane is fixed in Rn.

Proof. On a central configuration solution, Zx(xc(t)) = 0 and Z(xc(t)) = µ then
(I) and (II) follow immediately from Theorem 3.2. �

Remark: Similarly if a solution is a central configuration, then the orbit is a fixed
parabola (h = 0) or a fixed hyperbola (h > 0) in Rn.

Corollary 3.4. If a solution is on a level manifold of Z = µ, then
(I) Zx · ê = 0 and

(II) Zx · f̂ = 0.

Proof. Using (3.3),

− 1
ω

sin(ωs)(Zx · ê) = ê · ê′ = |ê||ê|′ = 0,

and using (3.4),
1

ω
√

1− |e|2
(cos(ωs)− |e|)(Zx · f̂) = f̂ · f̂ ′ = |f̂ ||f̂ |′ = 0.

which completes the proof. �

Remark: According to this corollary if a solution is on a level manifold of Z, then
Zx remains normal to the orbit plane.

Necessary conditions for a central configuration solution have been given in the
Corollary 3.3. Necessary and sufficient conditions, as expressed in the following
theorem, require further restrictions on ê and f̂ .

Theorem 3.5. For h < 0, a solution of the N -body problem is a central configura-
tion if and only if it is given by (3.1) where ê and f̂ are fixed orthonormal vectors
satisfying

(I) Zx(ê) = 0;
(II) if |e| 6= 1, then |êi| = |f̂i|;

(III) if |e| 6= 1, then êi · f̂i = 0;
(IV) if |e| 6= 1, then êi and f̂i (for i = 1, . . . , N) are planar (d = 2).

Proof. If the solution is a central configuration (i.e. Zx(x(s)) = 0), then by Corol-
lary 3.3, it is given by (3.1) where ê and f̂ are arbitrary fixed orthonormal vectors.
We may choose ê and f̂ such that they satisfy conditions (II)-(IV). Condition (I)
follows from

Zx(x(0)) = Zx(− µ

2h
(1− |e|)ê) = − 2h

µ(1− |e|)
Zx(ê) = 0,

using the fact that Zx is a homogeneous function of degree −1.
Conversely, if the solution is given by (3.1) with fixed ê and f̂ satisfying condi-

tions (I)-(IV), then

ri = − µ

2h
[(cos(ωs)− |e|) êi√

mi
+

√
1− |e|2 sin(ωs)

f̂i√
mi

].
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This leads to

|ri| =
|êi|√
mi

(− µ

2h
)(1− |e| cos(ωs))

=
1− |e| cos(ωs)

1− |e|
|ri(0)|,

using (II) and (III), and

θ = arctan

√
1− |e|2 sin(ωs)
cos(ωs)− |e|

,

where θ is the angle between ri and êi.
Using conditions (II)-(IV), we obtain êi · êj = f̂i · f̂j , êi · f̂j = −êj · f̂i, leading to

|ri − rj | = − µ

2h
(1− |e| cos(ωs))

∣∣ êi√
mi

− êj√
mj

∣∣
=

1− |e| cos(ωs)
1− |e|

|ri(0)− rj(0)|.

Note that these relations do not hold if condition (IV) is dropped. It follows that
the solutions given by (3.1) and conditions (II)-(IV) are homographic,

ri = λ(s)Ω(θ)ri(0), λ(s) =
1− |e| cos(ωs)

1− |e|
,

where λ(s) and Ω(θ) are respectively the scale and the rotation.
Now we show that the central configuration follows from condition (I). First we

write Zx explicitly in the components form

∂Z

∂ri
=

N∑
j 6=i

mimj [−
G|x|

|ri − rj |3
+

Z

M |x|2
](ri − rj).

Substituting the homo-graphic solution in Z(x) and in ∂Z
∂ri

leads to Z(x(s)) =
Z(x(0)) = µ and

∂Z

∂ri
= (

1
λ(s)

)Ω(θ)
∂Z

∂ri
(x(0))

= (
1

λ(s)
)Ω(θ)

∂Z

∂ri
(− µ

2h
(1− |e|)ê)

= (
1

λ(s)
)(− 2h

µ(1− |e|)
)Ω(θ)

∂Z

∂ri
(ê) = 0,

using condition (I). This proves that the solution is a central configuration.
In the case that |e| = 1, there is no rotation (θ = 0), the solution is homothetic

and all bodies move in êi directions through the center of mass. The condition (I)
is still valid and the solution is a central configuration leading to a total collapse.
Conditions (II)-(IV) are irrelevant in this case and the motion is possible for d =
1, 2, 3. �

Remark: The proofs for h > 0 are similar to the proofs above; so we omit them.

The present formulation has the ability to shed light on the dynamical properties
of the N-body problem that are otherwise hidden if the traditional formulations are
used. Using this formulation, the necessary conditions for a constant configuration
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measure are described in terms of the geometry of the orbits in Rn. The orbit must
be a conic section in the orbit plane and the instantaneous orientation of the orbit
plane is governed by the differential equations (3.3) and (3.4). These orbits include
the homographic solutions in which the orbit plane is fixed in Rn. The necessary
and sufficient conditions provide a subset of the above set of orbits. The Saari’s
extended conjecture is true if this subset includes only the solutions in which the
orbit plane is fixed. Therefore, it is important to extend the necessary conditions for
a constant configuration measure given in this paper to the necessary and sufficient
conditions.
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