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MULTIPLE SOLUTIONS FOR A ELLIPTIC SYSTEM IN
EXTERIOR DOMAIN

HUIJUAN GU, JIANFU YANG, XIAOHUI YU

ABSTRACT. In this paper, we study the existence of solutions for the nonlinear
elliptic system

—Au+u=uP tut+ v inQ,
—Av+v=P w4+ inQ,
u=v=0 on 09,

where Q is a exterior domain in RV, N > 3. We show that the system possesses
at least one nontrivial positive solution.

1. INTRODUCTION

This article concerns the existence of solutions to the semilinear elliptic problem

—Au+u=|[ufflu+A v inQ,
—Av+v =P lo4+ I in Q, (1.1)
u=v=0 on 0f,

where Q@ ¢ RV, N > 3, is an exterior domain, 0 < A < 1 is a real parameter,
ON#APand 1 <p< %f% In general, in a unbounded domain §2, the inclusion of
HY(Q) — LP(Q),2 < p < 225, is not compact, the (PS) condition in critical point
theory does not satisfy for related functionals. In some special cases, for instance,
if @ = RN, H!(Q) is compactly embedded in LP(),2 < p < % Using the fact,

it was proved in [4] that the problem
~Au+tu=uflu in RY (1.2)

possesses a positive solution and infinitely many solutions respectively. The general
case was considered in [I0]; i.e., problem

—Au+ a(x)u = b(z)|ulP 'y in RY,

1.3
u=0 on 0f. (13)

Suppose a(z) > 0,b(z) > 0 and limy,|_, a(z) = @,lim|;_o b(z) = b, let cq be
the mountain pass level of problem (|1.3) and ¢, be the mountain pass level of the
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limiting problem
—Au + au = blu/P"tu  in RY,
ue H' (RY).
It was showed in [I0] that the (PS), condition holds for the associated functional
of provided that ¢ € (0,cs). However, for problems defined in an exterior
domain, it was proved in [2] that ¢ = coo. One then has to look for solutions with
higher energy. Using barycenter function lifting critical values up, a solution of
with the critical value belonging in (¢s, 2¢o) was found in [2]. The uniqueness of
positive solution, up to a translation, of problem and the behavior of the
solution at infinity play crucial roles in insuring that there are no solutions with
energy in between ¢y, and 2¢qo.
In this paper, we are interested in finding solutions of problem . The limiting

problem of (1.1)) is

(1.4)

~Au+u=|ulffu+ v inRY,
(1.5)
—Av+v =P v+ inRY.
In a recent paper [1], Ambrosetti, Cerami and Ruiz showed that solutions of problem
(1.5) bifurcating from the semi-trivial solutions if A is sufficiently small. We will
show that ground state solutions of problem (1.5) are obstacles preventing the
global compactness of the associated functional of problem (|1.1)), and furthermore,
problem (1.1)) has no ground state solutions. So we have to find solutions at higher
energy levels. It is not known whether problem (1.5 has unique positive solution
or not. This brings difficulties in finding solutions. Fortunately, it was showed in
[1] that ground state levels of (L.5)) are isolated if A is sufficiently small or A < 1
and sufficiently close to 1.
Our main result is the following.

Theorem 1.1. There exist 6 > 0 and a constant p = p(\) such that if X € (0,9)
and

RY\ Q € By(wo) = {z € RN : |z — mo| < p},
problem (L.1)) has at least three pairs of nontrivial solutions.

Theorem will be proved by finding critical points of the corresponding func-
tional of problem (|1.1))

1 1
I(u,v):§/Q|Vu|2—|—u2dx+§/Q|Vv\2+v2da?

! (1.6)

—7/ |u|p"’1—&-|v|p+1dx—/\/uvclaz:7
p+1Jg )

where (u,v) € E = H}(Q) x H}(Q). In section 2, we show that ground state solu-
tions are exponentially decaying at infinity and that problem (1.1) has no ground
state solution. In final section, we prove Theorem

2. PRELIMINARIES

It was proved in [I] that problem (1.5) has a ground state solution (uy,vy) for
0 < A < 1, which is positive and radially symmetric.
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Lemma 2.1. There exist 6 = 6(A) >0 and C > 0 such that
|D%uy(z)| < Ce™17l, | D%y ()| < Ce 17l vz e RY (2.1)
for Ja] < 2.

Proof. Let wy = u) + vy, then w) satisfies

—Awy +wy = (U} +08) + Awy,  inRY. (2.2)
Since w = w(r) is radially symmetric, let ¢(r) = 7"%10)\, then ¢ satisfies
b
brr = lalr) + 510 (2.3
with ¢(r) = %W and b = W. Since uy and vy are radially

symmetric, uy (1), vA(r) — 0 as |z| — oo. There is 79 > 0 such that ¢(r) > 152 if

r > 79. Set 1 = ¢2, then 1) satisfies
1 b
51/%«7" = @7+ (q(r) + 772)% (2.4)

this implies that .. > (1 — A\)t for r > ro. Let z = e V=2 [1h, + /1T — X\, we
have
= VI e — (1= M) >0 (2.5)

for r > 9. So z is nondecreasing on (rg,+00). If there exists 1 > r¢ such that
z(r1) > 0, then z(r) > z(r1) > 0 for r > rq1, that is

Ur + VI = X > (2(r1))eV 1, (2.6)

implying that v, ++/1 — A\ is not integrable, a contradiction to the fact that both
1 and v, are integrable. Hence, there holds

(e,/l—Ar’L/})r — e\/l—)\rwr + /1 — )\6\/1—)\7",(/} _ €2m7.2,’ S 0 (27)

for r > rg. This implies

Y(r) < Ce VITAT, (2.8)
ie.,
d(r) < Ce 7" (2.9)
By the definition of ¢, w and the fact that uy, vy > 0 we have
Uy, vy < Cr—"z e T, (2.10)
This proves (2.1) with & = 0. Next we estimate the derivatives of uy,vy. Since
N up) ) = —erl[—uA—Fug + Avyl, (2.11)

we have

R R
/|(7"N_1(u>\)r)r|dr=/ rN_l[—u,\—l—u’))\—l—)\v,\]dr

o0

<o [T 212)
S
Vix

<Ce 717
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this means that r¥ ~1u, has a limit as r — oo and this limit can only be 0 by (2.12).
Integrating (2.11)) on (r, 00) we get
Nl (y), < Cem T (2.13)

Similarly, —rV=1(vy), < Ce~ T°7. Finally the exponential decay of (ux)pr and
(vx)rr follows from equation ([1.5). This completes the proof. O

Now we consider the variational problem

my = (u,iu%fé/\/l(u’v)’ (2.14)
where
N ={(u,v) € E\ {(0,0)} : {(I'(u,v), (u,v)) = 0} (2.15)

is the Nehari manifold related to I. Minimizers of m) are ground state solutions

of (L.1). By a ground state solution of (|1.1) we mean a nontrivial solution of (|1.1))
with the least energy among all nontrivial solutions of (1.1). Correspondingly, for

the limiting problem (|1.5]), the associated functional

1 1
Io(u,v) = §/RN |Vul|? 4+ u? dz + §/RN Vo2 +v* dz

) (2.16)
-— Ju[PTt 4 [u]P T do — A uv dx
p+ 1 RN RN
is well defined in H*(RY) x H'(RY). We define
my = inf  Io(u,v), (2.17)

(u,v)EN
where
Noo = {(u,v) € H'(RY) x H'RY)\ {(0,0)} : (I (u,v), (u,v)) =0}  (2.18)
is the Nehari manifold for 1.
Lemma 2.2. Problem has no ground state solution.

Proof. First we show that my = m2) . The fact H} () ¢ H'(RY) implies my >

oo

m2,. Let € be a cutoff function such that 0 < £(t) <1, £(t) =0 for t <1, £(t) =1
for t > 2 and |€'(¢)| < 2. Set &(z) = E(%‘), where p is the smallest positive number
such that RV \ Q C B,(0). Consider the sequence {(¢n, )} C E defined by

(@ns¥n) = (E(@)ur(x = yn), E(x)vr(2 = yn)), (2.19)

where {y,} C Q is a sequence of points such that |y,| — oco. We may verify that
there exists a sequence {t,,} € R* such that t,,(£(x)ux(z—yn), E(x)va(z—yn)) € N.
In fact, we may choose t,, so that

tp*l _ fQ |v¢n|2 + ¢121 + |an|2 + 1/%21 B /\anwn dx
! Jo |nlPFh + [P H da '

(2.20)
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Hence, for 2 < ¢ < %,

|6n() — ur(z — ya)l|% < 2 / fua (& — g)|? daz — 0,

B,

thn (@) — oa(@ — ya) L, <2 / for(x — )| dz — 0,

P

V(@) — Vaur(@ — ya)[22 < C /B Vus(@ — ga)|? de — 0,

IVn(z) — Vo(e — ga)|22 < C /B Vor( — )| da — 0

and
|, #@0@) =@ = p)or(e = ) do — 0

as n — oo. It follows that ¢, — 1 as n — oo since (uy,vy) € M. By the definition
of my, we have

my < I(tn(dn,¥n)) = mi + o(1) (2.21)

as n — oo, which implies m) = m2,.

Suppose now that my is achieved by (u,v). Extending (u,7) to RY by setting
(a,v) = (0,0) outside €, we see that (u,?) is a minimizer of ms. Since we may
assume that u > 0,9 > 0, we obtain a contradiction by the strong maximum
principle. This completes the proof. (]

3. PROOF OF THEOREM [I.1]

Problem (|1.1) is setting in a unbounded, in general, (P.S) condition does not
hold for I. In spirit of [2 Lemma 3.1] and [I, Lemma 4.1], we have the following
global compact result.

Lemma 3.1. Let {(un,vn)} C E be a sequence such that I(uy,v,) — ¢ and
I'(tun,vn) — 0 as n — oo. Then there are a number K € N, K sequences of
points {y)} such that |yl| — 0o asn — oo, 1 < j < K, K + 1 sequences of
functions (ul,vi) C HY(RN) x HY(RY),0 < j < K such that up to a subsequence,

(1) wn(2) = up () + 55 wh (2 = 9), vn () = (@) + 3, v (@ = ).

(i) ud(z) — u'(z),vo(x) — v°(z) as n — oo strongly in H}(Q).

(iii) wl(z) — v’ (z),vi(z) — vI(z) as n — oo strongly in H'(RY), where
I<j<K.

(iv) (u®, %) is a solution of and (u/,v7) is a solution of for1<j<

K. Moreover, when n — oo

K K
unl? = a2 4> 1w |12, foal® = (0002 + > 107, (3.1)
j=1 j=1
K . .
I(up, vn) = I(ug,v0) + 3 Too(u?,07). (3.2)
j=1

Proof. We sketch the proof for reader’s convenience. We may verify that (uy,,v,)
is bounded. Suppose that u,, — u°, v, — v* in H}(Q2) and u,, — u°, v, — v a.e in



6 H. GU, J. YANG, X. YU EJDE-2008/121

Q. Then, (u®,v%) solves (1.1). If (un,v,) — (u°,v"), then we are done. Otherwise,
let

(g) = {un—uo(:c), xEQ;V wl () = {Un—vo(x), x €,

0, r e RN\ Q, 0, r € RV\ Q,
then

lunll® = 1u°* + 2n]1* + 0(1),  lvall® = [[W°)* + lwy > + o(1).
By Brezis-Lieb’s Lemma [9], we deduce
||un||iii1 = ||uo||iii1 + ||Z}LHIZ:L +o(1), ||Un||1;;i1 = HUOHIE:L + ||w}L||Z[)Iil +o(1).
Thus,

Iz wh) = I(up,v,) — I(u®,v%) + o(1),
I'(zh,wh) = I'(un,v,) — I'(u?,0°) + 0(1) = o(1).

Suppose now that (z1,wl) /4 (0,0) in HY(RY) x HY(RY), we define

. = limsup sup / |zt Pt de, 6, = limsup sup / lw} P da.
Bi(y) B1(y)

n—oo yGRN n—oo yERN

We may verify that §, + &,, > 0 since (z},wl) 4 (0,0). We may suppose §, > 0,

then there is a sequence {y.} C RY such that fBl(y,%,) |21 [PT1 > % Let us consider
now the sequence (z}(z + yl), wl(x +yl)). We assume that (zl(z + y}), wl(x +
yr)) — (u',v'), then (u',v') is a nontrivial solution of (L.5). By the fact that
2zl — 0 we see that |yl| — co. Set

(@) = 2y (@) = ul (@ — yp), wi () = wy () — v (@ — y),

and repeat above procedure, it will stop at finite steps. The lemma follows. O

By [1, Lemmas 7.8 and 7.9], there exist 0 < A; < Ay < 1 such that my is an
isolated critical value of I, for A € (0, A1) U (A2,1). Denote mgy = inf{a > m2, :
« s a critical value of I} and m = min{mg,2m,}, then we have the following
result.

Corollary 3.2. The functional I satisfies the (PS). condition for ¢ € (my,m).

Proof. Let {(un,v,)} C E be such that I(u,,v,) — ¢ and I'(u,,v,) — 0 with
¢ € (mx,m). Since {(un,v,)} is bounded, we may assume that u, — u and
vy, — v. By Lemma [3.]]
K
(tnsvn) = > (W (@ = y}), 07 (x = y3)) = (u, ),
j=1
where (u,v) is a solution of and (u’, v7) is a solution of (L.5)), {y2}(1 < j < K)
are K sequences of points in RY. Moreover,
K
I, vn) = I(u,0) + > Tno(w?,07) + 0(1).
j=1
To prove that u, — u,v, — v in H} (), we need only to show K = 0. Since
c < 2my, we have K < 2. We claim that K = 0. Indeed, if K = 1, we have either
(u,v) # (0,0) or (u,v) = (0,0). If (u,v) # (0,0), then I(up,vy) > 2my + o(1),
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K}

which contradicts to the fact that ¢ < 2my; if (u,v) = (0,0), then I (u',v!) = ¢,
which contradicts the definition of m. The assertion follows. d
Now we introduce a function ®, : RN — H'(RY) x H'(RY) defined by
ot (e( 7 N
p(y) = to(&( 5 Jua(z —y),&(— )UA(J? Y)); (3.3)

where (uy,v,) is a ground state solution of equation (L.5)), ¢, is chosen such that

to(6(yur(z — v), €(L)oa(x — ) € N.

Lemma 3.3. (i) ®,(y) is continuous iny for every p > 0.
(ii) @,(y) — (ur(z —y),vr(x —y)) strongly in H'(RYN) x HY(RN) uniformly
my as p— 0.
(ili) I(®,(y)) — mx as |y| — oo uniformly for every p.

Proof. (i) is obvious since ®,(-) is the composition of continuous functions. (iii)

follows from the same argument of Lemma It remains to prove (ii). We claim
that

el |)UA(»’U—9)|\LP+1 @l e
]

5 )@ = Ylee = floa(@)lzon,

16— )UA(x—y)llﬁHUA(x)ll» (= )vx(m—y)llﬁllm(x)ll,

/RNap')uA( Ve Eon(a - >dm~/ ur(z = y)o(e — y)de.

Indeed,

=

Dt =) = wle =L <2 [ =yt
B, (3.4)
< 2P max uy P! meas(Ba,) — 0.

Similarly, we have

||s<%>w<x —y) —oa(@ — )l porr — 0 (3.5)

= / |EV§( 7l Yup(z —y) — &( Z Wauy(z —y) — Vux(z —y) > dz + ks meas(Bs),)

+2/ |§(M)Vu>\(x—y) — Vuy(z —y)|* dx + ko meas(Bz),)
<|z|<2p P

<kspN T2 4 EkypN — 0
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as well as
[ e - el i) - ne -yt -y as
< [ 6@ - pehoe - - ne-poue-pie 6
< kspN — 0.

This proves the claim. The definition of ¢, and the claim yield that t, — 1 as
p — 0. This together with equation (3.6[) imply (ii). O

Since I (ux(z —y), va(x —y)) = my, the following result is a consequence of (ii)
in Lemma [3.3

Corollary 3.4. For 0 < A < Ay or Ay < A < 1, there exists a p = p(\) such that
for p < p, there holds

sup 1(®,(y)) < m. (3.8)
yeRN

From now on we will suppose that €2 is fixed in such a way that p < p. Now we
define a function 8 : H*(RV) — RN as follows

80 = [ wle)(a)ada,

where

1 if0<t<R,
x(t) = .
R/tt ift>R

and R is chosen such that RN \ Q C Bpg.
Let By := {(u,v) € N': B(u) = 0 or f(v) = 0} and let co = inf(y v)ep, I(u,v).

Lemma 3.5. There holds co > my, and there is an Ry > p such that

(a) Zf|y| > Ry, then I(q)p(y)) c (m)\) mxz-i-c());
(b) if [yl = Ro, then (Bo Pyo®,(y),y) >0 or (BoPro®,(y),y) >0, where

P;(u,v) is the projection of (u,v) on the ith coordinate.

Proof. 1t is obvious that ¢y > m). Now suppose that c¢g = my, then there exists
a sequence (un,v,) € N with 8(uy,) = 0 or B(v,) = 0 such that I(up,v,) — my.
We may assume that G(u,) = 0. By Lemma Un(x) = up(z — Yn) + o(1),v, =
vo(2—yn)+o(1) with |y, | — co. Denote (RV)F = {z € RN : (z,y,) > 0}, (RY) =
RN\ (RM)}, then for n large we have Bi(y,) := {x : |z — y,| < 7} C (RN)} for
some fixed # > 0 and ug(x — yn) > dp > 0,v9(x — yr) > do > 0 for x € Bi(y,) and
some dg > 0. Lemma [2.1] implies

K K
UQ(J? - yn) < N_1> ’Uo(l‘ - yn) < N_1
65‘m_yn||x—yn| 2 e5|x_yn|‘m—yn‘ 2
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for x € Bi(yn). So we have

<ﬁ(U0($ - yn))vyn>
= [ wole = y)lel ) do+ [ ol =~ ga)x(lel) o) da
(RM)F (RN)7
K R|yn|

> [ dodlel)o ) do - w
By (yn) (RN, 66‘$_ynl €T — yn| 5

1
ZO[-O(W)>O,

where @ > 0 is a constant. Since ( is continuous, we have S(u,) # 0. This
contradicts to the fact that B(u,) = 0.
(a) can be proved in the same way as the proof of Lemma and (b) can be

proved as (3.9). O
Now let us consider the set ¥ given by
E:={t,®,(y) : ly| < Ro},
where t, is chosen such that t,®,(y) € N. We define

(3.9)

Cco+m

H={heCWN,N): h(u,v) = (u,v) for V(u,v) € N with I(u,v) < 5

}
and ' ={ACN,A=h(D)}.
Lemma 3.6. If AcT, then AN By # 0.
Proof. The proof of the lemma is equivalent to prove that for Vh € H, there is
y € RY with |y| < Ry such that BohoPio®,(y) =0or fohoPyo®,(y) =0. By
Lemma we have (B0 Py o®,(y),y) >0 or (BoPro®,(y),y) >0 for |y| = Ro.
Assume that (8o Py o ®,(y),y) > 0 without of loss generality and define
fly)=BohoPro®,(y),
F(t,y) =tf(y) + (1 —t)id.
(b) of Lemma 3.5 implies 0 € F(t, 0Bg,), hence, deg(F, Bg,,0) = deg(id, Bg,,0) =
1. This yields that there exists § € B, such that foho P, o®,(y) =0.

If (BoPyo®,(y),y) > 0, we may show that there exists a § € Bg, such that
BohoPyo®,(y) =0 in the same way. This proves the Lemma. O

Proof of Theorem[I-1. For X € (0,0), obviously, problem (L.1]) has two pair of posi-
tive solutions (Uy_x, Ui—») and (£U14x, FU1+2), where Uy, and U; 1y are positive

solutions of

—Au+(1—=Nu=|[ufftu inQ,
(3.10)
u=0 on 01,

and
—Au+ (1+MNu=[uftu inQ,

uw=0 on 01,

respectively. It is proved in [2] that problem (3.10) and problem (3.11]) have non-
trivial solutions. Define

(3.11)

cy = inf sup I(u,v), 3.12
s (u, v) (3.12)
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then we have m > ¢y > c¢g > m, since id € H and AN By # . A standard
deformation argument implies that cy is a critical value of I. Now, we claim that
cx < I(Ui—x,U1—x) < I(£Uy4x, FU14x) for p small sufficiently. Then the critical
points corresponding to c) are different from trivial solutions (U;_y,U;—») and

(£U14x, FU1+x). In fact, we note that Up(x) = (1 — )\)_PlﬁUl_,\(\/%) is a
solution of

~Au+u=[uf 'y in Q i,

| |1 Vi (3.13)

u € Hy(Q /7=x)

and extend U;_» to RY by setting U; ) = 0 outside Q. Denote by Jy(u) the func-

tional corresponding to problem (3.10) and let (uy,vy) be a ground state solution

of (1.5), since (Up,0) € N is not a ground state solution of (1.5)), for A small, we
have

Ino(ux,vy) < Ino(Up, 0) = Jo(Up)
p+l N
< 2(1 — )\)Pj77J0(U0)
=2J\(U1-»)
— (U1, Ur»).

By (ii) of Lemma ex — Ioo(ur,vy) as p — 0, for fixed Ao > 0 small, there exists
p = p(Aog) such that ¢y, < I(Ui_x,,U1-»,)- Noticing that ¢y and I(U;_x,Ui—_))
are continuous in A, applying compact argument to [0, Ag], we may find p; < p such
that for A € [0, A\g] we have ¢y < I(Ui—x,Ui—») if 0 < p < p1. On the other hand,
by [1] we have I(Uy_x,U;_») < I(£U14x, FU142), the proof is completed. O

Remark 3.7. For A close to 1, we may also obtain a critical value cy of I as the
proof of Theorem However, ¢y and I(Ui—x,U;—)) are close to each other if
p — 0. Hence, we may not obtain nontrivial solutions in this way.

Acknowledgements. This work is supported by National Natural Sciences Foun-
dations of China, No: 10571175 and 10631030.

REFERENCES

[1] A. Ambrosetti, G. Cerami, D. Ruiz; Solitons of linearly coupled system of semilinear non-
autonomous equations on RN, J. Funct. Anal., to appear.

[2] V. Benci, G. Cerami; Positive solutions of some nonlinear elliptic problems in exterior do-
mains, Arch. Rat. Math. Anal. 99(1987),283-300.

[3] V. Benci, G. Cerami; The effect of the domain topology on the number of positive solutions
of nonlinear elliptic problems, Arch. Rat. Math. Anal. 114(1991),79-93.

[4] H. Berestycki, P. L. Lions; Nonlinear scalar field equations, I and II, Arch. Rat. Math. Anal.
82(1983),313-345 and 347-376.

[5] G. Cerami, D. Passaseo; Exzistence and multiplicity of positive solutions for nonlinear elliptic
problems in exterior domains with "rich” topology, Nonlinear Anal. TMA 18(1992),109-119.

[6] M. J. Esteban, P. L. Lions; Ezistence and Nonezistence Results for Semilinear Elliptic Prob-
lems in Unbounded Domains, Proc. Royal. Edinbourgh Soc. 93 (1982),1-14.

[7] P. L. Lions; The concentration-compactness principle in the calculus of variations, The local
compact case, part I and II, Ann Inst. Henri. Poincare. 1(1984),109-145 and 223-283.

[8] P. H. Rabinowitz; Minimax Theorems and Applications to Partial Differential Equations,
AMS Memoirs 65(1986).

[9] M. Willem; Minimaz Theorems, Progr. Nonlinear Differential Equations Appl.,vol 24,
Birkh&user, Basel(1996).



EJDE-2008/121 MULTIPLE SOLUTIONS FOR A ELLIPTIC SYSTEM 11

[10] J. Yang, X. Zhu; On the existence of nontrivial solutions of a quasilinear elliptic boundary
value problem for unbounded domains(I)and (II), Acta Math.Sci. 7(1987), 341-359 and 47-
459.

Huwuan Gu
DEPARTMENT OF MATHEMATICS, JIANGXI NORMAL UNIVERSITY, NANCHANG, JIANGXI 330022,
CHINA

E-mail address: ruobing411@yahoo.com.cn

JIANFU YANG
DEPARTMENT OF MATHEMATICS, JIANGXI NORMAL UNIVERSITY, NANCHANG, JIANGXI 330022,
CHINA

E-mail address: jfyang_2000@yahoo.com

XIAOHUI YU
CHINA INSTITUTE FOR ADVANCED STUDY, CENTRAL UNIVERSITY OF FINANCE AND ECONOMICS,
BELING 100081, CHINA

E-mail address: yuxiao_2110163.com



	1. Introduction
	2. Preliminaries
	3. Proof of Theorem 1.1
	Acknowledgements

	References

