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STABILITY OF QUASI-LINEAR DIFFERENTIAL EQUATIONS
WITH TRANSITION CONDITIONS

WEIZHEN FENG, YUBIN LIU

ABSTRACT. This paper investigates the stability of quasi-linear differential
equations on certain time scales with transition condition (DETC). We estab-
lish Sufficient conditions for stability and illustrate our results with examples.

1. INTRODUCTION

The study of quasi-linear systems is valuable because it is an important transition
from linear systems to nonlinear systems. B. Liu [3] introduced the stability of a
class of quasi-linear impulsive hybrid systems by using the methods of Lyapunov
functions and the linearization technique. Y. Liu [4] gained sufficient conditions of
the exponential stability of a class of quasi-linear switched systems by using the
Cauchy matrices of its corresponding linear systems.

Differential equations on certain time scales with transition conditions (DETS)
are in some sense more general than dynamic equations on time scales. Akhmet [I]
investigated DETS on the basic of reduction to the impulsive differential equations
(IDE). A special transformation (i-substitution) was used in [I] which allowed the
reduced IDE to inherit all similar properties of the corresponding DETC.

In this paper, we make an attempt to investigate the stability of the DETC

y = Aty + f(t,y) + LY (taig1), € [taig1,toigal, t > 17,
Y(tair1) = Biy(tai) + Ji(y(t:)) + y(ta:), to; > 1°, (1.1)
y(t°) =yo, tY €Ty,
where the time scale TO = U;i-:og [tgi_l,tgi],ti < ti+1, t1 < 0< to,limi_,+oo t; =
400, and the derivative is one sided at the boundary points of Tp,

Yo, toji1 < tO < t2‘+2,
Y(taiy1) = " 0 '
Y(toit1), toip1 >1t°.
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Note that is more general than
y® = At)y + f(t,y), teT, (1.2)
since this equation can be written as
y' =AWy + f(t,y), t € [taig1,taital), 217,
Y(t2it1) = [A(t20)y(t2i) + f(t2i, y(t2i))(t2iv1 — t2i) + y(t2:), (1.3)
y(t°) =yo, t°€To.

2. PRELIMINARIES

Let R™ denote the m-dimensional real space and ||A| the norm of an n x n
matrix A induced by the Euclidean vector norm, i.e. [|A|| = [Amax(ATA)]z. Let
Rt =[0,+00), Ny ={1,2,...} and N = {0} U N,.

In the following discussion, we suppose that:

(A1) A(t) € O(To,R™™); By, Ay € R™™ f(t,y) € C(To x R™,R™); Ji(y) €

C(R"™,R™); f(¢t,0)=0and J;(0) =0 for t € Tp and i € N.
The following conditions will be used in some theorems:

(H2) There exist 6* > 0, o; > 0 (i € N) such that |B;y + J;(y) + yll < o]yl

whenever ||y|| < §%;

(H3> 0< A\ < inf{tgi — tgifl} < SupieN{tgi - tgifl} =A< o0,

0 < A3 < inf{toip1 —toi} < sup{toir1 —t2i} = Ao < 4005
iEN

(Ha) [Lf & o) < [F@N - Nlyll, (¢ y) € To x R™;
(H5) for all € > 0 there exists () > 0, such that || f(¢,y)]| < e]|y|| for all t € Tp
whenever ||y|| < 4.
Without loss of generality, we assume t° € [tom—1,t2m] and t9 > 0. Denote
A(To[t°,1]) = t = tops1 + D001 (tei — taim1) + (tom — 1°) for ¢ € [tapi1,t2pi2],
and Tpla, +00) = Ty N [a, +0).
A function y : [t%, +00) N Ty — R" is said to be a solution of if
(i) y(t) = yo;
(ll) y/ = A(t)y + f(t, y) —+ AiY(tQi.}rl) ifte [tQH_l, t2i+2] and ¢t > to,i € N;
(il)) y(t2it1) = Biy(tai) + Ji(y(ta:)) + y(tai), t2i > %, i € N.
Denote the solution of as y(t, 1%, yo).

Definition 2.1 ([1]). The t-substitution on the set Tj) = Tp\U;-% {t2i—_1} is defined
as
Yt)=t— > O teTy t>0, (2.1)
0<torp<t
where (Sk = t2k+1 — tgk.

Definition 2.2. (I) The zero solution of is said to be uniformly stable, if
for all ¢ > 0, there exists §(¢) > 0, such that for any t° € Ty, ||yo| < J implies
lly(t, 19 yo)|| < e for all t € Tp[t?, +00);

(IT) The zero solution of is said to be uniformly attractive, if there exists
8o > 0, such for all € > 0, there exists T'(¢) > 0 such that for any t° € Ty, ||yo|| < do
implies ||y(¢,t°, yo)| < & for all t € Ty[t® + T, +00);

(III) The zero solution of is said to be uniformly asymptotically stable if
the zero solution of is uniformly stable and uniformly attractive;
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(IV) The zero solution of (1.1)) is said to be exponentially stable, if there exists
a > 0 such that for all € > 0, there exists 6(g) > 0, such that for any t° € Ty, [|yo]| <
§ implies [[y(t, 1, yo)| < e~ for all t € Ty[t", +o0).

Let x(s™) = limy o+ 2(s + h),z(s) = z(s7) = limy, o- (s + h).
Lemma 2.3 ([1). ¢(¢) is a one-to-one map, ¥(0) = 0, ¥(I}) = R. The inverse

transformation is

Y (s) = s+ Z Ok, >0, s; =1(t), i € N. (2.2)

0<s,<s
Lemma 2.4 ([I]). ¢/'(t)=1ift € T}. L(p~'(s))=11ifs#s;, i€ N.

Lemma 2.5. If y(t) is the solution of (L1)), then z(s) = y(»=1(s)) is the solution
of

o = A(s)z + f(s,x) + AiX(sF), s€ (s5,8i41),5 > o0,
z(s}) = Biz(si) + Ji(z(s:)) + 2(s:),  8i > 0, (2.3)
(s°) = yo.
and vice versa, where A(s) = A(W=1(s)), f(s,x) = fF(~1(s),2), s = p(to),

)Z'(sv*) _ J Yo s; < s¥ < Sit+1,
g z(sf), si> s,

2(s;) = y(taitr)-

Lemma 2.6. The zero solution of (L.1)) is uniformly stable if and only if the zero
solution of (2.3]) is uniformly stable.

Lemma 2.7. Suppose that (H3) holds, then the zero solution of (L.1)) is uniformly
asymptotically stable if the zero solution of (2.3)) is uniformly asymptotically stable.

Proof. If the zero solution of (2.3)) is uniformly attractive, then there exists a dg > 0
such that for all € > 0, there exists T} (g) > 0, such that ||y]| < J,t° € Ty implies

llz(s,s%, yo)|| < forall s > s+ Ty. (2.4)

Hence, for the ¢ above, there exists a T = T + %)\2 > 0, such that t € Ty[t° +
T, +00) implies s = 1(t) > s° + Ty; that is,

||y(t,t0,y0)|| = ||z (s, SO,yO)H <e forallte To[to + T, +00) \ {tait1}, s = ¥(¢),
and
ly(tis1,t% o)l = lz(sF, 5%, wo) | = JHm, (si + R, s°,y0)|| < e. (2.5)

Therefore, the zero solution of (1.1 is uniformly attractive.
By the above conclusion and Lemma we can get that the zero solution of
(1.1) is uniformly asymptotically stable. O

Lemma 2.8. Suppose that (H3) holds, then the zero solution of (1.1|) is exponen-
tially stable if the zero solution of (2.3) is exponentially stable.
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Proof. If the zero solution of (2.3)) is exponentially stable, then there exists o > 0
such that for all € > 0 there exists §(¢) > 0, such that ||yo|| < J implies

—als=s") for g > 0. (2.6)

Fort >0t e [ta(m4p)—1s t2(m+p))s by (H3), we have

lz(s, 5%, y0) | < ee

j231

d(To[t%t]) > ph = —————
@ 0) = oy =

[(p+ D)X+ pAo] > 1(t —t°), (2.7)

where [ = Mﬁ. Hence, for the above ¢, and ||yo]| < d, we have
ly(t, 8%, go)|| < cem @I < cemelt=10) 4 € Ty, 4-00); (2.8)
that is, the zero solution of (1.1 is exponentially stable. O

Denote Y (¢,7), X(s,7v) as the Cauchy matrices of y' = A(t)y and =’ = A(s)z
respectively. It is easy to verify that Y (¢,7) = X(s,7) where t = ¢ =1(s),7 =
¥~ 1(y) when 7 # s;,t = 1 ~1(s) and T = t9;,1 when v = s;. Consider

Y =At)y, tE€ [taiy1,t2iqa], t >1°,

y(tais1) = Biy(tai) +y(ta), toi > t°, (2.9)
y(t°) = o
and B
o = As)e, s#si 82,
2(sf) = (Bi + Da(si), s> s, (2.10)
2(s%) = yo.
It is easy to verify that the solution of (2.9), for ¢ € [tapy1, toptal, is
P
y(t) =Y (t,tops1)(Bp + D ] Y(tantox—1)(Beo1 + DY (tam, t%)yo,  (2.11)
k=m+1

and the solution of (2.10)), for s € (s, spt1], is

x(s) = X (s, s;r)(Bp +1)] H X (sg,5-1)(Br—1 + D] X (5m,5%)y0. (2.12)
k=m+1
Denote

E(t,t°) = Y(t,taps1) By + D [ Y(tarstor—1)(Be—1 + DY (tam, 1°),
k=m+1

p
Ei(s,8°) = X(s, ) By + D[ [[ X8k 88-1)(Br1 + D)X ($m, s°).
k=m+1
3. STABILITY

Lemma 3.1. The zero solution of ([2.9) is uniformly stable if and only if E(t,t°)
is uniformly bounded on Ty with respect to t°.

The above lemma follows from ([2.11)); so we omit the proof.

Theorem 3.2. Assume that
(i) the zero solution of (2.9) is uniformly stable;
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(il) (H4) is satisfied and there exists a > 0 such that for all T € Ty,
fTO[T’+oo) HF(t)”dt <pB;
(iii) A; =0,J;(y) =0 for ally e R*, i € N.
Then the zero solution of s uniformly stable.

Proof. By (i), Lemma and Lemma we can get that there exists an M > 0
such that ||E (¢, 7)| < M for t,7 € Ty, t 2 T

We are going to prove that the zero solution of is uniformly stable. It is
important that under (iii), can be re-written

o = A(s)z + f(s,x(s)), s € (si,841], 5> s°,
x(s}) = Bix(si) + (s:), i > 8", (3.1)
(%) = yo-
For s € (s, s,,], the solution of is

o5) = X5+ [ X5, ol

2(sh) = (Bm + 1) X ($m, s"F)yo + /Sm(Bm + DX (8, 7) [ (7, 2(7))dr .

0

For s € (Sm, Sm+1]s
(s) = X(s,55)2(s,) + [ X(s,7)f(r,2(r))dr

Sm

= X(s,5)(Bm +I)X(sm,so+)y0

/ X (5,55 ) (B + )X sy, 7) (7, 2(7) ) + / X (57, 7) (7, 2(7))dr

— Ey(s, 8™ )yo + El(s,T)f(T,x(T))dT+/s Eu(s,7) J (7, o(7))dr

= E1(s, 8" )yo + /: El(s,T)f(T, x(7))dT .

By (3.1)), the above equality, and mathematical induction, we conclude easily that

z(s) = Ey(s,s")yo + /: E (s, T).]?(T,LL'(T))dT7 s> s (3.2)
Therefore,
[z(s)]| < Mllyol| +M/U [ F()|| - [J=(7)l|dT. (3.3)

By the Bellman inequality,

[z(s)]l < M\Iyollexp/ IE(7)ldr) < M]lyolle”, (3-4)

which leads to that the solution y(t) of ( satisfies

ly@)] < Meﬁ\lyoll-

which yields that the zero solution of (|1.1)) is uniformly stable. The proof is com-
plete. (]

Theorem 3.3. Assume that (H2), (H3), (H5) hold and
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(i) there exist M, > 0 such that sup,cpy,, 4, Y (¢, t2i-1)[| < M,
SUPte(ty;_1,tai] [A®)] <o, i€ N;
(i) there exist u, o > 0 such that ||A;|| < w, 0; < o fori € N and M(14+Ap)o <
qg<1.
Then the zero solution of 18 uniformly asymptotically stable.

Proof. From (H5) there exists §; > 0 such that

lf(t, )| <|lz||, whenever ||z| < d;. (3.5)
We claim that there exists do > 0 such that the solution of satisfies
llz(s)|| < 01,5 € (8% 8m] if [|2(s"F)| < 02, (3.6)
and
|z(s)|| < 61,8 € (sk,sk+1] Whenever ||z(s])|| < 2,k > m, (3.7

where 62(1 + Au) exp[(1 + @)A] < 6;. Note that x(s%F) = x(s0) if s° € (s4, 8541),
and z(s9%) = (B; + I)xz(sY) if s = s;,i € N.
Otherwise, if (3.6) is not true, there must exists 79 € (s°, s,,] such that ||z(7o)|| =

6, while ||lz(s)|| < 601 for all s € (s°79). Then, ||f(s,z(s))|| < |lz(s)|| for all
s € (s, 7).
For any s € (s°, 7], it is true that

S

o) =26 + [ LA + T ) + Aol

s0

which implies

lz ()] < fla (s + M) + /:(1 + a)||=(r) | dr. (3.8)
By the Bellman inequality, for s € (s°, 7],
lz(s)]l < [lz(s"F)II(L + Ma) exp[(L + @) Al; (3.9)

that is,

lz(s)]| < d2(1 + M) exp[(1 + @)A] < 1,
which contradicts the fact that ||z(7p)|| = 01. Hence, is true. Similarly, we
can get that is true. Thus, if [|2(s])| < d2, then

lz(s)ll < llz(sOII(L + Me) exp[(1+ )Nl s € (sk, sk41], b > m. (3.10)

For a given gp: 0 < g9 < min{l — g, %}, we choose €1: 0 < g1 < 1 such that

e1MA(1 + Ap) expl(1 4+ a)A] < gp. By (H5) there exists a d3: 0 < d3 < min{dy, 6*}
such that ||f(s,z)|| < e1|z| whenever ||z|| < Js.

By a proof similar to the above discussion, we can obtain 0 < d4 < d such
that [|z(s)| < ds,5 € (5%, 5m], and holds for s € (s, s,,,] if ||2(s°7)| < d4.
We can also get that, for k > m, [|z(s)|| < 83,5 € (s, sg+1] and (3.10) holds for
s € (K, Sk+1] whenever [|z(s])| < 4.

Denote d5 : 0 < 05 < min{és, %}. Let ||lyo|| < d5. Then ||z(s°T)| < d4. From

([2.3) we get that for s € (s°, s,,],

w(s) = X(s,57)a(s") + /0 X(s,)[f(r,2(7)) + Apporz(s"))dr

= (XG5, + [ X(sm)dr - Apafa(s) + A
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where A, = f:o X(S,T)f(T,x(T))dT.
That ||yo|| < d5 and that (3.9) holds for s € (5%, s,,] leads us to

As < Mél/ lz(r)lldr < [lo(s* )l - Mer(1+ pd) expl(1 + a)A|A < ol (s" )|
50

for s € (s°, s,,]. Hence, for s € (s°, 5,,,],
[z (s)]| < (M + g0 + Mp)|la(s")]]. (3.11)
Therefore,
[z (sq )l = | Bma(sm) + Jn(2(5m)) + 2(sm)]|
< o(M + 2o+ MuN)ja(s*)] (3.12)
< (g + aeo)[[x(s"F)|| < ba.
From we obtain that for s € (s, Sm+y1],

2(s) = [X(s,s}) + /S X(s,7)dr - Ap)z(sh) + Ag, (3.13)

As = f:m X(S,T)f(T,JJ(T))dT, s e (smasm-l-l]'
As for (3.11]), we can get that, for s € (S, Sm1],

[z(s)I| < (M 4o + Mpd)||z(s;0)ll, (3.14)
(s )l < (g + o20) (s < da. (3.15)
By mathematical induction, for s € (si, Sg+1], we obtain
le(si)l < 61, Nlz(s)l] < (M + 20 + Mud) (sl (3.16)
la(st )l < (a4 ozo) (s < 81k > m, (3.17)
Hence,
lz(si0)1 < (g + 020)* ™ a(s*F) ||, k > m. (3.18)

Since for each & > 0, there exists N7 € N, such that n > Ny implies (¢+0e)™ < &
there exists 71 = Ny such that for any |yo|| < 05, s° € Ty, s > s + T,
|z(s)|| < dse, and |lz(s)|| < (M +eo + Mul)dse, s € (Sk, Sk1l;
that is, the zero solution of (2.3) is uniformly attractive.
Form (3.12)),(3.18]), we conclude that
(s < [la(s" )]l (3.19)
Therefore, for each ¢ > 0, there exists 0 < § < min{ds,e}, such that |y < 0
implies
lz(s)ll < 1+ 0)e, kb > m,

and

llz(s)]| < (1+0)(M 4o+ MpN)e, s € [s°,+00) U Tp; (3.20)
that is, the zero solution of (2.3) is uniformly stable.

Summing up the above discussion, we can get that the zero solution of (2.3)
is uniformly asymptotically stable. Hence, by Lemma [2.7, we get that the zero
solution of (1.1 is uniformly asymptotically stable. O
Theorem 3.4. Assume that (H2), (H3), (H5) hold and for k € N,

(i) There exist M, > 0 such that ||[Y (¢, s)]| < Me 2t=9) top 1 <s<t<to;
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(ii) there exist 0,3 > 0 such that o < o, 8 < a, and
oM (1 + l)e_(a_ﬁ)(tzk_tQkfl) <1:
a —_ b
(iii) [|Ax] < e .
Then the zero solution of (1.1) is exponentially stable.

Proof. At first, we investigate the solution of ([2.3)),
+ + s £
X(s,88)x(s)) + fsp X(s,7)f(r,z(7))dr

o(s) = +x(s)) fssp X(s,7)dr - Ap, S € (Spy Spt+1], p > m,
X (s,8"0)a(s%) + [5 X (s,7) f (7, 2(7))dr
+a(s0) [5 X (s,7)dT - Ap_y, s € (8% 8.
(3.21)

Case I: M > 1. Let M’ = max{l,0},e9 > 0 such that egM'M?*(1 + 1) < B.
(H5) yields that there exists a 6(g¢) > 0 which ensure || f(s,z)|| < £o|z| whenever
lz]| < 0 and s € Tp.

For [|yo]| <

(which ensure [|z(s°1)|| < , there exists 717 :

5 5
MM (14 1) ST
s+ Ty < 8y, such that ||z(s)|| < 6 for s € (s, s° +Ty]. Hence, for s € (s°,s° +T1],

le(s)] < 11X (s, O] - ()] + / X () 1T
+ A - (%) / 1% (s, )l
< Memo6=") |lz(s)|| + / R

—|—€_a)\||$(80+)H/ Me—a(s—‘r)dT
s0

1— —a S
< M(l + #)efa(sfst))ux(sw)” +M€o/ e*“(S*T)Hx(T)HdT
(6% $0

1 1 s
<M1+ E)e*ﬁ(sfso)”x(smr)” —|—M’M260(1+ E)/ eiﬁ(S*T)Ha:(T)HdT;
SO
(3.22)
that is,

. 1 . 1 N
(s e < M(1+ 1) o) + MMt + 5) [ amlar. (329

0

By the Bellman inequality, for s € (s°,s® + Ty],

()] < M1 4 om0 M+ DI o (500 (3.24)

which leads to
llz(s)| < g for s € (s%,5° + T]. (3.25)

We claim that
llz(s)|| <& forse (52 5] (3.26)

In fact, if (3.26]) is not true, there exists s’ € (s°+1T1, s,,], such that ||z(s’)| = ¢ and
lz(s)|| < 6 for s € (sY,8"). As above, we can prove that (3.24)) holds for s € (5%, §'];
that is, [|z(s)|| < & for s € (s°,8'). Hence, ||z(s)|| = lim,_ o [|2(s)]| < § < 6,
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which is a contradiction to that ||z(s")|| = d. (3.26]) leads us to that (3.22) is true
for s € (s, 5.

Also ([3:26)) yields that (3:24) is true for s € (s°, s,,]. Therefore, [|2(sp)| < 52,
and

N

l(s) | = 1 Bma(sm) + Jm(z(sm)) + 2(sm) | < omll2(sm)]| < 5- (3.27)

—~

So, there exists To : Sy + T2 < Spmt1, such that ||z(s)|| < ¢ for s € (Sm, Sm + To).

Since (3.22) holds for s € (s°, s,,], for s € (8, 8m + T2),

()l < 1X (s, sm)ll - (sl +/s 1 (s, 7)1 - 11 (s () [l

+ 1 Am] - IIx(Sin)H/ 1X (s, 7)ld7

< (e g [ e T a(s))|

+eoM [ e *CTD|z(7)||dr

1 1
< oML+ e T M (14 S)emCn Do (s0)|

+eoM / e~ m =) ||z (7)||d7] + Meg / e 6=\ z(7)||dr
s0 Sm
1
= o M1+ )%em 0D ()|

1 Sm S
FondP (1t e [ I a(r)dr 4 Meo [ e o(r)ar
s0 S
Hence, for s € (S, Sm + To],
1 1 s
o) < M1+ 2)e Dol + MMPe(1+ 3) [ e He (o) ar
s0
(3.28)
Hence, for s € (Sm, Sm + T3], (3.24) holds. So, ||z(s)|| < ¢ for s € (Sm,Sm + T2
Similarly, we can prove that ||z(s)|| < 0 for s € (Sm, Sm+1] and (3.24) holds for
S € (Sm, Sm+1]-

Suppose that for [|yo] < W(H—é)’ (3-24)) holds for s € (5%, s3], k > m. Then
by (3-24), we have [|z(sy)|| < 5o7. Hence, |2(sf)|| < okllz(sk)| < §/2. There
must be an Hy > 0 : s + Hy; < sg41, such that ||z(s)|| < d for s € (s, sk + Hi.
Therefore, for s € (sg, s + Hil,

()l
1 S
< M(1L+ —)e W fla(s]) | + Mfo/ e~ la(r)|ldr

Sk
1 1
< M1+ Dyemoto gy (1 4 L)emetrmsen|p(st )]
[0 [0}
Sk S
+ Meq / e~ =) o (r) dr] + Mo / =) l2(7) | dr
Sk—1 Sk

1
<o M2 (1+ =)2e b)) la(s )|
(6%
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S

1 Sk
b1+ Do [ e a(n)dr + My [ e alr) dr

Sk—1 Sk

1 1 s
<ML+ e Dl )|+ MM+ Do [ P a()dr

Sk—1

1 , 1
< M(14 —)e T M (14 —)em ) la(s) )|

Sk—1 1 s
#Meg [ e o) far) + MM+ Do [ P (e

Sk—2 Sk—1

1

< o MP(1+ — )2 Plmsemalinmaalig(sf )|

1 1
FMAMP+ Dz [ e o) ar

Sk—2
1 S
FMAP e [ P falr) far
Sk—1

< M1+ é)e(a—ﬁ)(skﬂ—sk72>—ﬁ<s—sk71)—a<sk71—sH)||$(3;72)H

1 S
FMAP e [ B o) far

Sk—2

1 1 s
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So, for s € (s, sk +Hi], (3.24) holds, which implies that ||z(s)|| < d for s € (9, s+
H,]. Similarly, we can prove that ||z(s)|| < d for s € (s°, sg41] and (3.28) holds for
s € (8%, spy1]. Therefore (3.24) holds for s € (5%, sp41]. By mathematical induction,
we can conclude that ||yo| < W(H%) leads to ([3.24) holds for s € (5%, +00).

Case II: M <1. Let 0 <¢gp < We can get

B
M’(1+1)"
1 /
lo(s) < (1 + ~)em oM UFEDE=D g (04)).

Summing up the above discussion, we can conclude that no matter if M > 1 or
M < 1, there exists a y(M, M’, ) > 0, such that

1

o) < M'(L+ e 7Dy, 5> 5°.

Therefore, the zero solution of (2.3 is exponentially stable. By Lemma we can
conclude that the zero solution of (|1.1]) is exponentially stable. O

4. EXAMPLES
As a first example consider the equation

v =Ay+ f(t,y), te2k+1,2k+ 2

y(2k +1) = By(2k) +y(2k), ke N

where 4, B € R™" || f(t,y)|| < F(t) - yll, [y F(t)dt < +oc.
(i) If ellAl .|| B 4 I|| < 1, then the zero solution of (#.1]) is uniformly stable.

(4.1)
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(ii) If
min{Re(\;) : A; is an eigenvalue of A} = —a <0 (4.2)
and e~ *||B 4 I|| < 1, then the zero solution of (4.1)) is uniformly stable.
As a second example consider the equation

y =Ay+ f(t,y) + CY(2k +1), te2k+1,2k+2
y(2k + 1) = By(2k) + y(2k), ke N

where A, B € R™*", f(t,y) satisfies (H5) (for example, f(t,y) = (v3,...,y2)7).
(i) If el Al (14 ||C|DI B+ || < ¢ < 1, then the zero solution of (&3] is uniformly
stable.

(if) If (4.2) holds, e=*(1+ ||C|)|IB + I]| < ¢ < 1, then the zero solution of (4.3
is uniformly stable.

(iii) If ([@.2) holds, e=*(1+ 1)[[B+I|| < ¢ < 1 and ||C|| < e™®, then the zero
3

solution of (4.3]) is exponentially stable.
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