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ENERGY DECAY FOR WAVE EQUATIONS OF ¢-LAPLACIAN
TYPE WITH WEAKLY NONLINEAR DISSIPATION

ABBES BENAISSA, AISSA GUESMIA

ABSTRACT. In this paper, first we prove the existence of global solutions in
Sobolev spaces for the initial boundary value problem of the wave equation of
¢-Laplacian with a general dissipation of the form
(Ju''72u") — Agu+o(t)gu’) =0 in Q x Ry,

where Ay = Y7 | 02, (6(|02;1%)82;). Then we prove general stability es-
timates using multiplier method and general weighted integral inequalities
proved by the second author in [I8]. Without imposing any growth condition
at the origin on g and ¢, we show that the energy of the system is bounded
above by a quantity, depending on ¢, o and g, which tends to zero (as time
approaches infinity). These estimates allows us to consider large class of func-
tions g and ¢ with general growth at the origin. We give some examples to
illustrate how to derive from our general estimates the polynomial, exponential
or logarithmic decay. The results of this paper improve and generalize many
existing results in the literature, and generate some interesting open problems.

1. INTRODUCTION

In this paper we investigate the existence of global solutions and their decay
properties for the initial boundary value problem of the wave equation with weak
dissipation

(' ["720") — Agu+a(t)g(w') =0 in Q x Ry
u=0 onl xR4 (1.1)
w(x,0) = up(z), o' (r,0)=ui(x) onQ
where 2 is a bounded domain in R™, n € N*, with a smooth boundary 92 = T,
I > 2, ¢, o and g are given functions, and Ay = >0 | Oy, (#(|0x,]*)0z,). The
functions (ug,u1) are the given initial data.
Concrete examples of (|1.1)) include the dissipative wave equation
v —=Ayu+g)=0 inQxRy
u=0 onI[ xRy (1.2)
uw(z,0) = up(x), u'(z,0) =wui(z) on Q
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where [ =2, ¢ =1 and o =const. The degenerate Laplace operator

u” — div(|VulP72Vu) + g(u') =0 in Q x R,
u=0 onI xRy (1.3)
u(z,0) = ug(x), u'(z,0) =wui(z) onQ

where [ =2, ¢ = s"%" with p > 2 and 0 =const. And the quasilinear wave equation

Vu

V14 |Vul?

u=0 onI xR,
uw(z,0) = ug(x), u'(z,0) =wui(z) on Q

u"—div( >—|—g(u’):0 in Q xRy

(1.4)

when | = 2, ¢ = 1/4/1+ s and o =const. Problem , with —Au/ instead of
g(u"), describe the motion of fixed membrane with strong viscosity. This problem
with n = 1 was proposed by Greenberg [16] and Greenberg-MacCamy-Mizel [17] as
a model of quasilinear wave equation which admits a global solution for large data.
Quite recently, Kobayashi-Pecher-Shibata [25] have treated such nonlinearity and
proved the global existence of smooth solutions. Subsequently, Nakao [31] derived
a decay estimate of the solutions under the assumption that the mean curvature of
0f) is non positive.

Our purpose in this paper is: firstly to give an existence and uniqueness theorem
for global solutions in Orlitz-Sobolev spaces to the problem .

Secondly (for the stabilization problem), the aim of this paper is to obtain an
explicit and general decay rate, depending on o, g and ¢, for the energy of solutions
of without any growth assumption on g and ¢ at the origin, and on ¢ at infinity.
More precisely, we intend to obtain a general relation between the decay rate for
the energy (when ¢ goes to infinity), the functions o, ¢ and g. The proof is based
on some general weighted integral inequalities proved by the second author in [18]
and some properties of convex functions, in particular, the dual function of convex
function to use the general Young’s inequality and Jensen’s inequality (instead of
Holder inequality widely used in the classical case of linear or polynomial growth
of g at the origin) in objective to prove our general decay estimate under a general
growth of g at the origin. These arguments of convexity were used for the first time
(in our knowledge) by Liu and Zuazua [28], and then by Eller, Lagnese and Nicaise
[15] and Alabau-Boussouira [5].

In particular, we can consider the cases where g and ¢ degenerate near the origin
polynomially, between polynomially and exponentially, exponentially or faster than
exponentially. This kind of growth was considered by Liu and Zuazua [2§] and
Alabau-Boussouira [5] for the wave equation, and Eller, Lagnese and Nicaise [15]
for Maxwell system. So we complement the results obtained in [8] and [9].

In this paper, the functions considered are all real valued. We omit the space
and time variables x and ¢ of u(t, z), u:(t,2) and simply denote u(t, ), us(t, ) by
u, 1, respectively, when no confusion arises. Let p be a number with 2 < p < +o0.
We denote by || . ||, the LP norm over Q. In particular, L? norm is denoted || . ||2.
(. ) denotes the usual L? inner product. We use familiar function spaces VVO1 2,

The paper is organized as follow: in section 2, we give some hypotheses and we
announce the main results of this paper. In section 3 and section 4, we prove all the
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announced results. In section 5, we give some applications. Finally, we conclude
and give some comments and open questions in section 6.

2. PRELIMINARIES AND MAIN RESULTS

We use the following hypotheses:

(H1) o : Ry —]0,+00[ is a non increasing function of class C1(R ) satisfying

+oo
/ o(1)dr = +oo. (2.1)
0

(H2) ¢ : Ry — Ry is of class C(]0, +oo[) N C([0, +00]) satisfying: ¢(s) > 0 on
10, +00[ and ¢ is non decreasing.

(H3) g: R — R is a non decreasing function of class C(R) such that there exist
€1,c1,c0 >0, 1—1<r (n—2)r <n+ 2 and a convex and increasing
function G : Ry — R of class C*(R;) N C2(]0, +o0[) satisfying G(0) = 0,
and G'(0) = 0 or G is linear on [0, €] such that

als|' ™t <lg(s)l S ealsl” if |s| > e, (2.2)
[sI' + 9%(s) < G~ (sg(s)) if [s] < ex. (2.3)
Remark 2.1. 1. We have f0+oo ¢(T)dr = +00, and s — [ ¢(7)dr is a bijection
from Ry to Ry.
2. The function ¢(s) = 3 [ ¢(7) dr is a convex function. Indeed, let z1 # 0 and

x1 # 0 such that 21 < z9, as ¢ is of class C'([x1, 72]) and a non decreasing function,
then ¢ is a convex function. Now if 1 = 0, we have for all 0 < A <1

Azo T2
amgzéo W@“:%NA 6(\2) dz

where we have make the change of variable s = Az. As ¢ is a non decreasing
function and A\zg < x5 for all A € [0, 1], then

P(Az2) < Ap(2).
3. If g satisfies
H(ls|) < lg(s)| < H7H(|s]) if |s| < e
for a function H : Ry — Ry satisfying H'(0) = 0 or H being linear on [0, /%]
where § = 2max{1,e,"?} such that the function s — +/sH(y/s) is convex and
increasing function from R to R of class C* (R )NC?(]0, +o0], then the condition

([2.3)) is satisfied for
S S
6t) =313

In the other hand, g satisfies (H3) for any €} €]0,¢1] (with some ¢}, ¢4 > 0 instead
of ¢1, ca, respectively).

Now we define (as before) ¢(s) = 3 J§ @(7)dr and the energy associated to the
solution of the system (1.1]) by the following formula:

E(t) = Z_Tl/g|u’\ldm+/§22é(|ﬁmu|2)dm. (2.4)
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By a simple computation, we have

E'(t) = —o(t) / W g(uVd, (2.5)
Q
so F is non negative and non increasing function. We first state two lemmas which

will be needed later.

Lemma 2.1 (Sobolev-Poincaré’s inequality). Let p > 1 and ¢ > 1 with (n —p)q <
np, then there is a constant ¢, = c.(Q,p,q) such that

lully < el Vull, for  uweWyP(Q).
The case p = q = 2 gives the known Poincaré’s inequality.
Lemma 2.2 (Guesmia [I8]). Let E : Ry — R, differentiable function, A € Ry
and ¥ : Ry — Ry convex and increasing function such that U(0) = 0. Assume that
“+o00
/ W(E(t))dt < B(s), Vs> 0
E'(t) < XE(t), Vt>0.
Then E satisfies the estimate
E(t) < e Tog! (e*“*h(ﬂ)xp(w*l (h(t) + w(E(O))D), V>0

where

1
1

U(t) ifA=0,
dt) = vt >0,
® {;Wgﬂds if A >0, =

h(t) _ Kﬁl(D(t))a ift > TOv
o if t €10, Tp)

Yt +9(E(0))) By
(Y-t +0(E(0)))

t
D(t):/ eMds, Vt>0,
0

_ [ _E0) o, ift> 1Ty,
To=D (W) TO_{L ift € [0,Ty).

vt >0,

Remark 2.2. If A = 0 (that is E is non increasing), then we have
B(t) < o7 (h(t) + w(E(0)), V=0 (2.6)
where 9(t) = [, gty ds for t > 0, h(t) = 0 for 0 < t < gadks and
v (t+w(E(0)))
(v (t+w(EW0))

This particular result generalizes the one obtained by Martinez [29] in the particular
case U(t) = dtP™! with p > 0 and d > 0, and improves the one obtained by Eller,
Lagnese and Nicaise [15].

t>0

RNt =t +
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Proof of Lemma[2.3. Because E'(t) < AE(t) implies E(t) < M=) E(ty) for all
t > to > 0, then, if E(ty) = 0 for some ty > 0, then E(t) = 0 for all ¢t > t¢, and
then there is nothing to prove in this case. So we assume that E(t) > 0 for all ¢ > 0
without lose of generality. Let

L(s) = /m U(E(t))dt, Vs> 0.

We have L(s) < E(s), for all s > 0. The function L is positive, decreasing and of
class C*(Ry) satisfying
—L'(s) =VU(E(s)) > ¥(L(s)), Vs=>0.

The function v is decreasing, then

(w(zis)) = qj([L”(f))) S1, Vs>,
Integration on [0, t], we obtain
BL) > £+ $(EO), V>0 (2.7)

Since ¥ is convex and ¥(0) = 0, we have
U(s) <T(1l)s, Vs € [0,1] and W(s)>T(1)s, Vs> 1,
then lim;_ ¥(t) = 400 and [1)(E(0)), +oo[C Image (¥). Then implies that
L{t) <! (t + w(E(O))), vt > 0. (2.8)
Now, for s > 0, let
fs(t) =e M /t erdr, Vt>s.
The function f is increasing on [s, +oos[ and strictly positive on |s, +oo[ such that
fs(s)=0 and fi(t) +Afs(t) =1, Vt=>s2>0,
and the function d is well defined, positive and increasing such that
d(t) < U(t) and Md'(t) = A\U(t), Vt>0,
then
0r (f(T)d(B(r))) = FUTAE(T) + £,(1) E'(7)d (E(7))
< (1= A1) R(E(T) + AL (1) R(E())
=U(E(r)), Vr>s>0.

Integrating on [s, t], we obtain
262 [ WEE) a2 LOdED), Wzszo (29)

Since limy_, 4o d(8) = 400, d(0) = 0 and d is increasing, then (2.8)) and (2.9) imply

E(t) < d—l( inf ¢_1<S+w(E(O)))

<d (it 20 ). vt>o. (2.10)
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Now, let t > Ty and

71 (s + v (E(0)
fs(t) ’
The function J is differentiable and we have
J(s) = 720 [0 (s 4 w(B(0)) — £ 0% (07 (s + w(EO0) )]
Then

J(s) =

Vs € [0,t].

J'(s)=0 & K(s)=D(t) and J'(s)<0 & K(s) < D(T).

Since K(0) = %, D(0) = 0 and K and D are increasing (because ! is
decreasing and s — ﬁ, s > 0, is non increasing thanks to the fact that W is
convex). Then, for t > Ty,
inf J(s) = J(K~1(D@)) = J(h(1).
s€0,t]
Since h satisfies J'(h(t)) = 0, we conclude from (2.10) our desired estimate for
t>1Tp.
For t € [0, Tp], we have just to note that E'(t) < AE(t) and the fact that d < ¥
imply

E(t) < ME(0) < 2T E(0) < XMogt (eW(E(o))) < Xog-1 (e”\lf(E(O))).
|

Indeed, we have just to choose s = %t in 1) instead of h(t) and note that

Remark 2.3. Under the hypotheses of Lem we have lim;_, o E(t) = 0.
d=1(0) = 0, limy_ 4 0o ¥ 1(t) = 0 and lim;_, 1 & f1(t) > 0.

Before stating the global existence theorem, we will give some notions of the the-
ory of Orlitz spaces (see [2] and [27]) which is suitable for a large class of quasilinear
equations.

Definition 2.1. A function ¢ : R, — R, is called an N-function if it is continuous,
convex, strictly increasing and such that
P P
limﬂ:Oand limﬂz—koo
s—0 8 s—0 §

The N-function complementary to @ is defined by ®(s) = max,>o(soc — ®(0)).
The Simonenko indices p(®) and ¢(®) are defined by

(1) (1)
N XTI X TON

Clearly, 1 < p(®) < ¢(®) < o0, and if ¢(P) < oo, then

D(t D(t
;@)% < (1) < Wp)% for all ¢ > 0. (2.11)
Integrating these inequalities, one sees that (2.11)) is equivalent to
(1) is increasing, and ) is decreasing for all ¢ > 0 (2.12)
() ’ ta(®) ' '
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We say that two N-function ® and ®; are equivalent if there exists two constants
(1 and C5 such that

Clq)l(t) S (b(t) § CQ(I)l(t) for all ¢ Z 0.

We denote by i(®) and I(¢) the reciprocal Boyd indices of ®. Sometimes, i(P)
is called the lower index and I(®) the upper index of ®. We have the following
characterisations:

i(®) = sup p(®1) and I(P)= @inf@q(@l).
di~D 1~

Let ® be an N-function satisfying I(®) < co. The Orlitz space L* = L?(Q) is the
space of all measurable functions f defined on Q such that [, ®(|f])dz < +o0. It
is endowed with the norm

[ Flls = inf {A > 0;/9@('{') dr < 1)

For every f € L® and every g € L? the following Holder type inequality holds:

/Q Faldz < 2] fllsllglls.

Let us denote by Wh® = W1®(Q) the space of all functions in L such that the
distributional partial derivatives belong to L®, and by W& ’é(Q) the closure of the
test functions in this space. Such spaces are well known in the literature as Orlitz-
Sobolev spaces (see [2]). We have Poincaré’s inequality for Orlitz-Sobolev spaces

lule < CVoulle, we Wy (Q), (2.13)

so that ||V, ull¢ defines an equivalent norm in Wy'® (). By Wy * = W, "*(Q)
we denote the dual space of Wé’q) ().

The classical Sobolev embedding theorem has been extended into Orlitz setting.
In the following we only need that if ® is an N-function such that for n’ = -2

(n>1) "

T B(s)
then it is possible to define an optimal N-function ®* such that the embedding
WEP(Q) — L (2.15)

holds; optimality means that L®" is the smallest Orlitz space for which (2.15)) holds.
If the integral in (2.14)) is finite or n = 1, then

Wet () — L¥(). (2.16)
We assume that ® is N-function satisfying
2
i(®) € ] ni_?:2,+oo {ﬂ]l,—koo[ and I(®) < +o0. (2.17)

and where ®* is the N-function from (2.15)), and identifying L? with its dual, we
have

1,® -1,®
Wy — L2 = WP,
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These dense inclusions also hold by the Sobolev embedding (2.16)) in the case that
the integral in (2.14)) is finite. Set

B(s) = % /O " o) dt.

Theorem 2.1. Assume that (ug,u;) € W&’é(Q) x L%(Q)). Then problem (1.1)

admits a unique strong solution on 0 x [0, 00[ in the class

C([0, 00[, Wy ® (22)) N C*([0, 00, L(£2))

Proof. The theory of maximal monotone operators associated with subdifferentials
(see [21], [22], [10] and [4]) imply that, for every (ug,u1) € Wy'?(Q) x L2(Q2), the
problem (1.1)) admits a unique global strong solution. (]

Our main result on stabilization is the following.

Theorem 2.2. Assume that (H1)-(H3) hold. Let 6(t) = ft

o o(r)dr. Then there
exist w, €g > 0 such that the energy E satisfies

E(t) < o1 (671 (hE®) + vle (BO)), V20 (2.18)
where
w(t):/tlwapl(ﬂdT fort>0; h(t)=0 forogtﬁng?EO()O));
» 7 (E+ 0(B(0))
h™(t) =t+ , fort>0;
wp (v (t+ (EO))) )

B(s) if r=1 and G is linear on [0, €],

p(s) = (J’(jf# if r # 1 and G is linear on [0, €],
356 (75%) 1e0=0

B o(s) if G is linear on [0, €],

#rle) = {s if G'(0) = 0.

Remark 2.4. 1. Under the hypotheses of Theorem [2.2] and thanks to Remark[2.3]
we have strong stability of (|1.1); that is,

lim E(t) =0. (2.19)

t——+o0

2. Thanks to (H2) and (H3), the function ¢ (defined in Theorem is of class
C1(R.) and satisfies the same hypotheses as the function ¥ in Lemma Then
we can apply Lemma [2.2] for ¥ = wep.

3. We obtain same results for the problem

u” — Ayu — o(t) div(y(| Ve [)Veu') = 0
such that
c1 <Y(s?) <y if |s| > e, (2.20)
[s]” +9%(s) <G (sg(s)) if[s] < er. (2.:21)
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Using , we give several significant examples of growth at the origine of g
and ¢, and the corresponding decay estimates. Some of these examples were given
(in less general form) by Liu and Zuazua [28] and Alabau-Boussouira [5] for the
wave equation, and Eller, Lagnese and Nicaise [15] for Maxwell system.

Polynomial or logarithmic growth for ¢ and polynomial growth for g. If
q p
o(t) = ct™ (ln(t + 1)) (degeneracy of finite order) and G(t) = 5 fore, d >0

(that is c’1|s|l(p+21)_2 < lg(s)| < c’2|s|% on [—eg, €] for some cf, ¢ > 0), m > 0,

g > —m and p > 1 (note that c3s™ T < ¢(s) < ¢hs™T9FL for c3, ¢f > 0 when s
is near 0), then there exists a > 0 such that for all ¢ > 0
ae™7® if (m +¢,p) = (0,1),

_ _r(m+q+1)
(r+1)(m+q)

B(t) < { a3 +1) ifm+qg>0,p=1,1r>1

2(m+q+1)

) T 2p(mta)tp—1

a(&(t) +1 otherwise.

Moreover, we can obtain more precise rate of decay, in the case ¢(s) = s™ with
m > 0 and
cils[? < lg(s)] < eafs|” if |s| < e
where % < 6 < p. We have the following estimates: If [ > p + 1, then for all £ > 0,
20(m+1)

al(d(t)+ 1) 2 =0 if2m+1> 6.
Ifl <p—+1, then for all t > 0,

~ —200mtl) 20(m+1)(p+1)

t 1 2m+1—6 fl > P S A
Bt <{a(a()+ ) if 1>

E(t) < {ae“”&(t) ifom+1 <4,

O+ @m+1)

- _ L . m
a(a(t) + 1) i ifl < 72(%&1)+(12)751pj11)).

Polynomial or logarithmic growth for ¢ and exponential growth for g. If
q
o(t) = ct™ (ln(t + 1)) (degeneracy of finite order) and H(|s|) < |g(s)| < H~(|s])

on [—er,e] where H(s) = 2e7* ', m > 0, ¢ > —m and ¢,7 > 0 (note that
~ o x
c3sMTITt < g(s) < ¢hs™ It and G(s) = e 275 *
'l

and ¥(s) < c’lecésfi on ]0,1] for ¢}, ¢4 > 0), then there exist o, 3 > 0 such that

for ¢3, ¢4 > 0 when s is near 0,

—2(m+gq+1)

E(t) < ﬁ(ln(ah(&(t)) + 2)) TEEEIE >,

Polynomial or logarithmic growth for ¢ and faster than exponential
q
growth for g. If ¢(t) = ct™ (ln(t + 1)) (degeneracy of finite order) and H(|s|) <

lg(s)] < H7Y(|s|) on [—€1,€1] where H(s) = 1H,(s), m >0, ¢ > —m,c, v >0 and

Hy(s)=¢e"" and Hp(s)=e ™1™ n=23 ...,
then (as in the example 2) there exist «, 3,0 > 0 such that

—2(m+g+1)

E(t) < A(Ha(h(z®)) ™, vtz 0,
where
Hy(t) =In(at +0) and H,(t) =In(H,_1(t)), n=2,3,---.



10 A. BENAISSA, A. GUESMIA EJDE-2008/109

Polynomial or logarithmic growth for ¢ and between polynomial and
q
exponential growth for g. If ¢(t) = ct™ (ln(t+ 1)) (degeneracy of finite order)

and H(|s|]) < |g(s)| < H™Y(|s]) on [—e1,e€1] where H(s) = %e_(H"(S))W, v > 1,
m>0,q>—m,c>0 and

Hi(s)=—-Ins and H,(s)=In(H,-1(s)), n=2,3,---

(then G(s) = e~ (75" when s is near 0) then there exist «, 3,0 > 0 such that

where

Hi(t) = In(at + 5)% and H,(t) =10 =23 ...

Exponential growth for ¢ (degeneracy of infinite order) and linear growth
for g. If ¢(t) = et ",y > 0, (note that cjt? et " < ¢(t) < cht" et for
¢y, ¢4 > 0 when s is near 0) then there exist «, 8 > 0 such that for all ¢t > 0

_ a4l

B < 6(h(&(t)))m(1n(ah(5(t))+2)>Lﬂ, ifr>1,

ﬁ(h(&(t)))‘l(ln(ah(6(t))—|—2)) T ifr=1

Faster than exponential growth for ¢ (degeneracy of infinite order) and

_t*"{

linear growth for g. If ¢(t) = e‘etﬂ,v > 0, (note that c’lsw‘le_erwe <

P(t) < c’yﬁ”“e’efW e~t"7 for ¢}, ¢, > 0 when t is near 0) then there exist o, # > 0
such that for all ¢t > 0,

,e(h(ﬁ(t)))%(ln(ah(&(t))+2))_1(1n( 5 +3)) Cifr s 1,

E(t) < .
ﬁ(h(&(t)))_1<ln(ah(&(t))+2)) (ln(ln(ah )) = if r=1.

Faster than polynomials, less than exponential growth for ¢ (degeneracy
of infinite order) and linear growth for g. If ¢(t) = e~ (=87 v > 1, (note
that ¢ te= (07 (—Int)'=7 < §(t) < chyte= ™MD (—Int)!=7 for ¢, ¢y > 0 when ¢
is near 0) then there exist «, 8 > 0 such for all ¢ > 0, that

~y—1

500 7 o= (7 (@A G 42) T (1n(ah(s >
) < B(h(5(t))) (1n(an( (t))+3))1 L ifr> 1,

B(h(5(#)))~Le~nlah(@(®)+2) (n(eh@@) +2) ifr—1.

Slow than polynomials for ¢ (slow degeneracy) and linear growEh for
g. If ¢(¢t) = |In¢|™" near of 0 where v > 0, (note that ¢fjs(—Ins)™7 < ¢(s) <
chs(—1Ins)~7 for ¢}, ¢4 > 0 when s is near 0) then there exists o > 0 such that for
allt >0,

1
)’Y(l+;)+1

a(h(5(t))) O+ e=((E®)

a(h(G(t))) " F1e(hEON T fr—1.

E(t) < ifr>1,
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3. PROOF OF THEOREM

For the rest of this article, we denote by ¢ various positive constants which may
be different at different occurrences.

If E(ty) = 0 for some ¢y > 0, then E(t) = 0 for all ¢ > ty, and then we have
nothing to prove in this case. So we assume that E(t) > 0 for all ¢ > 0 without loss
of generality.

We multiply the first equation of by o(t) “’(b?)u where ¢ : Ry — Ry is
convex, increasing and of class C*(]0, +oc[) such that $(0) = 0, and we integrate
by parts, we have, for all 0 < S < T,

O/STU(t)SZ(EE)/Qu(Qu’VQu')’A¢u+o(t)g(u')) dz dt

= {o(t)(p(EE)/Quu’u'l_de}z
—/ST/QU’W2(0'(75)95(EE)u+a(t)‘2’(Emu’+a(t)(‘7’(§))'u) d dt
+/STa(t)¢(EE)/Qg;d)(|8xiu|2)|6xiu|2dxdt+ATUQ(t)SZSEE/ng(u’)dxdt.

Using Lemma for p = 2 and ¢ = [ and the definition of E, we have (note also
that ¢ is convex and defines a bijection from Ry to Ry)

-1

Q Q Q
< c(/ |vu|2dx)1/2E“%
Q
< B (L0 ( [ o donauar))
i=1 i=1

< cET\/$L(E).

(3.1)

In the other hand, we have s¢(s) > 2@2)(3), [ > 2, ¢~ is non decreasing and @ is

convex, increasing and of class C*(]0, +oo[) such that $(0) = 0 (then s s

#(s)

s— ¢ 1(s) and s — —— are non decreasing). Then we deduce that

T
l/ﬂww@w

S

“Tl T @(E(SD r @(E> / /
< cE w>¢wﬂwjmﬁ+wLawf;AmVwammzm

To estimate the last integral above, we distinguish three cases:
Case 1: r =1 and G is linear on [0, ¢;]: We choose ¢(s) = s. For all ¢ > 0, we
denote

Qf ={zeQ:uw/ >0}, Q ={zeQ:uw <0}
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We have Ci|s| < |g(s)| < Cals| for all s € R (because 2 <1 <r+1=2), and then
(using (2.5))

/ /| |t dxdt<c/ a(t)/ﬂu'g(u')dxdtch(S)

and (note that o’ < 0)

/S U(t)%/ﬂmg(u'ﬂdxdt
< c/STU(t)/Quuﬂdmdt

g E(5) E(S) \:1
/S a(t)E(t)dtSc(1+é_1(E(S))+ é—l(E(S)))(b (E(S)).

Using the fact that ¢ is convex, increasing and ¢(0) = 0 (then s — — — is non
decreasing) we obtain from (3.2) that

o0 -
/S o(t)E(t)dt < coH(E(S9)).

Let E=¢ loFEog! (note that & is a bijection from R4 to R;). Then, for w > 0,

oo 1 -
/S HE®)dt < ~B(S)
v

Using Lemma for E in the particular case ¥(s) = we(s) and A = 0, we deduce

from that
E(t) < v (h(t) + 97 (B(0))), Ve 0.

Then, using the definition of E, we obtain (2.18)) in the case where r = 1 and G is

linear on [0, €1].
1+ 1

Case 2: r > 1 and G is linear on [0,¢;]. We choose ¢(s) = W For all
t > 0, we denote

A ={zcQ:|W|>e}, QB={rcQ:|u|<ea}

Using Young’s and Lemma [2.1] (for ¢ = 7 + 1 and p = 2) and condition (2.2)) we

have, for all € > 0 (using also the fact that s — @

g @ Al !
A MR IER

T ~ 1 r
o(E) r+1 o / == T+l
< -7 T
/S o(t) 5 ( o |l da:) ( o lg(u’)] dx) dt

is non decreasing),
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T
+c/ a(t)/ u'g(u') dx dt
s o
L@ E) ! :
e/ a(t)i/ \Vu\dedt—i—c/ J(t)/ (g7 +u'g(u)) da dt
Er+1 Q! g a

S

T ~r+1 -1 T
< 6/ U(t)wdt—&—c/s a(t) /Ql uw'g(u’) dx dt

g Er+l

IN

T
<e / o(H)(E)dt + cE(S).
S

Choosing € small enough, we obtain from (3.2)) that

"ot o [ e PES)
[ owatEma <o(5s) + B s1/o B D)
g SE(E) ! Vi
v “(”E/Q?(Iu |+ lug(u)) d dt.

On the other hand, we have C|s|'~! < |g(s)| < Cy|s| for all s € [—€1, €] and then
(note that s +— @ is non decreasing and follow the proof in the case 1)

’ @(E) Al ! r / ! /
C/S a(t)E/Q?(|u| +|ug(u)|)d:1cdt§c/s U(t)/Q(ug(u)—i—mu |) dz dt

< o(B(S) + 67 (B(S)))-
Then from we deduce that

T
RO
. E(S) =2 o P(E(S))) E(S)  \:a
<(* @y 2T O mS) | FwEy)? CO)
Finally (note that s — s, s 29 and s — —5— are non decreasing), we

obtain
o0 5
/S o(OB(EW)dt < e~ (B(S)).

Let E=¢ o FEog . Then we deduce from this inequality that, for w > 0,
+0o0 o 1 -
| (o) < SEs).
S w

- - S g4l
Using Lemma for E in the particular case U(s) = w@(p(s)) = wd)(zz% and
A =0, we deduce from (2.6) our estimate (2.18]).

Case 3: G'(0) = 0. We choose ¢(s) = 4325(1]?2) G’(qigf(i)) Using the fact that
" t(s)

2 . . .
s— G'(s), s — ﬁ(s) and s — =~ are non decreasing, we obtain (as in case 2)

T > T ~r+1 7—1
/S a(t)<p(EE)/Ql(|u'|l+|ug(u’))dxdtﬁe/s a(t)%durww)
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T F(E)YUE)
< e/s o) = gy 4 e(s)

T
:2660/ a(t)p(E)G'( ~igE2 )dt + cE(S)

s o~ 1(E)
T
< 2660/S o(t)p(E)dt + cE(S)

Choosing € small enough, we obtain from (3.2 that

Colt)p 2 o[ e PEB)
[ owatEma <o(5s) + B 5)/5 B )

T ~
o [CowBZ [ (ult+ ugtay) o
s E  Ja2
Let now G (s) = G(s?) (note that G satisfies the same hypotheses as i) and let G*
and G7 denote the dual functions of the convex functions G and G respectively in
the sense of Young (see Arnold [6, page 64], for the definition). Because G is convex
and G is not linear near 0, then there exists €} > 0 such that G” > 0 on |0, €}].
Since, because G'(0) = 0 and (2) — (3) are still satisfied for ¢’ = min{e;, €]} instead
of €1, we can assume, without lose of generality, that G’ defines a bijection from
Ry to R;. Then G* and G7 are the Legendre transform of G and G respectively,
which are given by (see Arnold [6, pp. 61-62])

G*(s) = s(G") 7 (s) = GI(G) M (5)],  Gils) = s(GY) " (s) = Ga[(GY) M (s)]-
Thanks to our choice
€052 2.2

o(s) = QE*l(S)GI((;NS*()l(S)) - gf;l(S)G/l( (501(5))a

we have

9

& (220 < oo (@) "5

AT < )

Then, by Poincaré’s inequality, Young’s inequality (see Arnold [6, p. 64]) and
Jensen’s inequality (see Rudin [35]), we deduce (|€?] is the measure of €2 in R™)

[ e [ gt

S

T e(E) RV
s/s a(t)T(Q?G (W' g(u))dz

+1Q/G7! (ﬁ/ﬁu’g(u’)dx)dt)
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T 3B T
< c/ o(t) (G]‘(% i1(B)) + 6 (7 pE ))>dt+c/ a(t)/ W) de dt
s s Q
T G/ E)
< c/ o(t) (60 + %)@(E)dt + cE(S).
S
Using the fact that s — (G')7!(s) and s — q;_f(s) are non decreasing, we deduce
that, for 0 < ¢g < Jf;éiﬁ)()(m,
4 @(E) Al I T ~
O’(t)iE (Ju'] + Jug(u’)]) dzdt < ceg o(t)p(E)dt + cE(S).
s Q2 s

Then, choosing €y small enough, we deduce from (3.2)) that

o L2 1 (E(S)) p(E(S))
/So(t)w(E(t))dtgc(l—l—E O E5 2 s )E(S)

Finally (note that s — s'2 and s V2 s) “’(S G’( 6352 ) are

non decreasing), we obtain

oo
/S o()B(E(#))dt < cB(S).

Let E = E o6~ !. Then we deduce from this inequality that, for w > 0,

+o0 ~ 1 -~
/S B(B(t)dt < B (5).

w
Using Lemma. 2.2/ for E in the particular case U(s) = w@(s) and A = 0, we deduce
from our estimate (2.18)). This is completes the proof.
4. AN APPLICATION TO WAVE EQUATIONS OF ¢-LAPLACIAN WITH SOURCE TERM

In this section we shall propose some applications of Theorem [2:2]
Example 1. Let us consider the Cauchy problem for the wave equation, in 2 xR,

(/[ ~2) — -*“)Za ()0(10s,ul)0s,u) + o(B)g(u) + f(u) =

u=0 onI xR,
u(z,0) = up(z), o' (z,0)=wui(z) on Q.

(4.1)

We define the energy associated to the solution as

-1 n
B) = [ @Ot [ o 73 nl i + [ @r ds

= 1_71/ A |fda + T (u)
L Ja

where F(u) = [;' f(s)ds. For the function f € C(R) we assume that there exists
an N—functlon P batlbfylng i(), I(¢) €]1,400[ and

lf()] <'(|t]) for every t € R. (4.2)
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If condition (2.14) is satisfied (so that ®* exists), then we assume in addition that
P(t) < @*(Ct) for all large ¢t > 0. (4.3)

Thus, we can verify that for all u € VVO1 *® with norm small enough that

1
» /Q B(|V,ul) de < |J(u)| < C /Q B(|V,ul) de. (4.4)

So, we obtain same results as in the theorem [2.1
Proof of the example 1. We prove only the second part. The proof of the first
part is a direct application of the theorem [2:2] We make an additional assumption

on g(v):
(H3’) Suppose that there exist ¢; > 0; i = 1,2, 3,4 such that
arfo” < Jg(v)] < eafu’if o] < 1, (4.5)
cs|vl® < g(w)| < eqlv|"for all |v| > 1, (4.6)
Where1§m§r,9§p,l—1§s§r§2—f§.
Proof of the energy decay. We denote by ¢ various positive constants which

may be different at different occurrences. We multiply the first equation of (1.1]) by
FE96'u, where & is a function satisfying all the hypotheses of lemma we obtain

= ' a5 [ (]2, — Agu+ o u')) dx
o-/SE /Q<<| =20, — Agu+ o(t)g(u)) da dt

T
= [Eq&’/uu’|u’|l_2d1‘]§—/ (qE’Eq_lé'—i—Eq&”)/uu’|u’|l_2dajdt
Q S Q

T T
—/ E%’/ |u’|ldxdt+/ B |Vl 20D dz dt
S Q S

T
—|—/ Eqﬁ'/o(t)ug(u’)dxdt.
S Q
we deduce that

T
2(m—|—1)/ EE dt
S

T
S—[Eqél/uu’|u’|l_2 dm]g—i—/ (qE'Eq_15'+Eq&")/uu’|u’|l_2dwdt
Q s Q

2 -1 )+1 [T g
LA Dmt D+ / Eq&’/ Iu’\lda:dt—/ E“Er’/a(t)ug(U’)dxdf-
l S Q S Q

(4.7)
Since F is non-increasing, ¢’ is a bounded nonnegative function on Ry (and we
denote by pu its maximum) and using Hoélder inequality, we have

|E(t)q&’/ wi/[of "2 da dt| < c,uE(S)ﬁ%"'?(mlH) vt > S.
Q
and

T
/ (qE'ET6" + ch?”)/ | |'=2 dx dt, da dt
s Q

T T _
< C/L/ —E'(t)E(t)? T dt 4 c/ E(t)q+l71+2<ml+1> (—a"(t))dt
s S
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< cpB(S)TH T I,

Using these estimates we conclude from the above inequality that
T
2(m + 1)/ E(t)'T95'(t) dt
s

< cB(S)1T T a4 20 = 1)(77+ D +l/ EiG '/ /| da dt

_ /S " g /Q o(t)ug(u') de dt

< cB(S)TT T a4 2= 1)(7+ D +l/ EiG ’/ /| da dt

T T
—/ Eq&’/ a(t)ug(u’)dazdt—/ Eq&'/ o(t)ug(u') dz dt.
s lw|<1 s w/[>1

Now, we estimate each terms on the right-hand side of the above inequality, to
apply Lemma [2.2] Using Hoélder inequality, we obtain

/ Eq&’/\u’\ldxdt
1 D
<0/ E%& /—uptu dmdt—i—C”/ E% / ))“)dmdt
a(t
<C/ Eq Edt+C'(Q /Eq
~/ J
< cprt! ’Q/ B3/ ()7 (— B 7 .
<c <S>+c<>s 7 () B

Now, fix an arbitrarily small ¢ > 0 (to be chosen later), by applying Young’s
inequality, we obtain

T
/ E%’/ |u'|' da dt
S Q

(B
o (t)

+1-1 o (T o l 1
< CEY(S) +c'P T2 <+1*l>/ Bl dt + C'(Q)—— —E(9).
= ()+ () p+1 ew ; P o + ()p_’_lg(p-l%—l) ()

(4.8)
Ifl >p+1, from (4.5) and (4.6)) we obtain easily that
T
/ Eq(}’/ |u'|" da dt < CETTL(S). (4.9)
s Q

Thanks to Young’s inequality,

/Eq / tug(u dxdt/ E%5 / ||u| / lg(u )\2d:v>§dt
|u’|<1 |u’\<l |[u'|<
20 1/2
<[ o / OIeullanea( [ (o) ar)
|u’\<1 [u’|<1
T

0/(60+1)
< C/ ) Xae==y &'o Gy (t) (/ ou'g(u’) dx) dt
S |u’|<1
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T
< c/ ET 3 6/ @D (t)(— E') 7T dt.
S

Applying Young’s inequality, we obtain

T p T 1 1 0+1
/ Eqﬁ’/ o(t)ug(u') dz dt < C(Q)z—:2+1/ (E‘H A0 5/ g D (t)) dt
s lu’|<1 s

+C(Q)81+1/T(—E’)dt

g0 /8
(4.10)
/ Eqa/ tHug(u') dz dt
\u’|>1
r cE)r 1
< C(92)- (T-H)/ E(q+2(v+1>)(T+1) ! T dt 4 — E(5),
<o [ ol s e B
(4.11)

The case [ > p+ 1. We consider two subcases

e 0 >2m + 1. Choose ¢ = 0 and we have (2(7“))(9 +1) =1+ «, where

_9—(2m+1)
= Smsny 20
e § < 2m + 1. Choose ¢ such that (q + m)(@ +1) = g+ 1. Thus,
_ 2m—0+1
4= 20(m+1)

The case [ <p+ 1.
e 2m+1>01f > 2mtD@HD o choose g such that (q—|—2(m+1))(0+1) =

O+1)(2m+1) *
q+ 1. Thus, ¢ = g;’z;fjﬁ and qpﬂ'l_l =q+ 1+ o with

_lem+ )0+ 1) = 20m+Dp+1)
- 20(m+1)(p+1-1) =

Ifl < %, we choose ¢ such that qpfﬁl_l =q+1. Thus¢= %l_l

and (Q+2(T1+1))(9+1):q+1+a, where

_20(m+1)(p+1) —1(2m+1)(0 + 1)
“= 2l(m+1) > 0.

e 2m + 1 < 6, we choose ¢ such that q(pﬁ"{il) =q+1, thus q = %H and
@+ g5m)(m+1) = ¢+ 1+a with

m+1—-1 m—(2y+1)
= + > 0.
T 2(y+1)

We may thus complete the proof by applying Lemma with £ = Eo! instead
of F and ¥(s) = s.
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5. COMMENTS AND OPEN QUESTIONS

1. Tt is interesting to study the asymptotic behavior of solutions for Klein-Gordon
nonlocal equation

([u'"=2) = 1 (IVull3, [ull3)Au + ¢2(|Vul3, [[ul3)u+ o (t)g(') =0 in @ xRy
u=0 onlyxRy4

u(z,0) = uo(x), (2,0)=wuy(z) onQ,

in particular when there exists a continuous function E(w,r,s) = Fle +1L(r,s)
defined for w,r, s > 0 such that for all solutions,

t
E(IIU’II&IIVUII§7IIUH§)+/O U(t)/QU’g(U’)dwds:E(IIU1II§7IIVUO||§,IIUOII§)-

For example when ¢1(r,s) = m(r) and ¢2(r,s) = n(s) where m and n are two
continuous positives functions. We can take

_1 1 T S
E(w,r,s):lTw—i—i/o m(7’)d’7’+%A n(7)dr.

So, E'(t) = —o(t) [ou'g(u) dz ds.

As another example, when ¢ (r, s) = 1757 and 2 (r,s) = f% we can take
-1 r?
E = .
(w,r,s) 7 w+4(1+52)

So, E'(t) = —o(t) [qu'g(u) dx.

As another example when ¢4 (r,s) = 2

117 and ¢a(r, s) = arctan(r) we can take

— 1
E(w,r,s) = W + 3 arctan(r) s.

So, E'(t) = —o(t) [, u/g(u') dx.
2. An interesting problem is to study the asymptotic behavior of solutions for
Kirchhoff type systems,

(Io'~20)" = 1 (o @)II3, [w(®)13)ve + S1 ([0 @13, [[w(B) 13w — p1(t)g(v)
(Jw[""2w)" = g2(o@)I3, [w®)[3)ve + L2013, [w(t)[3)ws — p2(t)h(w)
where ¢1, ¢2,1%1 and 9 are real and continuous functions on Ri, o102 > 0, p1
and po are two positives and decreasing functions, g,k : R — R are non-decreasing

functions of class C'(R).
If there is a C* function L(r,s) defined on R%, with

I OL r OL oL oL
L Ty =L 2= s, ZE>o.
l—larqi)1 r—16r¢2’ 3r_0’ 88_0
We define the energy function E(t) = L(|lv(t)|!}, lw(t)]|7). So that
2m 2m
E'(t)= - ! pl/ g(v)vdr — ,uQ/ h(v)vdz <0.
[—1 0 r—1 0

3. Another interesting problem is to study the asymptotic behavior of solutions
for Kirchhoff equation with memory,

t
(| 720") — o1 (| Vul|?) Au — / a(t — s)pa(|Vul|*)Auds =0 in Q x Ry
0
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u=0 onlyxR4
u(z,0) = uo(z), u'(x,0)=wui(z) on Q.

In the non-degenerate case, the global existence in H2(2) N H} () was treated
by Abdelli and Benaissa [I] when ¢o =const and the function a is a polynomial.
The asymptotic behaviour of the energy play an important role to prove global
existence.

In the degenerate case, when ¢1 > ¢2 > 0, Dix and Torrejon [I3] proved a global
existence of the (—A)-analytic solution. It is an interesting question to study the
decay rate of the energy (the energy is a decreasing function). It is clear that the
energy decay rate depends on the order of degeneracy of ¢1, ¢ and the form of a.

4. Another interesting problem is to study global existence and asymptotic
behaviour for the following Kirchhoff equation with dissipation and source term
with initial data less regular than as in the classical case (i.e (ug,u1) € H?(Q) N
H3 (@),

(Jo'=2d) = o1 (IVul*) Au+o()g(w') + f(u) =0 in @ x Ry
u=0 onlyxRy4
w(x,0) = up(z), u'(x,0)=wui(z) on Q.

This study makes possible to consider the case when g and f are not Lipschitz
functions (see Serrin, Todorova and Vitillaro [36] and Panizzi [34]). A convenient
space is D((—A)*/?) N D((fA)%) where £ > 3/2, in particular when x = 2,
we find D((—A)*/2) N D((=A)*z) = H2(Q) N H}(Q). When 1 < k < 3/2, the
problem of local existence is open for the non-degenerate Kirchhoff equation without
dissipation and source term.
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