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ON NON-ABSOLUTE FUNCTIONAL VOLTERRA INTEGRAL
EQUATIONS AND IMPULSIVE DIFFERENTIAL EQUATIONS IN
ORDERED BANACH SPACES

SEPPO HEIKKILA, SEPPO SEIKKALA

ABSTRACT. In this article we derive existence and comparison results for dis-
continuous non-absolute functional integral equations of Volterra type in an
ordered Banach space which has a regular order cone. The obtained results
are then applied to first-order impulsive differential equations.

1. INTRODUCTION

In [6] a theory for HL integrable functions with values in ordered Banach spaces
was developed, and applied to Fredholm integral equations and concrete boundary
value problems of second order ordinary differential equations. In this paper we
apply that theory and a fixed point result in abstract spaces to prove existence
and comparison results for non-absolute functional Volterra integral equations in
an ordered Banach space F, and give applications to first-order impulsive initial
value problems involving discontinuities and functional dependencies.

The main features of this paper are:

— The E-valued functions in considered equations are discontinuous and depend
functionally on the unknown function. Thus integro-differential equations are in-
cluded.

— Integrals in integral equations are non-absolute integrals, and differential equa-
tions of impulsive problems may be singular.

— Impulses are allowed to occur in well-ordered sets, in particular, in finite sets or
in increasing sequences.

The main tools are:

— Fixed point results in partially ordered sets, proved in [7] by generalized iteration
methods.

— Dominated and monotone convergence theorems for HL: integrable mappings and
results on the existence of supremum and infimum of chains of locally HL integrable
mappings from a real interval to F, proved in [6].
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2. PRELIMINARIES

In this section we study properties of HL integrable, a.e. differentiable and
locally HL integrable functions from a real interval to a Banach space E.

A K-partition of a compact real interval I is formed by a finite collection of
closed subintervals [t;—1,t;] of I whose union is I, and tags &; € [t;—1,t;]. A function
u: I — Eis HL integrable if there is a function F' : I — FE, called a primitive of wu,
which has the following property: If € > 0, there is such a function 6 : I — (0, 00)
that

Z |u(&)(ti — tie1) — (F(t;) — F(ti—1))|| < e

for every K-partition {(&;, [ti—1,t:])} of I with [t;—1,%;] C (& — (&), & +6(&;)) for
all 7. If w is HL integrable on I, it is HL integrable on every closed subinterval
J = [a,b] of I, and F(b) — F(a) is the Henstock-Kurzweil integral of u over J, i.e.,

b
F(b) — F(a) = K/ u(s)ds = K/ u(s) ds. (2.1)
J a
The proofs for the results of the next Lemma can be found, e.g. in [I0].

Lemma 2.1. (a) The Henstock-Kurzweil integrals of a.e. equal HL integrable
functions are equal.
(b) Every HL integrable function is strongly measurable.
(c) A Bochner integrable function v : I — E is HL integrable, and [, u(s)ds =
K[ u(s) ds whenever J is a closed subinterval of I.

The set H(I, E) of all HL integrable functions u : I — E is a vector space with
respect to the usual addition and scalar multiplication of functions. Identifying a.e.
equal functions it follows that the space L!(I, E) of all Bochner integrable functions
u:l — FEis asubset of H(I, E).

A function u : I — E is called absolutely continuous (AC) on I if for each € > 0
there corresponds such a 6 > 0, that for any sequence [a;, b;], j = 1,...,n of disjoint
subintervals of I with > 7, (b; —a;) < d we have 377, [lu(b;) — u(ay)|| <e.

We say that a function w : [ — FE is generalized absolutely continuous in the
restricted sense (ACG*) on I if I can be expressed as such a countable union of its
subsets B,,, n € N, that for all ¢ > 0 and n € N there exists such a é,, > 0 that

Zsup{llu(d) —u(e)]} : [e,d] € [ei, di]} <€

whenever {[¢;,d;]} is a finite sequence of non-overlapping intervals which have end-
points in B, and satisfy ».(d; — ¢;) < &,. If uis AC on I, it is continuous and
ACG* on 1.

A function v : I — F is said to be a.e. (strongly) differentiable, if the strong
derivative v'(t) = 1imh_,0”(tL})L_”(t) exists for a.e. t € I.
As for the proof of the following result, see, e.g., [I0, subsection 7.4.1].

Theorem 2.2. Given u,v : I — E and (to,z0) € I x E, then the following
conditions are equivalent.
(a) w is continuous and ACG* on I, u/'(t) = v(t) for a.e. t € I and u(ty) = xo.
(b) v is HL-integrable and u(t) = xo + Kftto v(s)ds for all t € I.
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If u: I — E is a.e. differentiable, define v/(¢t) = 0 at those points t € I where u
is not differentiable.
The next result is a consequence of Theorem

Corollary 2.3. Ifu: I — E is a.e. differentiable, then u is continuous and ACG*
on I if and only if v’ is HL-integrable, and

t
u(t) — u(ty) = K/ u'(s)ds  for all to, t € 1.
to

The following result is needed in section 4.

Lemma 2.4. Ifu: I — R is absolutely continuous, and v : I — E is continuous,

ACG* and a.e. differentiable, then
t
u(t)v(t) — u(to)v(te) = K/ (u(s)v'(s) + ' (s)v(s))ds for all to, t € I.
to

Proof. Let t, t+h € I, h # 0 be given. Since u and v are continuous on a compact
interval I, they are also bounded, whence

u(t + h)v(t+h) —u)v(t) = (u(t + h) —u(t))vt + h) + u@) (vt + h) — v(t)).
implies when M = max{||v(¢)]| : ¢t € I'} and m = max{|u(t)| : ¢ € I} that
[u(t +h)o(t +h) —u(®)o(®)]| < M |u(t +h) —ut)] +m[lo(t + ) —v(D)]].
Because u is an absolutely continuous real-valued function, it is ACG* on I. It
then follows from the above inequality that u - v is continuous and ACG* on I.
Moreover, u and v are a.e. differentiable, whence u - v is a.e. differentiable and
(w-v) (t) = u(t)' (t) + u'(t)v(t) for ae. t € I.
The assertion follows then from Corollary O

The following result is adapted from [g].

Proposition 2.5. If v : I — E is HL-integrable and u : I — R is of bounded
variation, then u - v is HL-integrable.

Given an interval J of R, not necessarily closed or bounded, denote by Hjo.(J, E)
the space of all strongly measurable functions v : J — F which are HL integrable on
each compact subinterval of J. We assume that H,.(J, F) is ordered a.e. pointwise;
ie.,

u<wv if and only if u(s) < v(s) for a.e. s € J. (2.2)

The results of the next Lemma follow from [0, Proposition 2.1 and Lemma 2.5].

Lemma 2.6. Given an ordered Banach space, let u, v : J — E be strongly mea-
surable, uy € Hyoo(J, E), and assume that u_(s) < u(s) < v(s) < ui(s) for a.e.
s€J. Then u € Hyoo(J, E). Moreover,

t t
K/ u(s)ds < K/ v(s)ds foralla,teJ, a<t.

Next we present Dominated and Monotone Convergence Theorems for locally
HL-integrable functions, which are needed in applications.
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Theorem 2.7. Given a real interval J and a Banach space E ordered by a normal
order cone, let (u,)22, be a sequence of strongly measurable functions from J to
E, let ux € Hioe(J, E), and assume that u— < u, < uq for each n = 1,2,...,
and that u,(s) — u(s) for a.e. s € J. Then u, u, € Hioe(J, E), n=1,2,..., and
Kfat Un(8)ds — Kfat u(s)ds for alla, t € J, a <t.

Proof. The given hypotheses imply by Lemma that u, € Hype(J,E), n =
1,2,.... Ifa, t € J, a < t, are fixed, then uy € H([a,t],E) and w, € H([a,t], E),
n =1,2,..., and u,(s) — u(s) for a.e. s € [a,t]. Thus v € H([a,t],E) and
Kf; un(s)ds — Kf; u(s)ds by [6], Theorem 3.1]. O

As an easy consequence of Theorem we obtain the following result.

Theorem 2.8. Given a real interval J and a Banach space E ordered by a regular
order cone, let (un)2; be a monotone sequence of strongly measurable functions
from a real interval J to E. Assume that ux € Hioe(J, E), and that u— < up, < uy
for each n=1,2,.... Then there exists a function u € Hyoc(J, E) such that u(t) =

lim,, uy,(t) for a.e. t € J, and Kfj up(s)ds — Kf(: u(s)ds for all a, t € J, a < t.

Proof. Since (u,(s)) is monotone and u_(s) < u,(s) < us(s) for a.e. s € [a,b),
and since the order cone of E is regular, then (u,) converges a.e. pointwise to a
function u : J — E. The conclusions follow then from Theorem 271 O

In our study of Volterra integral equations we need the following result, which
is proved in [0, Proposition 3.2].

Lemma 2.9. Assume that W is a nonempty set in an order interval [w_,wy] of
Hioo(J, E), where J is a real interval J and E a Banach space ordered by a regular
order cone.

(a) If W is well-ordered, it contains an increasing sequence which converges
a.e. pointwise to sup W.

(b) If W is inversely well-ordered, it contains a decreasing sequence which con-
verges a.e. pointwise to inf W.

Since each increasing sequence of Hi,.(J, E) is well-ordered and each decreasing
sequence of Hyoc(J, E) is inversely well-ordered, we obtain as a consequence of
Lemma and [7, Proposition 1.1.3, Corollary 1.1.3], the following results.

Corollary 2.10. Given a real interval J and a Banach space E ordered by a
normal order cone, assume that (uy) is a sequence of Hioo(J, E), and that there
exist functions wy € Hioc(J, E) such that uy, € [w_,wy] for each n.
(a) If (up) is increasing, it converges a.e. pointwise to u, = sup,, u, in the
space Hiope(J, E), and u. belongs to [w_,wy].
(b) If (un) is decreasing, it converges a.e. pointwise to u* = inf,, u, in the space
Hyoo(J, E), and u* belongs to [w_,w4].

The following fixed point result is a consequence of [I, Theorem A.2.1], [7, The-
orem 1.2.1 and Proposition 1.2.1].

Lemma 2.11. Given a partially ordered set P = (P,<) and its order interval
[w_,wy] ={w € P|lw_ <u<wy}, assume that G : P — [w_,wy] is increasing,
i.e., Gu < Gv whenever u < v in P, and that each well-ordered chain of the range
G[P] of G has a supremum in P and each inversely well-ordered chain of G[P]
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has an infimum i P. Then G has least and greatest fized points, and they are
increasing with respect to G.

3. EXISTENCE AND COMPARISON RESULTS FOR A FUNCTIONAL VOLTERRA
INTEGRAL EQUATION

Throughout this section E = (E,<,|| - ||) is an ordered Banach space with a
regular order cone, which means by [7, Lemma 1.3.3], that all order bounded and
monotone sequences of E converge.

In this section we study the functional Volterra integral equation

u(t) = q(t,u) + K/ k(t,s)f(s,u(s),u)ds, teJ=]la,b), (3.1)

where ¢ : J X Hioc((a,0), E) = E, f: J X EX Hio((a,b),E) > Eand k: A — Ry,
where A = {(t,s) € J x J: s <t} and —00 < a < b < 0.
Assuming that Hc((a,b), E) is equipped with a.e. pointwise ordering ([2.2]), we
impose the following hypotheses on the functions ¢, f and k.
(q0) ¢(t,-) is increasing for a.e. ¢ € J, ¢(-,u) is strongly measurable for all
u € Hyoc((a,b), E), and there exist ay € Hoc((a,b), E) such that a_ <
q(-yu) < ag for all u € Hipe((a,d), E).
(f0) There exist functions uy € Hioc((a,b), E) such that u_ < f(-,z,u) < uy
for all z € E and u € Hyoc((a,d), E).
(f1) The mapping f(-, u(-), u) is strongly measurable for each u € Hioc((a,b), E).
(f2) f(s,z,u) is increasing with respect to z and u for a.e. s € J.
(k0) k is continuous and the mappings s +— k(t, s)us (s) belong to Hyoc(J, E) for
each t € J.
Our main existence and comparison result for the integral equation reads as
follows.

Theorem 3.1. Assume that the hypotheses (q0), (f0), (1), (£2), (k0) are satisfied.
Then the equation (3.1)) has least and greatest solutions in Hyoc((a,b), E). Moreover,
these solutions us and u* are increasing with respect to q and f.

Proof. The hypotheses (q0), (k0) and (f0) ensure that the equations

wy(t) = ax(t) + K/ k(t,s)usr(s)ds, teJ, (3.2)

define functions w4 : J — E. Noticing that the integral on the right-hand side of
is continuous in its upper limit ¢, and that the integrand is continuous in ¢
for fixed s, one can show by applying also Theorem [2.7] that the second term on
the right-hand side of is continuous in ¢. Thus the functions w4 belong to the
set P := Hioc((a,b), E). By using the hypotheses (q0), (k0), (f0)—(f2), Lemmas
and [2.6] and Theorem [2.7]it can be shown that the equation

Gult) = qlt,u) + K/ k(ts) f(s,u(s)u)ds, €, (3.3)

defines an increasing mapping G : P — [w_,w4]. Since G[P] C [w_,w], it follows
from Lemma that each well-ordered chain of G[P] has a supremum in P and
each inversely well-ordered chain of G[P] has an infimum in P.

The above proof shows that all the hypotheses of Lemma [2.11] are valid for the
operator G defined by . Thus G has least and greatest fixed points wu, and u*.



6 S. HEIKKILA7 S. SEIKKALA EJDE-2008/103

Noticing that fixed points of G defined by are solutions of and vice versa,
then u, and u* are least and greatest solutions of . It follows from , by
Lemma[2.6] that G is increasing with respect to ¢ and f, whence the last assertion
of Theorem follows from the last assertion of Lemma 2111 O

Next we consider a case when the extremal solutions of the integral equation
(3.1) can be obtained by ordinary iterations.

Proposition 3.2. Assume that the hypotheses (q0), (f0), (1), (£2), (k0) hold, and
let G be defined by (3.3)).

(a) The sequence (un)Se = (G"w_)22, is increasing and converges a.e. point-
wise to a function u, € Hioe((a,b),E). Moreover, u, is the least solu-
tion of if q(t,un) — q(t,us) for ace. t € J and f(s,un(s),u,) —
f(s,ux(s),us) for allt € J and for a.e. s € [a,t];

(b) The sequence (v,)22, = (G"w4)S2 is decreasing and converges a.e. point-
wise to a function u* € Hyo((a,b), E). Moreover, u* is the greatest solu-
tion of if q(t,vn) — q(t,u*) for a.e. t € J and f(s,vn(8),vn) —
f(s,u*(s),u*) for a.e. s€J.

Proof. (a) The sequence (u,) := (G™w_) is increasing and contained in the order
interval [w_,w;]. Hence the asserted a.e. pointwise limit u. € Hioe((a,b), E)
exists by Corollary (a). Moreover, (u,) equals to the sequence of successive
approximations u, : J — E defined by

Upt1 (t) = q(t,un) + K/ k(t, s)f(s,un(s),un)ds, up(t) =w_(t),te€J, neN.

(3.4)
In view of these results, the hypotheses of (a) and Theorem it follows from
(3.4) as n — oo that u, is a solution of .

If u is any solution of (3.1)), then u = Gu € [w_,wy]. By induction one can
show that u, = G"w_ € [w_,u] for each n. Thus w, = sup,, u, < u, which proves
that u, is the least solution of .

The proof of part (b) is similar to that of (a) and is omitted. O

Example 3.3. Let E be the space ¢ of all sequences (¢,)22; of real numbers
converging to zero, ordered componentwise and equipped with the sup-norm. Define
By 0 2 [0,00) — R and k : A — R, by equations

sin(L), >0, hn(0) =0,

2 1
hi(t) = —= cos(— -

2
vm el + e

1 2n —1
gt _ 3.5
an(t) \/ﬁtH<t o ) n=1,2,..., (3.5)
k(t,s)z%, t>0, an(0)=k0,)=0,

The solutions of the infinite system of integral equations

wn(t) = £an(t) + K/Otk(t,s)(hn(s)j: ds, n=12..., (3.6)

7)
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in Hyoc((0,00),¢p) are

s MR oLy £

wi(t) = (Wns(t)) 2y = < NG (t - T) + ﬁCOS(ﬁ) M)n—l.
(3.7)

In particular, Theorem[3.1]can be applied to show that the infinite system of integral

equations

t

un(t) = gn(w)an(t) + K/ k(t,s)(hn(s) + ign(u)) ds, n=12..., (38)
0 vn

where u = (uy,)52; has least and greatest solutions w, = ()52, and u* = (u})>2

in Hyoc((0,00), co), if all the functions g,, g, : Hioc([0,00), ) — R are increasing,

and if —1 < g, (u), gn(u) <1 for all u € Hioe((0,00),¢0) and n = 1,2,.... More-

over, both wu, and u* belong to the order interval [w_, w] of Hi(0,00),¢g), where

the functions w4 are given by .

Remarks 3.4. The functions h, in Example 3.1 do not belong to H([0,#1],R) for

any t; > 0. However, k(t,s) = ¢ is continuous and the functions k(t,-)h, belong

to Hioc([0, 00), R), whence the hypothesis (k0) is valid.

Continuity of ¥ and Theorem [2.7] ensure that the integral on the right-hand side
of equation is continuous in t. If also the function ¢ is continuous in ¢ in that
equation, then its solutions are continuous.

4. AN APPLICATION TO AN IMPULSIVE IVP

Let E be a Banach space ordered by a regular order cone. The result of Theorem
will now be applied to the following impulsive initial value problem (ITVP)
u'(t) + p(t)u(t) = f(t,u(t),u) a.e. onJ=la,b),
u(a) = xg, Au(A) =D(A\u), AeW,
where p € LY(J,R), f : J X E X Hioo(J, E) — E, 9 € E, Au()\) = u(A+0) —u(N),
D :W X Hioo(J,E) — E, and W is a well-ordered (and hence countable) subset of
(a,b).
Denoting W<t = {A € W | A < t}, t € J, and by ACG},(J, E) the set of all
continuous functions from J to E which are ACG* on every compact subinterval of

J, we say that v : J — F is a solution of the IIVP (4.1)) if it satisfies the equations
of (4.1), and if it belongs to the set

V={u:J—>E|> [Au(\)]<oo and
AeW
tu(t) = Y Au(\) € ACG, (J, E)}.
AeW <t

It is easy to verify that V' is a subset of Hioe(J, E).
The following result, which is a generalization to [2, Lemma 3.1], allows us to
convert the ITVP (4.1) to an improper Volterra integral equation.

Lemma 4.1. pr € Ll(J,R), g € Hloc(JaE), ro € E andc: W — FE, and ’Lf
Y oxew (V)| < oo, then the problem

u'(t) + p(t)u(t) = g(t) a.e. on J,
u(a) = xg, Au(X)=c(A), AeW,

(4.1)

(4.2)
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has a unique solution u. This solution can be represented as

¢
u(t) = e Ja P54 Z e” Lhpl)ds e\ 4 K/ e s P g (5)ds (4.3)
Aew <t @

fort € J. Moreover, u is increasing with respect to g, ¢ and xg.
Proof. Let u : J — E be defined by (4.3]). Given a compact subinterval I = [a, 1]
of J, define a mapping I' : I — I by

I(s) =min{t e WU{t1} | s <t}, s€la,t1), T(t1)=1ts.

Denote by C' the well-ordered chain of T-iterations of a, i.e. (cf. [7, Theorem 1.1.1])
C is the only well-ordered subset of J with the following properties: a = min C,
and if s > a, then s € C if and only if s =supI'{t € C|t < s}.

It follows from [7, Corollary 1.1.1] that W C C, and I is a disjoint union of C
and open intervals (s,T'(s)), s € C. Moreover, C' is countable as a well-ordered set
of real numbers. Hence, rewriting as

t
u(t) =e” Jap(s)ds [zo + Z e~ Ja P)dse () + K/ e~ LI g (8) ds |

aeW <t

it is easy to verify that
u'(t) + p(t)u(t) = g(t) forae. tel, wula)=mx. (4.4)

For each @ € W the open interval («,I'(«)) does not contain any point of W, so
that

Au(a) =u(a+0) —u(a) = lim e~ Japls)ds cla) =cla), aeW (4.5)

t—a+40

It follows from (4.3]) and ( - ) that
Z Au(a) = ult) — Z cla) = v(t) + w(t), (4.6)
acEW <t acW<t
where

¢
v(t) =e” Jap(o)ds g 4 K/ e e P07 g (5)ds, tel,

a

w(t)= Y (e @ 1)), tel

acW<t
Thus, for a <t < t < t; we obtain

w(t) — w(t)
— Z (6_ f; p(s)ds _ e fjp(s)ds)c(a) + Z (6_ fci p(s)ds _ 1)0(0()

aeWN(a,t) aeWNIE,t)
= Z / —p(s)e Ja P g5 o) + Z / —p(s)e” Ja P45 ().
aeWn(a,t) aceWN[t,t)

Applying this representation and denoting M = eJa IP(s)lds > aew lle(@)]; it follows
that

|lw(t) E)H<M/ Ip(s)|ds fora <t <t<t.
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This implies that w is absolutely continuous. Obviously, w is a.e. differentiable
and the function v is continuous and belongs to ACG*(I, E) by Theorem and

Proposition [2.5]
The above result holds for every t; € (a,b), so that u € V by (4.6). This, (4.4)

and imply that u is a solution of problem .

If v € V is a solution of (4.2)), then w = u — v is a function of V and Aw(a) =0
for each v € W, whence w € ACGj,.(J, E) and w is a solution of the initial value
of problem

w'(t) + p(t)w(t) =0 ae. onJ, w(a)=0. (4.7)
For every fixed ¢t € J the function
h(s) = ela PT g e T = [a, 1],
is absolutely continuous on I and real-valued. It then follows from Lemma [2.4] that

h(t)w(t) — h(a)w(a) = K/ (W (s)w(s) + h(s)w'(s))ds, teJ,

a

or equivalently,
h(t)w(t) — h(a)w(a) = K/ (eJa PO (p($)w(s) +w'(s)) ds, t e J.

This equation and (4.7 imply that A(t)w(t) = 0, so that w(t) = 0, whence u = v.
The last assertion of Lemma is a direct consequence from the representation

(4.3) and Lemma O
We shall impose the following hypotheses on the function D.

(DO) D(A,-) is increasing for all A € W, and there exist ¢y : W — E such that
c—(A) < D(\u) < cx(A) for all X € W and u € Hy(J, E), and that

2oew llex (W) < oo
As an application of Theorem [3.1] we get the following existence and comparison

result for the IIVP (4.1)).
Theorem 4.2. Let the functions f and D in (4.1) satisfy the hypotheses (f0)—(£2),

Ks
(DO). Ifp € L*(J,R), and if the improper integrals Kf; e Ja Py (s)ds eist for
some t € J, then the IIVP (4.1) has for each xg € E least and greatest solutions u,
and u* in V. Moreover, these solutions are increasing with respect to xo, D and f.

Proof. The hypotheses given for D and p ensure that for each z¢ € E the relations

gt u) = e~ Jip)ds gy Z e~ RPOAs DN w),
)\ew<t
for t € J, u € Hioe(J, E); (4.8)

k(t,s) = e Jop(dr, (t,s) e A={(t,s) € I x J|s <t}
define mappings ¢ : J X Hioe(J,E) — E and k : A — R, which satisfy the
hypotheses (q0), and (k0) of Theorem Then the integral equation (4.1]), which
by (4.8) can be rewritten as a fixed point equation

u(t) = Gu(t) = e~ JaP(dsgy 4 Z e= AP)ds py )

Aew <t

. , (4.9)
+ K/ e_fs’p(T)de(s,u(s)m)ds,
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has by Theorem [3.1]least and greatest solutions u, and u*, and they are increasing
with respect to ¢ and f. Because by Lemma the solutions of the IIVP (4.1]) are
the same as the solutions of the integral equation , then u, and u* are least
and greatest solutions of the (ITVP) , and they are increasing with respect to
g, D and q. O

The next result is a consequence of Proposition [3.2}

Proposition 4.3. Assume that the hypotheses of Theorem 4.1 hold, and let G be

defined by (@)

(a) The sequence (un)22, = (G"w_)2, is increasing and converges a.e. point-
wise to a function ux € Hyoo(J, E). Moreover, u, is the least solution
of if DA\, un) — D(Auy) for each X € W oand f(s,un(s),u,) —
f(s,us(s),uy) for a.e. s € J;

(b) The sequence (vy)o2 o = (GMw4)5% is decreasing and converges a.e. point-
wise to a function u* € Hyo(J, E). Moreover, u* is the greatest solution
of if D(A\,v,) — DA\, u*) for each X € W and f(s,v,(8),vs) —
f(s,u*(s),u*) for a.e. s € J.

Example 4.4. Let E be, as in Example the space ¢y of the sequences of
real numbers converging to zero, ordered componentwise and equipped with the
sup-norm. The solutions of the infinite system of IIVP’s

/ 1 2 1 2 .1 1
wy, () + mwn(t) = m(cos(ﬁ) + ;sm(ﬁ)) + 7

o — 1 1
L(04) =0, A n(tf ):j:—, —12,...,
wn(04) v 2n vn "

(4.10)

in Hy((0,2),co) are

(wn(t)) 0y

- (2\/5(11 ) <i4nn_ 1H(t_ 2n2; 1) + 267 COS(%?) i%it2>>w M
Thus Theorem [£:2] can be applied to show that least and greatest solutions u, =

(Uin )22 and u* = (u})52, of infinite system of ITVP’s

n=1

1 1 2 1 1
U (0) + Tgun(t) = m(cos(ﬁ) +3 sm(ﬁ)) + o) -
4.12
w, (0+) = 0, Awn(t - 2”2; 1) = %Dn(u), n=12,...,

exist in Hioe((0,2),¢9) and belong to its order interval [w_,w4], if we assume
that all the functions D, ¢ : Hioc([0,2),c0) — R, are increasing, and if —1 <
D, (u), gn(u) <1 for all u € Hioc((0,2),c0) and n=1,2,....

Remarks 4.5. The functional dependence on the last argument u of ¢, f and D
can be formed, e.g., by bounded, linear and positive operators, such as integral
operators of Volterra and/or Fredholm type with nonnegative kernels. Thus the
results derived in this paper can be applied also to integro-differential equations.
If a > —o0, then Hioc([a,b), E) contains those functions  : [a,b) — E which are
HL integrable on every compact subinterval of (a,b) and for which the improper
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integral

t t
K/ u(s)ds = lim [ wu(s)ds
a+ c—at c

exists for some ¢ € (a,b) (cf. [3, Theorem 2.1]). Noticing also that Bochner inte-
grable functions are HL integrable, the results of Sections 3 and 4 generalize the
corresponding results of [B] in the case when a > —oc.

As for other papers dealing with functional Volterra integral equations and dif-
ferential equations via non-absolute integrals; see, e.g. [3], 4, [, 1T, 12].
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