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EXISTENCE OF POSITIVE SOLUTIONS FOR A SINGULAR
p-LAPLACIAN DIRICHLET PROBLEM

WENSHU ZHOU

ABSTRACT. By a argument based on regularization technique, upper and lower
solutions method and Arzeld-Ascoli theorem, this paper shows sufficient con-
ditions of the existence of positive solutions of a Dirichlet problem for singular
p-Laplacian.

1. INTRODUCTION

This paper shows the existence of positive solutions for the singular p-Laplacian

equation
|u'|P

(¢p(u)) — AN f(tu) =0, 0<t<, (1.1)
subject to Dirichlet boundary conditions
u(1) = u(0) =0, (1.2)

where ¢,(s) = |s|P72s, p > 1, X and m are positive constants, and f is a continuous
function. We call u € C*[0,1] is a solution if u > 0 in (0,1), |«/[P72u" € C*(0,1),
and it satisfies 7.

Such equation arises in the studies of some degenerate parabolic equations and
in Non-Newtonian fluids; see [2] Bl 4] 5] [13]. The interesting feature of is the
lower term both is singular at © = 0 and depends on the first derivative.

Recently, the one-dimensional singular p-Laplacian differential equations without
dependence on the first derivative have been studied extensively, see [I] [, 2] and
references therein. When it depends on the first derivative, however, it has not
received much attention, see [8, @l 10, 11]. Recently, the authors [14], considered
the equation

|v']

(6p(u) = ATP +g9(t)=0, 0<t<1,

subject to , and proved, by the classical method of elliptic regularization, that
the problem admits one positive solution if p > 2,A > 0 and g € CJ[0,1] with
g > 0on [0,1]. In the present paper we extend the result and obtain the sufficient
conditions of existence. Our argument is based on regularization technique, upper
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and lower solutions method and Arzeld-Ascoli theorem. In addition, an example is
also given to illustrate our main result.

2. MAIN RESULT

The following hypotheses will be adopted in this section:

(H1) 1<m<p.

(H2) f(t,r) is a positive, continuous function in [0, +00) x R, and there exist
constants a > 0, 3 € [0,1) such that f(t,r) < a+ g|r|P~1, for all (¢,7) €
[0,1] x R.

(H3) X\ > inf,>q1 H(r), where H(r) : Rt — R* is defined by

H(r) = ar™? 4 grm=1,
Remark 2.1. Let m € (1,p) and define

)

a(p — m) ) 1/(p—1)
p(m —1)

Then infs>q1 H(s) = H(X,). Indeed, since lim; .o+ H(s) = lims_ 4 H(s) = 400,
H(s) must reach a minimum at some s € (0, 00) satisfying H'(s) = 0. Solving it
gives s = X and hence, infs~o H(s) = H(Xp). Since H'(s) > 0 for all s > X, we
see that instl H(S) = H(X()) if Xg > 1, and instl H(S) = H(l) if Xg < 1.

X Xo>1
on( *:{ 05 0=

1. Xp<1

The main result of this paper is stated as follows.

Theorem 2.2. Under Assumptions (H1)—-(H3), problem (1.1)—(1.2) has at least
one solution.

Remark 2.3. If m =1 and f =1 (taking o = 1,5 = 0), then inf,>1 H(s) = 0.
Clearly, Theorem is an extension of the corresponding result of [14].

Proof of Theorem Let € € (0,1), and define H.(t,v,£) : (0,1) x RxR — R
by
19
- f(t7€)a
[Lc(0)]™
where I.(v) =v+eif v >0, I.(v) = € if v < 0. By (H2) and using the inequality:
aP~! < aP +1, for all a > 0, we have

He(t,v,8) = A

Helt,0,6)] < Zle + ot BIEP < (S + ot A)HE)

for all (t,v,€) € (0,1) x R x R, where H(s) = 1+ sP for s > 0. Denote 9 = {u €
CL(0,1); [o/|P~2u’ € C1(0,1)}, and define .Z, : M — C(0,1) by
(L) (t) = —(¢p()) + Ho(t,u,u'), 0<t<1.
Consider the problem:
(ZLu)(t)=0, 0<t<]l,
u(1) = u(0) = 0.

We call w € 91 is an upper solution (lower solution) of problem (2.1)) if ZLu > 0
(<£0)in (0,1) and u(t) > (<)0 for t = 0, 1.

We will apply the upper and lower solutions method (see [8, Theorem 1 and
Remark 2.4]) to show the existence of solutions of problem (2.1). Obviously,

(2.1)
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O+Oo %ds = 400, thus the condition [8, Eq. (2.3)] is satisfied. Then it suf-
fices to find a lower solution and an upper solution to obtain a solution.
Let infs>1 H(s) = 6. Then it follows from the definition of infimum and A > §

that for 5y = 25% > 0, there exists S* > 1 such that H(S*) <+ dy < .

Lemma 2.4. There exists a constant eg € (0,1), such that for any e € (0,¢€p),
Ue = S*(t + €) is an upper solution of (2.1]).

Proof. Noticing U, > € in (0,1) and m > 1, we have
\U¢|P

LU =-(UP2ul) + /\m - [, U;)
AGTPm .
= Grergsym 1)
*p—m
> AT et

T (14+e+¢/5%)
=SPTN=-H(S)]) +r., 0<t<l,

where r. = AS*PT™[(1 + € + ¢/S*)”™ — 1]. Clearly, 7 — 0 (¢ — 0). Since
A > H(S*), there exists a constant ¢y € (0,1), such that for any € € (0,¢p) there
holds S*P~™[X — H(S*)] + r. > 0. So that we obtain Z.U, > 0 in (0,1) for all
€ € (0,€p). The lemma follows. O
Lemma 2.5. Let W = C®%, where oo = —£—, ®(¢t) is defined by

p—m’
p—1leLyp/o-1) 1 ip/-1)
2(t) == —1(3) —15 -1 J. 0st<l,

and C € (0,1) such that Ca < 1 and (Ca)P~! + A\CP~™aP < ming 1x—1,1] f(s,7).
Then W is a lower solution of problem .
Proof. Tt is easy to check that ® has the following properties:

(a) @ >0in (0,1), ® € C[0,1].

(b) (|'P2@') = —1 in (0,1), B(1) = B(0) = 0.

(c) (t) <t, |D'(t)] <1, for all t € [0,1].

Using these properties of ®, by some calculations, we have

LW = —(W'P2w) + Aﬂ — f(t&, W)
€ (W + e)m ’
w'|p
|W7L - f(ta Wl)

< —(W'P2w) 4+ A
= 7(004);;71(1)@71)(;;71) (|(I),|p,2q>,)/

— (Ca)PHa—1)(p— 1)@~ DE=D=1p/P
+ ACP™ P | D |P — f(t, Cad* 1)

< (Ca)P~ree=DE=N L \CP=moP|®/|P —  min  f(s,7)
[0,1]x[—1,1]

< (Ca)P™ £ NCP™™aP —  min  f(s,r) <0, 0<t<1.
[0,1]x[—1,1]

Thus the lemma follows. O
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According to [8 Theorem 1 and Remark 2.4], for fixed e € (0, ¢y) problem (2.1)
has a solution u. € C1[0, 1] satisfying |u’[P~2u. € C1(0,1) and

U>u>W>0, te(0,1). (2.2)
Hence u, satisfies
—(JulP2ul) + Aﬁ — f(t,ul) =0, te(0,1). (2.3)
€ € (ue + €)™ e ’ ’
Lemma 2.6. For all € € (0,¢0), we have
luc(t)] < [a( =)~ VED, v e [o,1). (2.4)
Proof. Noticing that u.(1) = u(0) = 0 and u. > 0 on [0, 1], we have
ul(0) >0 > ul(1). (2.5)

From , we obtain

(lullP=2ul) + a + BlulP~t >0, te(0,1). (2.6)
Let x = ¢p(u.). Then we obtain from , X +a+0lx] >0, te(0,1); ie.,
(JoX® L _ds+1t)" >0, t € (0,1). This and give 1 > X _L_gs 4

a+pls| a+pls|
t > 0,1t € [0,1], hence |f0X(t) a+}3|s|ds| < 1, t € [0,1]. Using the inequality:
N ﬁﬁls‘dﬂ > %ﬁlly\ (y € R), we deduce that |x| < a4+ 8|x|, t € [0,1]; that is,
Ix| < a(l —B)~1 on [0,1]. The lemma is proved. O

Lemma 2.7. For each § € (0,1/2), there exists a positive constant Cs independent
of €, such that for all e € (0, €)

[ul(ta) —ul(t1)| < Cslta — t1]7,  Vita,t1 € [5,1 — 4], (2.7)
wherey=1/(p—1) ifp>2;v=14ifl<p<2.

Proof. By (2.2) and (2.4), it is easy to derive from ([2.3) that for any § € (0,1/2)
there exists a constant Cs5 > 0 independent of €, such that for all € € (0, ¢p)

|(JuelP~2ul)'| < Cs, 6 <t<1-04. (2.8)
Recalling the inequality (see [6])
-2 1"p—2,1 / Ciln—n'lP, p=>2
(=20 = 1l =241) - (n =) 2 {CQ(M il 1<p<2
for each n € R, where C;(i = 1,2) are positive constants depending only on p, we
derive, by , that if p > 2, then
Jug(t2) — we(t)|P < Oy M ug(ta) — ue(ta)] - [Jue(t2) P20l (t2) — Jug ()P~ ug(t)]
< Cslul(te) —ul(ty)||ta — t1|, Vto,t1 € [0,1 — 4],
hence
Ul (ta) — ul(ty)]| < Cslta — t1|Y P~V Vg, ty € [5,1 - 6],
and if p € (1,2), then
g (t2) — g (t0) P [Jue(t2)] + uc(t)P~2
< Oy Mug(t2) — ug(t0)] - [Jue(t2) [P~ ug(tz) — Jug(t) P~ ug ()]
< Cslul(ta) — ul(tr)|[t2 — t1], Via,t1 € 6,1 — 4.
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Then, (2.4)) yields
Jug(tz) —ug(ty)] < Csltz — tallJuc(t2)] + [ug(t1)[]P77 < Csltz — t]
for all ta,¢1 € [6,1 — §]. This completes the proof. O

By (2.4) and (2.7) and using Arzeld-Ascoli theorem, there exist a subsequence
of {u.}, still denoted by {u}, and a function u € C*(0,1) N C[0, 1] such that, as
e — 0,

ue — u, uniformly in C|0, 1],
2.9
ue — u, uniformly in C*[6,1 — 4], (29)
where ¢ € (0,1/2), and hence from uc(1) = u.(0) = € and (2.2]) we derive that
u(1) = u(0) = 0, and u(t) > C®P/P=™) t c [0, 1]; therefore u > 0 in (0,1).
We now show that u satisfies (1.1). Integrating (2.3) over (to,t) gives

t /|p
’ -2 7 _ || ’ ’ -2 7
(1) P2 () = / (Mg~ (o) ) to) P2 o),
and letting e — 0 and using Lebesgue’s dominated convergence theorem yield

Ju' (0P~ () = /t (» A s ') )ds + ' (t0) "~ (to). (2.10)

um

This shows that |u'(¢)|[P~2u/(t) € C1(0,1) and (1.1)) is satisfied.
It remains to show that u € C[0,1]. Integrating (2.3) over (0,1) and using (2.4)
and (2.5)), we derive that

1 /
|uel? 1 : O \1/(p-1)
— = —dt < - t Y =(——

/0 (ue + ™" = Xpax-v.y) fem), (1 - B) ’
and letting ¢ — 0 and using Fatou’s lemma and (2.9)), we obtain

1 /\p 1
/ [ dt < — min  f(¢,r).
0

um A 0,1]x[-Y,Y]
So, ‘Z:Lp € L'0,1]. By (2.10), the function w(t) = [u/(¢)[P~2u/(t) = ¢p(u'(t)) is
absolutely continuous on [0, 1]. Since u/(t) = ¢q(w(t )(% +% =1), v € C[0,1]. The
proof of Theorem is complete.

Example. Let A > 4/27. Counsider the problem

oy A G sinrt)
(lu'[Pu’)" = A =0, 0<t<l,
u? 2t +2cost—1 /a4 [P (2.11)
u(1) = u(0) = 0.
Let p=5,m=2,
NG .
ftr) = 2t WP sin(rt)

2t +2cost —1 */4+\r|3'

Since (2t + 2cost — 1) = 2(1 — sint) > 0, 1—|— 2cosl > 2t +2cost —1 > 1 for all
o s sin(mt) 1 .

t € [0, 1] and hence, noticing 0 < T‘W < 3 for (t,r) € [0,1] x R, we obtain

1 1\/62 1 V6 52

1
1+20081( 18 ) < ) < (3 +§T) T
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for (t,r) € [0,1] x R. By the inequality (a + b)? < 2(a? + b?), we have

flt,r) <1+ 2i7r4, (t,r) €[0,1] x R.

Let « = 1, 8 = 5. Then Xy = 3, and therefore X, = 3 and inf,>; H(s) =

H(X,) = H(Xo) = 5- (see Remark [2.1)). Thus all assumptions of Theorem [2.2] are
(2.11

satisfied for any A > 2%, so problem (2.11)) has at least one solution.

Acknowledgments. The author wants to thank the anonymous referee for point-
ing out some errors on the original manuscript.
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