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INFINITELY MANY SOLUTIONS FOR THE p-LAPLACE
EQUATIONS WITH NONSYMMETRIC PERTURBATIONS

DISHENG LIU, DI GENG

ABSTRACT. In this article, we study Dirichlet problems involving the p-Lapla-
cian with a nonsymmetric term. By using the large Morse index of the cor-
responding Laplace equation, we establish an estimate on the growth of the
min-max values for a functional associated with the problem. The estimate
is better than the given result in some range. We show that the problem
possesses infinitely many weak solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this paper, we investigate the existence of infinitely many weak solutions for
the Dirichlet problem, involving p-Laplacian,

~Apu = |ul"*u+ f(z), inQ

1.1
u=0, on Jf, (L.1)

where (2 is a bounded domain in RY with smooth boundary and N > p > 1; Apu =
div(|Vu|P~2Vu) is so-called p-Laplace operator and p < q < p* = Np/(N — p).

Rabinowitz [6], Bahri & Berestycki [2] and Struwe [7] discussed this type prob-
lem in the special case of p = 2 using perturbation method for even symmetric
functional. Bahri & Lions [3] and Tanaka [8] employed the Morse index theory and
obtained the best result up to now. Garcia Azorero & Peral Alonso [I] generalized
the multiple solutions results as in [2] [6] into p-Laplacian equation. In the case of p-
Laplacian with p # 2, not as in Hilbert space H}(£2), because of the lack of Hilbert
space framework, in the Banach space I/VO1 "P(Q), Morse index theory cannot directly
be applied into this class of equation, yet corresponding multiple solutions problem
had not reached the optimal result as in the situation of Laplace equation. In this
note, we compare the variational functional of problem involving p-Lapacian
(p > 2) with that involving Laplacian, establish some estimate on growth of critical
values of p-Laplace equation with the large Morse index of Laplace equation and
show existence of infinitely many solutions of p-Laplace problem with nonsymmet-
ric perturbation . On the some range, the result we obtain improves the known
conclusion of Garcia Azorero and Peral Alonso [I].
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The main result in this paper is the following theorem.

Theorem 1.1. Suppose f(x) € C(Q) and
- Np—2N+4 Np
¢ Np—2N+2pN—2}}’
where q and q are the largest roots of the equations
¢ _Np—gWN-p) . a¢ _ padp—2N+2p)—pN(p-2)
q—1 (¢—p)N g—1 N (q¢—p)(Np—2N +2p)
respectively. Then the problem possesses infinitely many (weak) solutions

{ur} C Wol’p(Q), and the corresponding critical values of variational functional
tend to the positive infinity.

2 < p < ¢ < max {q, min{

L (12)

The weak solutions of (1.1]) are the critical points of the C! functional for § = 1
as follows:

1 1
Jo(u) = 7/ VulPda — f/ \u|qczx—e/ F@yudz, (u,0) € WEP(Q) x [0,1].
P Jo qJa Q
(1.3)
The equivalent norm in W, () is [[Vullp. If @ =0, Jo(u) is an even functional

on WyP(Q). Tt is clear that, if p > 2, %% < p*. Therefore, under the

assumptions of Theorem the functional Jy(u) satisfies Palais-Smale condition
in Wy?(Q) (see, for instance, [7]).

2. PRELIMINARIES

To seek a series of critical values of J;(u), we introduce the following facts: In
the Sobolev space W, (Q), we know that (see, for example, Triebel [9]) there is
Schauder basis. And in the Sobolev space VVO1 "P(Q), the Sobolev inequality is valid.

Lemma 2.1 (Triebel [9]). Let Q@ C RY be a bounded domain of cone-type. There
exists a Schauder basis {wg }32, in WHP(Q), such that for q € [p,p*), there is some
positive constant Cy > 0, it holds for u € Span{wg, Wg+t1,- .-}

Cok N7 [l 1,y < ullwoon)- (2.1)
Denote the Schauder basis in W, * (1) satisfied the above lemma by {wy}. The
basis {wy} is also Schauder basis in H} (). Denote by
Ey = span{wy, wa, ..., w}, E,ﬂ‘ = Span{wy, W41, - - -
Define family of maps and series of min-max values of Jy(u) as follows:
Ti(p) = {y € C(Ex N B, (0), Wy ?(Q2)); 7 is odd, and 7|, nos, (0) = id};

¢, = inf max Jo(v(u)),
F v€Tk(p) u€ELNBR, (0) 0(’7( ))

where Ry, is a series of positive constants tend to positive infinite, such that Jo(u) <
0 for all u € Ej, and ||u| > Ry.

Lemma 2.2. For every k large enough, there exists pr, > 0 such that
pN—g(N—p) n
Jo(u) > Cok NGa=» | when u € B N0B,,(0),
where Cy is independent of k.
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Proof. For u € Ei-, applying Lemma we estimate the functional Jy(u):
1 1
Jow) = SVl = < ully =6 | fe)uds
p q Q
1 q _
> 2;||VUH£ — Ck» | Vull§ — ',

where C’ is a constant depending only on f.
By letting p = (kl_%+%/(2qC))1/(q*p), one have, for all k large enough and
u € Ei- N0B,,(0),

1 p —-q
Jolu) 2 [3(240) 777 — C(2¢C)77 | k7 VT5 — ¢ > Cok VG !,

where C5 is a positive constant independent of k. ([l

From the above lemma, using the Borsuk theorem, we obtain

N—q(N—p)

2
¢ > Ck Na-»p | (2.2)
This estimate on ¢ in the case p = 2 was obtained by Rabinowitz with the growth
of eigenvalue of Laplacian due to Hilbert-Courant; Garcia Azorero and Peral Alonso
[1] got the similar result in the special case = [0, 1]V for p # 2.
3. PROOF OF THE MAIN THEOREM

As a matter of convenience, we write the functional Jy(u) as I, ,(u); that is,

1
pat) =+ [ 19upds = [ fuloa.
P Ja q Jo

where C' is a positive constant depends only on p, ¢ and |Q].

Lemma 3.1. Suppose ¢ < p* = pN/(N — p). There exits a positive constant Cs
dependent only on p and q, such that
Ipq(u) > Ca(Ia,p (w)P?, ue WHP(Q), (3.1)
where r = (q(Np — 2N + 2p) — pN(p — 2))/p?; moreover if
- Np—-2N+4 Np
TSN Np—aNt2pN -2

(3.2)

then r < 2*.

Proof. By the assumption ¢ < p* = pN/(N — p) and the interpolation inequality
and Sobolev inequality, one can estimate the second term in I, ,(u) as follows:

/Q\u|qd:v < (/Q|u|p*dx)q%g)(/ﬂ|u|rdx)qg
(S/Q|Vupdx>qpu</ﬂ|u|rdx)q

q%ﬁ
i/ \Vu\pdx—l—C(/ |u|de) e
2p Ja Q

where the parameters r and « satisfy: ¢ >r>1,0<a <1, p>q(l — «) and

o
r

(3.3)

IN

IN

l1—« o
g—— +q— =1 (3.4)
p T
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4
When u € Wol’p( ) and Jo(u) = Ip 4(u) > 0, we also have

Q
\Vu\pdx—f[— VulPds + C /\u| )" 7]
Q Q

Ipq(u) >
27/ |vu|pdx_7(/ |u|rd ) r p—(1—a)q
Q
c 4% smctars 1 p/2 (3:5)
> 7/ |Vu\pd:c — (—/ |u|’”dx) }
2p Jo q Ja
C x5 —21P/2
) [ (Vado~ (2 [ juras) ]
Q q Jao
In addition to (3.4), we require that r and « satisfy
« 2
g————— = 1. 3.6
rp—(1—-a) (36)
Solving the simultaneous equations (3.4) and (3.6)), we obtain
Coo1k-1 a5 (8-1)  g(Np—2N+2p)—pN(p—2)
a=1——5—5, r= = 5 .
3 e ) (1 _ ;) p
2\p p*

Therefore, the inequality - ) becomes
(3.7)

cyQl) /|Vu\ dx—C’/ |u|” dx
/

>03[ /|Vu|2d:1:——/ |u|’dx = O3l (u)P/?,

where
I (u /|Vu|2dx——/ |u|"dz,
[

and C3 and C are positive constants, without loss of generality, we suppose that

C>land C3<1
As regards (3.2), which is a simple fact, we skip over the detail
Next, we present an estimate on ¢, under the condition p > 2 which is superior

)
to (2.2)) in a certain extent.
Np—2N+4 Np :
Np—2N+2p N-2° There exists positive

Lemma 3.2. Suppose that 2 < p < q <
constant Cy independent of k, such that for all k large enough
a(Np—2N+2p)—pN(p—2)

Ck > C4k% (a—p)(Np—2N+2p)
Proof. We define a series of min-max values of the functional I5,.(u) in the previous
IZ,T(’V(U)).

lemma as follows
¢ = inf max
7€k (p) u€ ExNBr, (0)

Obviously, indicates that if ¢ is sufficiently large that for every v € T'x(p)
and wy, satisfying
I = I
2. (W) wer B o) 2. (y(u)),
there holds I ,.(wy) > 0. Therefore, the inequality (3.7) leads to
(3.8)

Ck Z CgéZ/Z.
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On the other hand, for every v in Ty(p), v(Ex N Bg, (0)) € Wy (Q) C HA(Q),
which implies I'y (p) C I';(2), hence we have

¢. > b, = inf I, . 3.9
G2 b= A e, o2 (V) (3.9)

Moreover, from it follows that ¢ < %Ajfv—p implies 7 < 2*. Therefore,
the functional I ,.(u) fulfill the Palais-Smale condition in H}(Q2). By the results
due to Tanaka [§] or Bahri-Lions [3], we know that by are the critical values of
I5 ., (u). And the large Morse index of I .(u) at the critical point u corresponding
to by implies that

q(Np—2N+2p)—pN(p—2)

by, > CkNr 2 —OkN a(Np—2N+2p)—pN (p—2)—2p2 , (3.10)

where C' is a positive constant independent of k. Thus é — +oo, that is, (3.8)
holds for all k large enough. Again by (3.7),

g(Np—2N+2p)—pN(p—2) p

2
cp > 0352/2 > O4kN aWp-2N+2p) —pN(p-2)-2p% 2 (3.11)

the conclusion of the lemma follows. O

By Holder inequality, if u € WO1 P(Q) is a critical point of Jy(u), we obtain
0
50| =| [ f@yude] < Co(luta)] + 1)1, (3.12)
Q

where C5 is a positive constant depending only on || f[|¢(q)-

The method in Hilbert spaces developed by Bolle [4] can be generalized into
Banach spaces (just replace the gradient vector fields with the pseudo-gradient
vector fields), which can be used to deduce the following fact, if the functional J; (u)
has at most finite critical values, by using and the proof of [5, Theorem 2.2],
we get

Ck+1 — Ck < C(Ck + 1) (313)

With the facts above, we can establish the following estimates on cy.

Lemma 3.3. If there are at most finite critical values for the functional Jy(u),
there exits a positive constant Cg independent of k, such that

Ck S C’Gk‘l—i1

Proof. Without loss of generality, one can suppose ¢, > 1, then from (3.13]) it
follows that

1/q
Chy1 —c <20 - Ckip

ek —cp—1 <2C - cl/q <2C - cifl,

e —cp <2C- c/q<20 c,lc{fl

Adding the two sides, respectively, we have cp11 —cp < 2k-C - c,lcfl, which implies
1 S2k-C -l e <2k +1)-C- e/,

where the constant C' may be changed. And then the conclusion follows. |
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Proof of the main theorem. Combining the above lemmas and the method devel-
oped by Bolle-Ghoussoub-Tehrani [5], we can deduce the existence of infinitely
many solutions of (L.I)). In fact, if J;(u) has at most finite critical values, the con-
clusions of Lemma Lemma [3.1] and Lemma [3.2] imply that, for all sufficiently
large k,

p a(Np—2N+2p)—pN(p—2) P 2¢9—N(p—2) _aq
max{Cy k¥ @ n®p-2N+2) O3V 2@  } < ¢ < CghaT.

However, according to the assumptions of Theorem we have

<max{£2q*N(P*2) M<pr2N+2p>pr(p—2>}
N 2q-p) "N (¢—p)(Np—2N +2p) ’

which yields contradiction. O

qg—1

Remark. The conclusion of infinitely many solutions based on is better than
that of Garcia Azorero and Peral Alonso [I] in some range. In fact, according to the
conclusions in [I], we know that, when ¢ € (p, ), the problem has infinitely
many solutions, where ¢ = g(p) is the largest root of the first equation in as
follows:

¢ _pN—qN—-p)

q—1 N(g—p) '
the expression on the right hand of the equation (3.14) is also the exponent in
Lemma Notice that if we denote the largest root of the second equation in
(1.2) by ¢ = q(p), it is clear that

_ 2(N — 1)

4(2) = ———= > §(2),

i) =200 5 40
so there exits some py € (2, +o0], such that g(p) > q(p) for all p € [2,pg). Setting
q(p) = q(p), we can find out py. Since g(p) and ¢(p) satisfy the equations in (1.2]),

we have
» a(Np—2N +2p) —pN(p—2) _ pN —g¢(N —p)
N (¢—p)(Np—2N +2p) N(q—p)

that is, ¢ = (Np — 2N + p?)p/(Np — 2N + 2p). From the equation ¢(p) or q(p)
satisfies, it follows that py meets a quartic equation as follows:

p* — (2+ N+ N?)p? + (2N +4N?)p — 4N? = 0. (3.15)

(3.14)

Analysis on this quartic equation with Mathematica yields some interesting facts:
when N = 3,4,5,6, the equation has no real root greater than 2, that is, in those
cases, our result under the hypothesis in Theorem is better than that in [I];
when N > 7, the equation has two real roots greater than 2, the first one is po,
which is in the interval (2, 3). Therefore, we can conclude that, under the conditions

of Theorem[L.1] if p € (2,po) and g € (p, (p)), the problem possesses infinitely
many solutions. The conclusion is better than that in [I], since (p, G(p)) & (p, @(p)).

Figure 1 illustrates the relationship among g, g, p* and 7(p) = %%
in the cases N = 6 and N = 8. In each figure, two dashed curves are ¢ = p*(p)
and ¢ = 7(p); the two solid curves represent ¢ = g(p) and ¢ = §(p). Notice that
the curve ¢ = q(p) is always over ¢ = g(p) for all p > 2 when N = 6, and the curve
q = q(p) is over ¢ = @(p) near p = 2 when N = 8. The two figures were produced

with Mathematica.
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FIGURE 1. Graphs of 4, ¢, p* for N =6 and N =8

REFERENCES

Garcia Azorero, J. P. & Peral Alonso, I.; Multiplicity of solutions for elliptic problems with
critical exponent or with a nonsymmetric term [J]. Trans. Amer. Math. Soc. 323:2 (1991),
877-895.

Bahri, A., Berestycki, H.; A perturbation method in critical point theory and applications
[J]. Trans. Amer. Math. Soc. 267(1981), 1-32.

Bahri, A. & Lions, P. L.; Morse index of some min-max critical points. I Applications in
multiplicity results [J]. Commu. Pure Appl. Math. 41 (1988), 1027-1037.

Bolle, P. On the Bolza problem [J]; J. Diff. Equations 152(2)(1999), 274-288.

Bolle, P. Ghoussoub, N. & Tehrani, H.; The multiplicity of solutions in non-homogenous
boundary value problems [J]. Manu. Math. 101 (2000), 325-350.

Rabinowitz, P. H.; Multiple critical points of perturbed symmetric functions. Trans. Amer.
Math. Soc. 272 (1982) 753-770.

Struwe, M.; Variational Methods [M], Spriger-Verlag, 1996, Beijing.

Tanaka, K.; Morse indices at critical points related to the symmetric mountain pass theorem
and applications. Commun. in Partial Differential Equations, 14(1) (1989), 99-128.
Triebel, H.; Interpolation Theory, Function Spaces, Differential Operators [M]. North-Holland
Pub. Co., 1978, Amsterdam.

SCHOOL OF MATHEMATICAL SCIENCES, SOUTH CHINA NORMAL UNIVERSITY, GUANGZHOU 510631,

CHINA

E-mail address, Disheng Liu: dison_lau@yahoo.cn
E-mail address, Di Geng (Corresponding author): gengdi@scnu.edu.cn



	1. Introduction and statement of main results
	2. Preliminaries
	3. Proof of the main theorem
	Remark

	References

