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BEHAVIOR OF IMPULSIVE FUZZY CELLULAR NEURAL
NETWORKS WITH DISTRIBUTED DELAYS

KELIN LI, ZUOAN LI, QIANKUN SONG

ABSTRACT. In this paper, we investigate a generalized model of fuzzy cellu-
lar neural networks with distributed delays and impulses. By employing the
theory of topological degree, M-matrix and Lypunov functional, we find suffi-
cient conditions for the existence, uniqueness and global exponential stability
of both the equilibrium point and the periodic solution. Two examples are
given to illustrate the results obtained here.

1. INTRODUCTION

Since cellular neural networks (CNN) was introduced by Chua and Yang in [7}[§],
many researchers have done extensive works on this subject due to their applica-
tions in classification of patterns, associative memories, image processing, quadratic
optimization, and other areas, e.g., [2, [l 6, I8 19, 25]. However, in mathemat-
ical modelling of real world problems, we encounter inconveniences, namely, the
complexity and the uncertainty or vagueness. In order to take vagueness into con-
sideration, fuzzy theory is considered as a suitable setting. Based on traditional
CNN, Yang and Yang proposed the fuzzy cellular neural networks (FCNN) [22] 23],
which integrates fuzzy logic into the structure of the traditional CNN and main-
tains local connectedness among cells. Unlike previous CNN structures, FCNN has
fuzzy logic between its template input and/or output besides the sum of product
operation. FCNN is very useful paradigm for image processing problems, which is
a cornerstone in image processing and pattern recognition. In such applications, it
is of prime importance to ensure that the designed FCNN be stable. In [22] 23],
the authors have obtained some conditions for the existence and the global sta-
bility of the equilibrium point of FCNN without delays. In [I6], Liu and Tang
have considered FCNN with either constant delays or time-varying delays, several
sufficient conditions have been obtained to ensure the existence and uniqueness of
the equilibrium point and its global exponential stability. Yuan, Cao and Deng
have given several novel criteria of exponential stability and periodic solutions for
FCNN with time-varying delays [24]. Recently, Huang has considered the stability
of FCNN with diffusion terms and time-varying delay [14], at the same time, Huang
has investigated the exponential stability of FCNN with distributed delay [13].
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However, besides delay effect, impulsive effect likewise exists in a wide variety of
evolutionary processes in which states are changed abruptly at certain moments of
time, involving such fields as medicine and biology, economics, mechanics, electron-
ics and telecommunications, etc. Many interesting results on impulsive effect have
been gained, e.g., Refs. [1} 8] 10} 111 15 17, 20, 21]. As artificial electronic systems,
neural networks such as CNN, bidirectional neural networks and recurrent neural
networks often are subject to impulsive perturbations which can affect dynamical
behaviors of the systems just as time delays. Therefore, it is necessary to consider
both impulsive effect and delay effect on the stability of neural networks.

Motivated by the above discussions, in this paper, on the basis of the structure
of FCNN, we consider a class of impulsive fuzzy neural networks with distributed
delays described by the following system of integro-differential equations:

d;z:; t(t) = —dyzi(t) + Z aij fi(x;(t) z:: aiju;(t) + I(t)

+ /\ bw/ K;j(t —s)fi(z;(s))ds + \/ b”/ Ki;j(t—s)fi(x;(s))ds

+ /\ T;ju,(t) + \/ Hiju(t), t#tg,
j=1 j=1
Azi(ty) = zi(ty) — zi(ty,) = Ax(zilty)), t=tr,

(1.1)

for i =1,2,...,n. Where the fixed times t; satisfy t; < to < ..., limg_ o tx = 0.
The first part (called continuous part) of model describes the continuous
processes of FCNN. n corresponds to the number of units in the neural network; z;
corresponds to the state variable; f;(x;(t)) denotes the activation function of the
jth neuron; w; and I;(t) denote input and bias of the ith neuron, respectively. d;
represents the rate with which the ith unit will reset its potential to the resting
state in isolation when disconnected from the networks and external inputs; a;
and a;; are elements of feedback template and feedforward template; b;;, l;ij are
elements of the distributed delay fuzzy feedback MIN template, the distributed
delay fuzzy feedback MAX template, T;; and H;; are elements of fuzzy feedforward
MIN template and fuzzy feedforward MAX template, respectively; K;; corresponds
to the delay kernel. A and \/ denote the fuzzy AND and fuzzy OR operation,
respectively. The second part (called discrete part) of model describes that
the evolution processes experience abrupt change of states at the moments of time
(called impulsive moments). Az;(t;) represents impulsive perturbations of the ith
unit at time t;, and Ay denotes the impulsive operator at time ¢; for k =1,2,....
To the best of our knowledge, few authors has considered dynamical behaviors
of impulsive fuzzy neural networks with distributed delays. This paper studies
the existence, uniqueness and global exponential stability of both the equilibrium
point and the periodic solution for impulsive fuzzy neural networks with distributed
delays. Several sufficient conditions ensuring the existence, uniqueness and global
exponential stability of both the equilibrium point and the periodic solution for
impulsive fuzzy neural networks with distributed delays will be established for the

system (|1.1)).
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The remainder part of this paper is organized as follows. some notations and
preliminaries are given in section 2. In section 3, several sufficient conditions will be
established ensuring model to the existence, uniqueness and global exponential
stability of equilibrium point. The existence, uniqueness and global exponential
stability of the system will be given in section 4. In section 5, two examples
are given to illustrate our theory.

2. PRELIMINARIES

Throughout this paper we assume the following hypotheses:
(H1) There exist constant scalers F; > 0 such that

|f1(l‘)—fz(y)| SFi|l‘—y|, i:1,2,...,n
for any z,y € R.
(H2) The delay kernels K;; : [0, +00) — [0, +00) are piecewise continuous func-
tions and satisfies:
(i) [ Kij(s)ds=1, i,j=1,2,...,n.
(ii) ;7 sKij(s)ds <oo, i,j=1,2,...,n.
(iii) There exists a positive number u such that

/ set K (s)ds < oo, 4,j=1,2,...,n.
0

Let C = C((—o0,0],R™) be the linear space of bounded and continuous functions
which map (—o0, 0] into R™. The initial conditions associated with model (1.1f) are
of the form

zi(t) = pi(t), —oco<t<0 (2.1)

in which ¢;(+) are bounded continuous (i = 1,2,...,n).
First, we introduce some notation and recall some basic definitions. For an
n X n matrix, |A| denotes the absolute value matrix given by |A| = (|aij|)nxn;
AT denotes the inverse of A. Let A, B be two n x n matrices, A > B represents
a;; > b;; for all 4,5 = 1,2,...,n. Let a vector norm ||z, (p = 1,00) (simply

denoted by ||z||) for z € R™ be defined as

n

ol =3 ol el = o
1=

For ¢ € C, ||¢|loo is defined as

[olle = sup_ [lo(s)lloc = sup  max [pi(s)].
—00<s<0 —oco<s<0 1<i<n

Definition 2.1. A function  : (—o0, +00) — R™ is said to be the special solution of
system (1.1]) with initial condition ([2.1)) if the following two conditions are satisfied
(i) z is piecewise continuous with first kind discontinuity at the points ¢,
k=1,2,.... Moreover, z is left continuous at each discontinuity point.
(ii) z satisfies model (1.1]) for ¢ > 0, and z(s) = ¢(s) for s € (—o0,0].
Especially, a point z* € R™ is called an equilibrium point of model (1.1)), if z(t) = z*
is a solution of (|L.1J).

Henceforth, we let (¢, ¢) denote the special solution of (|1.1)) with initial condi-
tion ¢ € C.
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Definition 2.2. The periodic solution z(t, ) of system (|1.1)) is said to be globally
exponentially stable if there exist positive constants o and M such that every
solution z(t, ¢) of (| satisfies

Hﬂvw—m( Pl < Mll¢ — plloce™, ¥t >0.

Definition 2.3 ([4]). A real matrix D = (d;j)nxn is said to be a non-singular
M-matrix if a;; <0, 4,7 =1,2,...,n, ¢ # j, and all successive principal minors of
D are positive.

For the non-singular M-matrix, we have the following result.

Lemma 2.4 ([4]). Each of the following conditions is equivalent:
(i) D is a nonsingular M-matriz.
(i) D~! exists and D~ is a nonnegative matriz.

(iii) The diagonal elements of D are all positive and there exists a positive vector
d such that Dd > 0 or DTd > 0.

Lemma 2.5 ([22]). Suppose y and § are two state of model (1.1)), then we have

‘ /”\ o [ (y5) — /”\ Oéijfj(ﬂj)‘ < 2": Q| - ’fj(yj) - fj@j)‘a
i=1 i=1 i=1
[\ ) - \/ﬂufy | < 30184] - | £ - @)
j=1 j=1 J=1

3. GLOBAL EXPONENTIAL STABILITY OF EQUILIBRIUM POINT

In this section, we will give several sufficient conditions on the global exponen-
tial stability of equilibrium point for the impulsive FCNN with distributed delays.
Consider the case of model (1.1) as I;(t) = L;, u;(t) = usy, i = 1,2,...,n, and let
I,L' = Z;‘lzl dijuj + Ii + /\7}:1 Tiju]' + \/”7’:1 Hijuj, then model " becomes

dz;
) +Zaufg o +/\bm [ mte=onteenas

" - (3.1)
\/b / KU f](mJ( ))dS+Il7 t#tka

Awi(tk) = zi(t)) — wity) = Ap(i(t), t=ti,
fori=1,2,...,n
Theorem 3.1. Under assumptions (H1), (H2), the first equation in system (3.1)
has a unique equilibrium point if D — (|A| + |B| + |B|)F is a nonsingular M-

matriz, where D = diag(di,da, ..., dn), A= (aij)nxn, B = (bij)nxn; B= (Eij)nxn,
F= diag(Fl, FQ, PN 7f‘_‘n)

Proof. Let x* = (25,5, ...,25)T denote an equilibrium point of the first equation
in model (3.1). Then x* satisfies

Z; —Zaijfj(x;f)— /\b”fj( \/szfj ] :0, 7::1,27...,71. (32)
j=1 j=1 j=1



EJDE-2007/50 IMPULSIVE FUZZY CELLULAR NEURAL NETWORKS 5

Let

n

hi(ws) = diwi= Y aij fi(x5) = ]\ big £ ()= \) big fi () =L =0, i=1,2,....n
j=1

j=1 j=1

Obviously, the solutions of the above system are the equilibrium point of model
(3.1). Let us define homotopic mapping

H(z,\) = Mi(z) + (1 — Nz,
where A € [0,1], and
h(z) = (hi(z1), ha(x2), ..., hyn(zn))T,
H(z,\) = (Hy (21, \), Hy(22,A), . .., Hy (20, \)7,
then for i € {1,2,...,n}, from (H1) and Lemma [2.5 we have
| Hi(z, A

= ‘)\|:dzxz - Zaijfj(l'j) - /\ bijfj(x] \/ l;zgf] x] Zj| (1 _ )\) .
Jj=1 j=1 j=1
> [z + (1 = N)x| — )\Z laij|| f;(x;)] — )\Z 1bijl1£3 ()]
j=1 j=1
= A Bl )| = AL
=1

> [L+ M(di = D] =AY lai [ Fyla| = XY oo | Fylas| = XY (b | Fylay |

Jj=1 Jj=1 Jj=1

= AT+ D Lasl 5001+ 3 bl 5O+ D 15isl£50) ]
j=1 j=1 j=1

= [+ A = 1))feal = A Y Fla] (lausl + il + 1)

j=1
_ ADE\ + Xn: 1£5(0)] <|az‘j| + 1bis| + |Eij|)}'
i=1

Since D — (|A|+|B|+|B|)F is a nonsingular M-matrix, there exist constants [; > 0
such that

lzdl — FZZZJ (|aj¢| -+ |bﬂ‘ -+ |l;ﬂ|> > O, 7= 1,2, e, n,
j=1

then, we have

Zzilex,Aﬂ
>Zz 12 |xz|+AZ[dZ|xz| zZF|x]|(\aw|+|bw|+|bw|)}

j=1
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n ~ n ~
A G[IT+ 3215 (lassl + il + 1) |
i=1 j=1
> A [ditilei] = 1Y Filayl (lais] + [bis] + 1551 |

i=1 j=1

Y[+ S5O (o] + s+ )
i=1 j=1
= /\i {lidi — F; ili <|aji| + [bji| + |l~7]1\)] |24
i=1

Jj=1

_ )‘ili [IE\ + i £5(0)] (|a1-j| +1bis| + |l~’”|)]
i=1 Jj=1

Z )\l()”l‘Hl — )\nlo.

Define
lo= 1r<nii£1n {lidi - F ilj <|aji| + |bj:] + |l~;ji|)}’
<i< et
To = max { <|I |+ Z |£3(0 (|aij\ + |bij| + |5ij|) }7
and let

lo )
Then it follows that ||z||; = n(Ip + 1)/ly for any = € 9T", and

I = {a: Sl <

n(lyp+1)

> LlHi(z, M) > Mo
lo

j=1
that is F(xz,A) # 0, for any x € dI', A € (0,1]. Also, as A =0, H(x,\) = iqg(x) =
x # 0, for any x € I, here, 44 is identity mapping. Hence, we have H(z, A) # 0,
for any « € oT', A € [0,1].

From (H1), it is easy to prove deg(iq,I,0) = 1 thus we have from homotopy
invariance theorem [9] that

—Anly >0, VA€ (0,1],

deg(h,I',0) = deg(iq,I',0) = 1.

By the topological degree theory, we can conclude that has at least one solution
in I'. That is, model has at least an equilibrium point.
Suppose y* = (y&,v5,...,y:)7T is also an equilibrium point of model , then
we have
n

Zawfj /\ ij]( )

ij]( ) Z:Oa

S

diy;i — Zamfg ;) /\ bii fi(y;) — Bijfj(y;) ~I; =0,

j=1 j

'<:T<:

1
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this implies

(i =) Zam Fi@) = £+ N\ b fi@;) = N big £55)

j=1 Jj=1
+ \/ Bijfj( \/ bij f( y]
j=1 j=1
Z lags || f5(2%) = fi(y0)] + ] /\ bijfi(al) = \ bisfi (D)l
j=1 j=1 j=1

+] \/ Eijfj(x;) - \/ Ezjf](y])
j=1 j=1
fori=1,2,...,n. By using (H1) and Lemma we have
dile; — ;] < ZF 25 = w31 (lasgl + g + B, i =1,2,0m,

which can be rewritten as
(D = (|A] + |B| + [B)F) (|2} = yil, |25 — w3l ..., Ja — yn )T <0.

Since D — (|[A|+|B| + |B|)F is a nonsingular M-matrix, (D — (|A| +|B|+|B|)F)~*
is a nonnegative matrix. Thus multiplying both sides of the above inequality by
(D — (|A| +|B|+|B|)F)~! does not change the inequality direction, it follows that

(Je7 = yil, |23 — w3l |z —yn )T <0.

This implies that z* = y*. Therefore, the system (3.1]) has one unique equilibrium
point. ([l

Theorem 3.2. Assume that (H1), (H2) hold, and D — (|A| + |B| + |B|)F is a
nonsingular M -matriz, furthermore, suppose that the impulsive operator Ay (x;(ty))
satisfies

Ak($i(tk)):7(52']@(1'2'(15]@)71':), O<5ik<2, t1=1,2,...,n, k:1,2,....
(3.3)
Then the equilibrium point x* = (x5, 2%,...,25)T of system (3.1)) is globally expo-
nentially stable.

Proof. From (3.3), we have Ag(zF) = 0, and by Theorem ¥ = (zf,25,...,25)T
is only equilibrium point of the system (3.1)). Let x(t) = (x1(t), z2(t),..., 2, (t))T
3.1)

be an arbitrary solution of the system (3.1). From assumption (H1) and Lemma
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[2.5 we obtain that

d|zi(t) — 27|
dt
d(z;(t) — x7)
’ dt

< —dilai(t) — 7] +Z |aij| | £3(25 () = fi ()]

Jj=1

HA%/ K= ) fiaso0ds = Ny [ Kte = 9o
\/5[ Koyt = ) ()ds — \/ B / fi(a)ds|
< —dili(t) — @7+ Z |aijl| £5(x(8)) = f3(z5)]
(3.4)

+Qmm/1@ 5(a5() — £ ds
+Qmm/1@ 5 (a5() — £3(a2)ds

< —dilai(t —$*|+Zlau\Fl% (t) — a3l
j=1

n t
+ Z (\bij| + \b¢j|) /_Oo Kij(t — s)Fjlz;(s) — x}|ds

j=1

= —d;|zi(t) — xF| + Z Fjlaij|lz;(t) — 25|
“+oo

+ZF@m+MD Ky ()| (¢ = 5) = 5 ds

j=1
fort>0,1=1,2,...,n,t #£ty, k=1,2,.... Also,
zi(ty) — o) = —dun(zi(te) — @) + @i(te) — o] = (1= 6 (@i (te) — 7)
fori=1,2,...,n, k=1,2,.... Hence
s (t) — 5] < 11— Gl (ti) — 2] < Jwi(te) — @7 (3.5)

fori =1,2,...,n, k = 1,2,.... Since D — (JA| + |B| + |B|)F is a nonsingular
M-matrix, there exist constants [; > 0 such that

lle—FZZl]<|aﬂ|+|bﬂ‘+|Z~)ﬂ|) >0, 1=1,2,...,n. (36)
J=1
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Now, for ¢ = 1,2,...,n, we define the functions

~ n ~ +oo
hz(al) = ll(dl — Ozi) — Fi le [\aﬁ| + (|bﬂ| + |bjl|) /0 eaisKﬁ(S)dS},
j=1

where a; € [0,+00). Obviously, for i € {1,2,...,n}, hi(c;) are continuous on
[0, +00), and from (3.6), we know that h;(0) > 0, for i € {1,2,...,n}. Also, for
i€{1,2,...,n}, we have h;(a;) = —00 as a; — +00. So there exists a such that

Bi(a;‘) =0,i€{1,2,...,n}. Let « = min{ay,as,...,a,}, we get
hia) = Ui(di = @) = B >y [lagal + (Jbgil + \bji|)/0 e Ki(s)ds| 20 (3.7)
j=1

fori=1,2,...,n. Let y;(t) = e*|x;(t) — z}], i = 1,2,...,n. Then it follows from

(3.4) that

d+yi(t) at * at d+|xi<t) — .’Eﬂ
o —ae |zi(t) — il +e a4
—(d; — a)y;(t +§]%um7> (3.8)

Jj=1
n _ +OO
#30 (1bal + Bl By [ e Kol t — s
J=1 0
fort >0,:=1,2,...,n,t #£tg, k=1,2,.... Also, from (3.5, we have
yi(t]) = e |ai(tf) — af| < e |ai(ty) — xf] = yilt)

fori=1,2,...,n, k=1,2

g Ly oo

V(t)= Zn:lz‘ [yi(t) + zn:Fj <|bij\ + |Z~7ij|> /O+<><> eo‘sKij(s)</t yj(r)dr> ds}. (3.9)
=1 j=1 t—s

The derivative of V' (t) along with the trajectories of model (3.1)) is
DTV (1)

d+ i +o0 .
N le[ y +ZF (‘bw| + ‘b13|)y]( )/0 € Kij(S)ds
B iF (\b”| + |blj|> / eV K;;(s)y;(t — s)ds]
zn: [ (di — a)yi(2) +Z|Q1J|ij] (t)

i=1 j=1

Now, we construct the Lyapunov functional

n

—+o00
e E (bl +lhl) [ e Kt - s

j=1

+ ETL:FJ (‘bw| + |b”|) ;(t )/0+O° e K;;(s)ds

j=1

<.
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n _ “+o0
=3 551l + o) | e B = syas
:—Zz (d; — a)y;(t —|—ZZZF\az]|yj

1=1 j=1
1590 ST (HER M) MO RS HET
=1 5=1
n n ~ 400
=> { —L(di—a)+ Fi Y 1 “aﬂ\ + (|bji| + \bji|) /O easKﬂ(S)dS} }yi(t) <0
i=1 j=1
fort>0,t#tg, k=1,2,.... Also,
0= 3l + ZF (ol +5l) [ e [ [ war)as]
n 5 +oo tr
< Zl [yi(tk) + ZFj <|bij| + |bij\) /0 eo‘sKij(s)(/t yj(r)dr)ds}
i=1 i=1 k—S$
—V(ty), k=1,2,....
So, we have V/(t) < V(0), for all ¢ > 0. From (3.9)), we obtain
V(t) 2 min {I; }Zyz (3.10)
Also
V(0)
n n B 400 0
= Zli [yz(O) + > F; (|bij| + |bij|) /0 easKij(s)(/ yj(r)dr> ds]
i=1 j=1 —s

+oo 0

o |

—S

Yj (r)dr) ds}

S (1l + 1) [
+oo

(\b”|+|b”|)/ se“sKij(s)ds( sup yj(r))}.

—oo<r<0

0+
1rgla<xl{l }Z {yl i

From the above inequality and (3.10), we have

; yi(t) < maxcicn{li} 3 Z [

m1n1<1<n{l }

37 (bl + 15 /Omseasms)ds( sup_ (1) ) .
j=1

—oo<r<0

for t > 0. It follows from the definition of y;(¢) and the above inequality that

n
D lwi(t) —af| < Mem®* sup ZI% ) — i
i=1

—oo<9<0
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for ¢t > 0, where

maxi<ij<n{li} - 3 T e
M= —i=iEnld) [1 + 1§?§n;Fj (|bij\ + |bz’j|> /O se®*Kij(s)ds|.
iz

minlgign{li}
The proof is completed. O

As a direct result of Theorems we have the following result.

Corollary 3.3. Assume that (H1), (H2) hold, then model (3.1) has one unique
equilibrium point, if any one of the following conditions is true:

(1) d; > F; Z?:l <|aji| + |bﬂ| + |Eji|), 1=1,2,...,n.
(i) di > 377, Fj(|az'j| + [bis| + |5ij|); i=12...,n

(iii) There exists a positive vector | = (I1,la,...,1,)T > 0 such that
lldl>ZZJFJ<|(L”|+|I)”|+|E”‘), 1=1,2,...,n.
j=1

Furthermore, suppose that the impulsive operator Ag(x;(tg)) satisfies

Ak(xi(tk)):—§ik(xi(tk)—x’f‘), 0<5ik<27 1=1,2,...,n, k:1,2,....

2

Then the equilibrium point x* = (xf,2%,...,25)T of the system (3.1) is globally
exponentially stable.

Proof. In fact, any one of the conditions (i)-(iii) can assure, D — (|A| + |B| + |B|)F
is a nonsingular M-matrix. ([l

4. PERIODIC OSCILLATORY SOLUTION

In the section, we discuss the existence, uniqueness and global exponential sta-
bility of the periodic oscillatory solution of model (L.1). Let I; : R — R and
u; : R — R be continuously periodic function with period w, i.e. I;(t + w) = I;(¢),
ui(t + w) = u;(t) for i = 1,2,...,n. Furthermore, we assume that

(H3) There exists a positive integer ¢ such that
thyrg =t +w, 51’(k+q):5ik; k=1,2,...,1=1,2,...,n,
where 0;;, satisfy Ag(z;(t)) = xi(tz) —zi(ty ) = —0ixi(tr), 0 < i < 2.

Theorem 4.1. Under hypothesis (H1)-(H3), there exists exactly one w-periodic
solution of model (1.1)) and all other solutions of model (1.1) converge exponentially
to it as t — 400, if D — (|JA| + |B| + |B|)F is a nonsingular M -matriz.

Proof. Let x(t, ¢) = (x1(t, 8), x2(t, @), ..., xn(t,¢))T and let
x(tv QO) = (xl(tr 90)’ ZQ(t’ @)’ e 7In(t7 @))T

be an arbitrary pair of solutions of (T.1)). Since D—(]A|+|B|+|B|)F is a nonsingular
M-matrix, (3.6) and (3.7) hold. Let 5(t) = e*|x;(t, ¢) — zi(t,0)|, i = 1,2,...,n,
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we easily obtain

drg;(t)
— < —(d; — @)y (t +Z|QZJ|FJ3/J t)
(4.1)
n ~ +OO
+ (bl +bl) [ et Ky, )i
=1
and .
Gi(ty) = e | (), 0) — @it @)

= e x;i(ty,, ) — dinwilty, @) — zi(ty @) + Siwwi(ty, ©)|

= |2 (tr, @) — i (ths &) — @i (t, @) + Sinwi(ti, @) (4.2)

= e |1 — §ipl|zi(th, ) — 2i(th, )]

< e |zy(tr, @) — xi(tr, )| = Filtr).
Now, we construct the Lyapunov functional

t) = zn:li {@z(t) + zn:FjObiﬂ + \BHD /0+°° eaSKij(s)(/tts y]j(r)dr)ds]

By a minor modification of the proof of Theorem [3.2] we can easily derive

n

Z |x1(t7 (b) - xi(tv @)l < Me_a sup Z |¢2 Z |

i—1 —oo<5<0
for t > 0, where M > 1 is constant, o = mlnlgign{ai} from . Therefore, we
have

[l (t, @) —x(tvw)lloo < Me ¢ — ¢lo- (4.3)

Below, we prove that the system (|1.1)) has exactly one w-periodic solution. For each
solution z(t, @) of ( and each ¢ > 0, we define a function z;(¢) in this fashion:

xt(cb)(S) =a(t+s,¢) forse (—o0,0].
From (4.3)), we can choose a positive integer N such that Me= Vv < %.

Now, define a Poincare mapping C — C by P(p) = z,(y), then PN (p) =
TNw(p). Let t = Nw, then

1
1PV (9) = PM(9)lloo < 216 = ¢l

This implies that PV is a contraction mapping, hence there exists one unique fixed
point ¢* € C such that PV (¢*) = p*.

Since PN (P(p*)) = P(PN(p*)) = P(p*), P(¢*) € C is also a fixed point of
PN it follows that P(¢*) = ¢*, that is z,(p*) = ¢*.

Let x(t, ©*) be the solutlon of model (L.1)) through (0, ¢*), then z(t 4+ w, p*) is
also a solution of model . Obviously

Trrw($?) = mi(2u(97)) = 2:(97)
for all t > 0. Hence
z(t+w, ") = z(t, ¢").
This shows that z(t, 4,0*) is exactly one w-periodic solution of model (L.1)), and all
solutions of model (| converge exponentially to it as ¢ — 4o00. The proof is
completed. O
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As a direct result of Theorem [4.I] we have following corollary.

Corollary 4.2. Under hypothesis (H1)—(H3), there exists exactly one w-periodic

solution of model (1.1)) and all other solutions of model (1.1) converge exponentially
to it as t — +oo, if any one of the following conditions is true:

(i) &> FY, (|aji| + byl + |le-|), i=1,2,...n.
(11) d; > Z?:l Fj <|aij| + |b”‘ + |Z~)U|>7 1= 1,2,. LN
(iii) There exists a positive vector | = (I1,la,...,1,)T >0 such that
lidi>leFj(|aij|—|—|bij|—|—|5ij\), 1=1,2,...,n.
j=1
5. EXAMPLES

Example 5.1. Consider the model

dz1 (t) g -
= 0+ sy, + Y+ 1

Jj=1

t

2 ¢ 2 _
# N [ eI g aeds + \ by [ e gy (o
j=1  J=o

j=1 7o

2 2
+ N\ T+ \/ Hijuj, >0, t# 1t
j=1 j=1

P

2
dx;t(t) = —doxa(t) + Zazjfj(mj(t)) + Z&quj + 1

Jj=1 J

1 25
Az (ty) = —(1+ 3 sin(1 4 k))(x1 (tx) — 3—2), k=1,2
2
=1

t

2 t 2 _
+ N b2 / e U9 fi(wi(s))ds + \/ by / e (=3 fi(x,(s))ds
j=1 -

j=1 o
2 2
+ N\ Tojus + \/ Hajuj, t>0, t # 1
j=1 j=1
2 1
Azo(ty) = —(1+ 3 cos(2k))(za(tx) — 5), k=1,2,...,

(5.1)
where 0 < t; < ty < ... is a strictly increasing sequence such that lim;_, ot =

+oo; fi(z) = %(|x—|—1|—|—|x—1|),i:1,2;
4 0 1 11 - 11
=g ) a=(h ) e=( 1) a1 4)
2
i — — —(T..

We can easily check that (H1) and (H2) hold, and for any x1,z2 € R, we have
|fi(z1) = fo(@2)] < |or — 22|, i=1,2,
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hence Iy = F5 = 1. It follows that

p-(ar+isi+12F = (2, )
is a nonsingular M-matrix. Also, a;x = 14 3sin(l + k), ag = 1 + 2 cos(2k)
such that 0 < ay, < 2,1 = 1,2, k =1,2,.... From Corollary [3.3] we know that
neural network model has one unique equilibrium point, which is globally
exponentially stable. Using MATLAB software, we can get the unique equilibrium
25 1yT

. «_ (25 1
point z* = (32,2

Example 5.2. Consider the following impulsive neural network model with dis-
tributed delays
2

2
dxq(t _
% = ~dix1 (1) + Y a1 fi(a;(0)) + Y anju; + 4
j=1 j=1
2 t 2 ~ t
+ A blj/ e 2079 fi (i (s))ds + \/ blj/ e™20=9) £i(x5(s))ds
Jj=1 —o0 j=1 —0o0
2 2
+ /\ Tijuj + \/ Hyjuj, t>0,t# 1
j=1 j=1

Azi(ty) = —(1+ %sin(l Rz (t), th=03+2(k-Dr, k=1,2,...,

dzs(t) 2 2
g = der2(t) + > ag;fi(xi() + Y asju; + I
Jj=1 j=1
2 2
# Ny [ g + \ by [ e (o)

2 2
+ N\ Toju; + \/ Hojuj, >0, t# 1
j=1 j=1
2
Axo(ty) = —(1+ gcos(2k))(x2(tk)), tr,=03+2k—-1)m k=1,2,...,

(5.2)
where 0 < t; < ta < ... is a strictly increasing sequence such that lim; , . tx =
+00; fi(#) = 7=, i = 1,2;

)

4 0 R | 2
= _ [ 1 _
=0 5) 4=(5 1) #=(
I = I, = 2sint, uy = ug = cost, T = (I;;) = E, H = (H;;) = E. We can easily

- 11 . 3
=19 =G )
3 3 2
check that (H1) and (H2) hold, and that for any x,z2 € R, we have
[fi(w1) = faa2)| < o1 — 2], 1=1,2,
hence Iy = Fy = 1. It follows that

D= (al+ i1+ 18pr = (2 )

NI

DO |0
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is a nonsingular M-matrix. Also, ayp =1+ §sin(1+ k), agp = 1+ 2 cos(2k) such
that 0 < o < 2,4 = 1,2, k = 1,2,.... From Theorem [4.1} we conclude that

there exists exactly one 2m-periodic solution of model ([5.2)), and all other solutions
converge exponentially to this solution as t — +oc.

Conclusions. Stability and periodic oscillatory behavior are important in the ap-
plications and theories of neural networks. By employing the theory of topological
degree, M-matrix and Lypunov functional, We have obtained some sufficient con-
ditions ensuring the existence, uniqueness and global exponential stability of both
the equilibrium point and the periodic solution for a class of impulsive fuzzy cel-
lular neural networks with distributed delays. It is believed that these results are
significant and useful for the design and applications of the fuzzy cellular neural
networks.
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