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Kamenev-type oscillation criteria for forced
Emden-Fowler superlinear difference equations *

Samir H. Saker

Abstract

Using Riccati transformation techniques, we establish oscillation crite-
ria for forced second-order Emden-Fowler superlinear difference equations.
Our criteria are discrete analogues of the criteria used for differential equa-
tions by Kamanev [5].

1 Introduction
Consider the forced second-order nonlinear difference equation
A2z, 1+ quz] = gn, (1.1)

where 7y is quotient of positive odd integers, n is an integer in the set N =
{1,2...}, {gn}22, and {g,}22, are sequences of positive real numbers, A de-
notes the forward difference operator Ax,, = .1 — =, and A%z, = A(Az,).
In the case v > 1, Equation (1.1) is the prototype of a wide class of nonlinear
difference equations called Emden-Fowler superlinear difference equations.

In recent years there has been an increasing interest in the asymptotic be-
havior of second-order difference equations, see, e.g., the monographs [1, 2].
Following this trend, we study the oscillations of (1.1). It is interesting to
study (1.1) because, it is the discrete version of the second order Emden-Fowler
differential equation that has several physical applications [11].

We consider only nontrivial solutions of (1.1); i.e., solutions such that for
every i € N, sup{|z,| : » > i} > 0. A solution {x,} of (1.1) is said to be
oscillatory if for every ny; > 1 there exists an n > n; such that z,z,+1 < 0,
otherwise it is non-oscillatory.

The oscillation of forced second order difference equations has been the sub-
ject of many publications; see for example [3, 4, 7, 8, 10, 13, 14] and references
therein. In [3], the authors considered the linear forced difference equation and
given some sufficient conditions for oscillation. In [8, 13], the authors considered
the nonlinear forced difference equations and established some conditions for os-
cillation. Unfortunately, the oscillation criteria in [3, 8, 13] impose assumptions
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on the unknown solutions, which diminishes the applicability of the criteria. In
[14], the authors considered the forced nonlinear delay difference equation when
{@n}22, is a nonnegative sequence with a positive subsequence, and there exists
a sequence {G,,}5, such that A%’G,, = g, to obtain sufficient conditions for
oscillations.

In the continuous case, the differential equation

2() +g(t) f(2(D)) =0, >ty (1.2)

has been studied by many authors; see the survey papers [6, 12] which give over
300 references. In Kamenev [5], the average function

t

Ar(t) = ti)\/ (t— s)q(s)ds, A>1 (1.3)
to

plays a crucial role in the oscillation criteria for (1.2). Philos [9] improved

Kamenev’s result by proving the following result: Suppose there exist continuous

functions H and h defined from D = {(t,s) : t > s > to} to R such that:

(i) H(t,t) =0, for t > tg

(i1) H(t,s) > 0 for t > s > tg, and H has a continuous and non-positive partial

derivative on D with respect to the second variable and satisfies

JOHWS) S > 0. (1.4)
Os
Further, suppose that
lim 1 /t[H(t s)q(s) — 1h2(t s)]ds = o0 (1.5)
00 H(t7 to) to ) q 4 b) - . .

Then every solution of (1.2) oscillates.

Using Riccati transformation techniques, we establish some new oscillation
criteria, for (1.1), that are discrete analogues of (1.3) and (1.5). Our results
generalized and extended the conditions (1.3) and (1.5) to the discrete case and
improve the results presented in [3, 8, 13, 14].

2 Main Result

Theorem 2.1 Assume that there exists a positive sequence {p,}52, such that
for every positive number A > 1,

m—1 2 A—1
. 1 (pns1)” 1 Dprn A(m—n—1) 2
1 — —n) _ _ _
mmse VP 7; (m=n) {ann 4py, (Pn+1 (m —n)? ) } o

where

2

Q=17 @) '

Then every unbounded solution of (1.1) oscillates.
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Proof Suppose to the contrary that {z,}52 , is an unbounded non-oscillatory
solution of (1.1). First, we may assume that {x,,} is a positive solution of (1.1)
for n > ny > 1. Define the sequence {w,} by

A(Enfl

Then in view of (1.1), we have
A
Aw, = —lgaa) ™ = T 4 P - P2
Tn Pn+1 TnTn41

Since x,, is positive and unbounded, there exists ny > ny such that Ax, > 0,
for n > ng, and x,4+1 > x,, so that

— In Apn Pn 2
Aw, < _[in‘jz 't _] + Wn4+1 — 7 5 Wnt1- (23>
T Pn+1 (Pn+l)2 1
Set g
— y-1_Jn
f(z) = gnx "
Using differential calculus, we see that
1 1—1 1
P =9 (—1) " @) o)
this and (2.3) imply
A n n
Awn < _Qn + —pwn-i-l - p72w721+1' (24)
Pnt1 (pn+l)
Therefore,
m—1
D (m=n)*pQn
n=nsy
m—1 m—1 A m—1
Z (m— n’\Awn—f—Z (m —n)* pnwnH—Z(m n)* gn w2,
n=ngz n=nso Pn+1 n=no Pr+1
(2.5)
Now, after summing by parts, we have
m—1
Z (m— n)’\Awn =—(m —ngy) an Z Wy+1A2(m )
n=nsg n=nz

where Ay(m —n)* = (m —n — 1) — (m —n)*. Then

m—1 m—1

Z (m —n) Aw, = —(m — ng) wy, + Z W1 ((m —n)> — (m —n—1)7).

n=nsa n=nsy
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Using the inequality, 2 — y® > By?~!(z — y) for all x> y > 0 and 8 > 1, we
obtain

m—1 m—1
Z (m —n) Aw, > —(m — ng) w,, + Z Mg 41 (m —n — 1)1
n=nsy n=nsa

Substitute this expression in (2.5) to obtain

m—1
Z (m — n)Aann <(m —ns) wn2 Z AMUpp1(m —n — 1)>‘_1
n=ns n=nz
m—1 p
+ Z —wn+1 Z (m —n)* 5 Wh 41
n=ng n+1 n=ny n+1
Then
m)‘ Z ) 0nQn
n=nso
m — N9
< m )kwnz
m—1
1 A{ Pn_ o Ap,  A(m—n—1) }
- m-—n — Wy,
mh ng( ) 2 (Pn+1 (m —n)> Jn
m — Ng
= ( m ))\ na
-1 -
_im (m—ﬂ)’\{vpnwﬂ—pnﬂ Apn_/\(m_n_l)A 1)}2
mA n—rs Pn+1 2\/pn " Prnt1 (m — n))\
m—1 2 _
_A'_L Z(m_n))\ (pn+1) Apn, . )\(m—n—l)A 1)2
m? = 4pn Pt (m —n) 7
which implies
1 m—1
X Z k(m —n)"pnQn
n=ns
m—1
m—ng. 1 3 (Pn+1)® [App  Am—n—1) 2
< m Vena + An;Q(m ) 4pp, <Pn+1 (m —n)* )
Then
m—1 A—1\ 2
A R A et R UEUER
mA n—ns 4pn Pn+1 (m —n)*
< (=2,
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which yields

m—1 2 A—1 2
: 1 (Pn+1) Apnp, A(m —n —1)
1 - - )\|: nwn - ] < ’
mg‘réo m? "Z;Lz (m =n)7 | n@ 4pn Pn+1 (m —n)A >

which contradicts (2.1). Next, we consider the case when x,, < 0 for n > n;.
We use the transformation y, = —z, is a positive solution of the equation
A%y, 1 + quy) = —gn. Define the sequence {w,} by

Aynfl

n = Pn ) 2.6
Wn = pn=— - (2.6)
then, w, > 0 and satisfies
— In Apn Pn 2
Aw, < —[gpz) "t + ] + Wppy — —2—w?, . 2.7
[ 3777,] Pn+1 * (pn+1)2 1 ( )
Set
F(z) = gua ' + 2.
x
Using differential calculus, we see that
1 1-2 1 _1
F(a) 2 9(——7) ()7 ()7
v —
and then (2.4) holds. The remainder of the proof is similar to that of the proof
of the first part and hence is omitted. The proof is complete O

Corollary 2.2 Assume that all assumptions in Theorem 2.1 hold, except the
condition (2.1) which is replaced by

m—0o0

m—1
. 1 A
lim sup — nz::l (m —n)" prQn = o0,

and

. 1
lim —
m—00 m)\

m—1 2 —
o) Apu Mm—n— 1
,;1 ( ) Pn (pn+1 (m - n)

Then every unbounded solution of (1.1) oscillates.

Theorem 2.3 Assume that there exists a positive sequence {p,}°2 . Further-
more, we assume that there exists a double sequence {Hy,,, : m > n > 0}
such that (i) Hpym = 0 for m > 0 (i) Hp,, > 0 for m > n > 0, (iii)
A2]'{171,71 = dmmn+1 — Hm,n < 0 fOT m>n 2> 0. If

m—1 2
Apy,
lim sup E [Hm,nann _ Pyt (R, — P \/Hm’n)z} =00, (2.8)
m— 00 m,0 n—1 4pn Pn+1
where

hm "= A2]_Im,n

’ - /—Hm7n )

then every unbounded solution of (1.1) oscillates.

m>n >0,
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Proof We proceed as in the proof of Theorem 2.1, we may assume that (1.1)
has an unbounded non-oscillatory solution {z, }5° ; such that x,, > 0 for n > n;.
Define {w,} by (2.2) as before, then w,, > 0 and satisfies (2.4) for all n > ns.
Therefore,

m—1

Z Hm,nann

n=ns

m—1 m—1
- Z Hm,nAwn + Z Hm npAn Wn+1 — Z Hmn 2 n+17
n=ns

n=ns n=ns Prn+1

which yields, after summing by parts,

m—1
Z Hmmann
n=ns3
m—1 A,O
S Hm ngwn2 + Z wnJrlAZ mn+ Z Hmn nwnJrl
n—ns e Pn+1
o
-5 How i
n=ns
- mngan Z hmn\/ m,nWn+1 + Z Hmn wnJrl
n=nsg n=nz +1
m—1 p
_ Z Hypy o ——w?
n=no n+1
= Hm,nzwng
2 VHinpn Prit —  Ap, 2
- Z |: : n+1 + (hm,n Hm,n Hm,n):|
n=ngy Pr+1 2\/Hp npn Pr+1
1 pn+1 Apn 2
+-— Z m n - Hm,n)
nen Pn Pn+1
2
Then
m—1 pg Ap 5
Z [Hm,nann — il (hm,n - = \V Hm,n) i| < Hm,ngwng S Hm,Own27
n=na 4pn Pn+1
which implies
m—1 nao—1

pn+1 Apnp, 2}
n;l [ mP Q pn ( ’ Pn+1 ’ ) < 0 Z p Q + 0Wny

n=1

Hence

lim sup
m— o0 H

mz_: [ Horopn Qo — pnp+1 (i — Apy, Tm’n)z] < oo,

n pn+1
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which contradicts (2.8). Next, we consider the case when z, < 0 for n > n;.
We use the transformation y, = —z, is a positive solution of the equation
A%y, 1 + quy) = —gn. Define the sequence {w,} by (2.6), then (2.7) holds.
The remainder of the proof is similar to that of the proof of the first case and
hence is omitted. The proof is complete. O

Corollary 2.4 Assume that all the assumptions of Theorem 2.3 hold, except
the condition (2.7) which is replaced by

m—1
and
m—1 2 A
. 2
lim sup Pnt1 (hinn — Pn VHpn)™ < oo
m— oo m,0 ot 4pn Pn+1

Then every unbounded solution of (1.1) oscillates.

By choosing the sequence {H,, ,} appropriately, we can derive several oscil-
lation criteria for (1.1). For instance, consider the double sequence

A
m+1)), A>1, m>n>0. (2.9)

o= (D) 221z

Then Hy,p = 0 for m > 0 and Hy,, > 0 and AgH,y,py, <0 for m > n > 0.
Hence we have the following result.

Corollary 2.5 Assume that the assumptions in Theorem 2.8 hold, except the
condition (2.7) which is replaced by

1 Gy mA
sy S (07 0, B - 210
B v—— T; Ny ) Pn@n = B | =00 (2.10)

where

2
A 1.2=2  Ap, 1 2
anzpnﬂ( (m2F 5= 2o Joy L )A)
’ 4p, \n+1 n+1 Pn+1 n+1
for every positive number X > 1. Then every unbounded solution of (1.1) oscil-
lates.

Another choice for a sequence is
Hm,n = ¢(m - n)a m Z n Z 07

where ¢ : [0,00) — [0, 00) is a continuously differentiable function which satisfies
¢(0) =0, ¢(u) > 0, and ¢'(u) > 0 for u > 0.
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Yet another choice for a sequence is
Hpp=(m—n)® X>2 m>n2>0,
where (m —n)™ = (m —n)(m—n+1)...(m—n+X—1) and
As(m —n)® = (m—n— 1) = (m =)™ = —A(m —n)*~V),

For these two sequences we can state corollaries similar to the one above.
Note that our results can be extended to the equation

A(anAxn) +qnT;, = gn

where {a,}22 is a sequence of positive real numbers. However, our results can
not be applied in the case when v = 1 and also it remains an open problem to
give sufficient conditions for the oscillation of all bounded solutions in this case.
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