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PERSISTENCE OF INVARIANT MANIFOLDS FOR
PERTURBATIONS OF SEMIFLOWS WITH SYMMETRY

CHONGCHUN ZENG

ABSTRACT. Consider a semiflow in a Banach space, which is invariant under the
action of a compact Lie group. Any equilibrium generates a manifold of equilib-
ria under the action of the group. We prove that, if the manifold of equilibria is
normally hyperbolic, an invariant manifold persists in the neighborhood under any
small perturbation which may break the symmetry. The Liapunov-Perron approach
of integral equations is used.

I. INTRODUCTION

In the study of dynamical systems in finite-dimensional spaces, the theory of
invariant manifolds has proved to be an important tool. Invariant manifolds, along
with invariant foliations, can be used to construct coordinate systems in which the
differential equations are partially decoupled. These coordinate systems are very
useful in tracking the asymptotic behavior of orbits in neighborhoods of equilibria.
In recent years, the theory of invariant manifolds has been generalized to semiflows
in Banach spaces. See, for example, [BJ], [Ca], [CH], [CL1], [CL2], [H], [He], [Ke],
[MS], [BLZ] and others. Here we extend some of these results to the case where
an infinite-dimensional dynamical system is invariant under the action of a smooth
Lie group in such a way that an equilibrium gives rise to a manifold of equilibria
through the group action. The principal question addressed here is, what happens
to this manifold when the system is perturbed, possibly breaking the symmetry in
the system?

Let X be a Banach Space. Suppose S(t) is a semiflow generated by a semilinear
equation in X and suppose that it is invariant under the action in X of a connected
compact symmetry group G. If the origin 0 is an equilibrium and the group G
acts at 0 in a nondegenerate way, then the image of 0 under the group action is
a manifold of equilibria, diffeomorphic to G. Here we establish the persistence of
this manifold under small perturbations of the system provided the manifold is
normally hyperbolic. One can find many examples of systems of PDE’s which have
an inherent symmetry arising from an idealized model. One is interested in the
structural stability of such systems and in the behavior of solutions to a perturbed
system. An example may be found in the work by Bates [Ba] and Barrow & Bates
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[BB1], [BB2], [BB3], where periodic traveling waves for a Ginzburg-Landau system
are considered and the unperturbed system is invariant under the group O(2)xO(2).

In order to prove the persistence, we require that the center subspace of the
linearized equation at 0 coincides with the tangent space of the manifold of equilib-
ria, that is, the manifold is normally hyperbolic. For finite-dimensional dynamical
systems, Fenichel [F1] and, independently, Hirsch, Pugh, and Shub [HPS]| proved
that compact normally hyperbolic invariant manifolds persist under small pertur-
bations. Mané [Mn]| proved that normal hyperbolicity is also a necessary condition.
In infinite-dimensional spaces, Henry [He] proved the persistence of normally hy-
perbolic invariant manifolds which are graphs of maps from closed linear subspaces
to their complementary subspaces. A more general result can be found in [BLZ].

Traditionally, there are two methods dealing with invariant manifolds. One
dates back to Hadamard [Ha] and the other to Liapunov [Ly| and Perron [Pe].
The Hadamard approach, which is also called the graph-transform method, is more
geometric, while the Liapunov-Perron method is more analytic and the strategy is
to finds the manifolds as fixed points of some integral equations. In this work, we
use the analytic method of Liapunov-Perron.

Consider the equation

u = F(u), (1)
where
F(u) = Au+ f(u)

and ¢ > 0. The operator A, defined on a dense subspace D(A) of X, is the generator
of a strongly continuous semigroup 7'(t) on X. Assume that f is Lipschitz on X
and such that

f(0) = 0 and for any 6 > 0, there exists a neighborhood U of 0, such that

Lip f‘U <40.
Thus, A is the linear part of the right side of (1). Following a standard result,
(See, for example, page 184, [Pa]) (1) determines a Cj semiflow S(¢) on X, i.e.
S :]0,00) x X — X is continuous in both variables and

S(tl) o S(tg) = S(tl + tg)

for all ¢1,t5 € [0, 00).

Let GG be an n-dimensional connected compact Lie group and assume that G acts
smoothly (C?) on X and D(A) is invariant under the action of G. Furthermore,
assume that the semiflow generated by (1) is also G-invariant, i.e.,

S(t)(gu) = g(S(t)u) (2)
forallt > 0,9 € G and u € X. Throughout this paper, we shall use u,v and
so on to denote elements in X and g,h and so on to denote elements in G. With
a slight abuse of notation, for an element g € GG, we also use g to represent the
transformations on X defined by the group action and the left transformations L,
on G defined by L,h = gh for all h € G. The invariance of the semiflow S(¢) under
action of G can be written in another form: for all w € D(A) and g € G,

F(gu) = Dg(u)F(u),

where Dg(u)v = limhﬁowh)_g(“) is the derivative of the action of g on X.

Let ¢ : G x X — X be the action, i.e. ¢(g,z) = g, which is C% on G x X. Let
bz = Plax{z} for z € X so that ¢, is a smooth map from G to X.

Assume that ¢g is one-to-one and D¢g(e) is of rank n (where D¢, = Dgd(g, x)).
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Lemma 1. G(0) = ¢o(G) is a C? compact submanifold of X, which is composed
of equilibria of the semiflow S(t).

Proof. Since
pzr09g=gop,:G— X,

then,
D¢z (g) o Dg(e) = Dg(x)Déq(e),

thus,
Dé¢.(g) = Dg(x)Dé,(e)(Dg(e)) ™,

therefore for all g € G, D¢g(g) is of rank n.

Combining this result with the fact that ¢ is one-to-one gives us the first con-
clusion.

Since 0 is an equilibrium of equation (1), (2) implies ¢o(G) is composed of
equilibria, so it is invariant under the action of S(¢). W

Since G is compact and D¢, (g) is continuous in G x X, there exists ¢ > 0, such
that D¢, (g) is of rank n for all g € G and = € Bs(0), the ball of radius ¢ in X. So,
for all h € G, Dop(2)(9) = Doo(gh) o DRp(g) is of rank n for the above g and z,
where Ry, is the right translation in G. Also, there exists M such that for all g,h €
G and x € B;(h(0)), we have 1/M < ||Dg(z)|| < M. (In fact, we will use M as a
universal upper bound.)

Let 0(A) be the spectrum of A. Let 0 = {\ € 0(A)|Re A < 0}, 0. = {X €
o(A)|Re A=0}, o, ={X € 0(A)|Re A > 0}. Assume A satisfies:

(1) oo = {0},
(2) o, is compact,
(3) There exists a > 0 such that a < inf Re 0,, and —a > sup Re 0.

Therefore, we have closed subspaces X,,, X, X, corresponding to o, 0,0, in-
variant under A, and X = X, & X, ® X, (see page 321 [TL]). Let P,, Ps, P. be
the corresponding projections. Let P, =1 — P, = P, + P,. Assume

Xe = Doo(e)Te(G),

where 7. (G) is the tangent space of G at e. Because of the previous assumption, X,
is an n-dimensional subspace of X, which is the tangent space of the submanifold
¢0(G) at 0. Let As = A|x., A, = Alx,, and A, = Alx,_. Since G(0) consists of
equilibria, then F'|g) = 0. Note that f is differentiable at u = 0 and f’(0) = 0,
so that A. = 0. Since A, has compact spectrum, so it is bounded and generates a
group e?«t = T, (t) = T|x, satisfying ||T,, ()| < Me®t for t < 0, where M; > 1.
Also, A, generates a Co-semiflow T (t) = T'(t)|x, on X. Assume ||Ts(t)|| < Mae™ !
for t > 0, where My > 1. By renorming, we may assume M; = My = 1.
Now we consider a perturbed equation:

wn = Au+ f(u) + eH(u) = F.(u), (3)
where H (-) is Lipschitz on X with Lipschitz constant L. For the same reason as for

equation (1), it is clear that (3) determines a Cy semiflow Sc(¢) on X. Our main
result is:
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Theorem. Under the above conditions, when € is sufficiently small, there is a
Lipschitz invariant manifold of the semiflow S¢(t) near G(0).

Remark. The same result is true with H(u,€) in place of eH(u) provided that
H(u,¢€) is continuous, H(u,0) = 0, and H is Lipschitz in u with the Lipschitz
constant converging to 0 as € — 0.

II. Proof of the Theorem.

Define || - || on T4(G) as ||v|| = ||D¢o(g)v]. We may use this norm to define a
metric d(-,-) on G as the infimum of the length of the C! curves lying in ¢ (G)
joining two image points under ¢y in X.

Clearly d(g,h) > ||dog — doh||- If ||pogr — dogol| — 0 as k — 400, there exists a
neighborhood U of gy and a local coordinate ¢ : U — B7(0), the unit ball in R,
such that 1(go) = 0. Since ¢o(G) is a compact submanifold of X, and in particular,
a proper submanifold of X, therefore ¢ggr — ¢ogo in X, implies g — go in G.
Suppose g € ¥~ 1(B%(0)). Since ¢go1p~! is a diffeomorphism and || D¢y o1y~ on
B7(0) is bounded, it follows that d(gy, go) — 0.

2So, d(-,-) induces the same topology on ¢ (G) as that inherited from X and ¢ (G)
is diffeomorphic to G. From this, there exits a constant C such that ||¢pog—doh| <
d(g,h) < Coll¢og — ¢oh| for all g,h € G.

Suppose the diameter of G under d(-,) is M > 0. Define Y = Gx (X, ®X,), ¢ =
Py for (g,z) € Y, v € Ty(G), 2z € X5 ® X,

D¢(g,z)(v, 2) = Dg(g,x)(v,0) + Dé(g, 2)(0, 2)
= D¢z (g)v + Dg(z)(2)
= Dg(z) D¢ (e)(Dg(e)) v + Dg(z)(2)
= Dyg(x)(Déz(e)(Dgle))"'v + 2), (4)

as in the proof of Lemma 1. Since

X — Xc EB Xs EB Xu
= D¢0(€)7-5(G) @ Xs EB Xu
— Do(e)(Dg(e)) ™ T, (C) © X, @ X,

so, by the argument following Lemma 1, there exists 6 > 0 such that for (g,z) €
Y5 ={(g9,z) €Y : ||z| <}, Dé(g,x) is one-to-one and onto from T,G x (X, ® X;)
to X. 743G x (X, @ X,) may be identified with 7, ,)Y", the direct sum of 7,G and
X ® X, with norm given by the sum of the two norms on 7,G and X,, ® X,. Thus,
D¢(g,x) is an isomorphism between 7(; )Y and X. With this norm on 7y ,)Y
we may extend the metric d on Y in the natural way. It is easy to verify that
d((g1,71), (92,%2)) = d(g1,92) + ||x1 — 22| is a metric on Y.

Next we prove that when § is small enough ¢ : Y5 — X is one-to-one. Otherwise,
there exists (gr,xk), (hg,yr) € Y with z; — 0 and yi — 0 such that gpzr = hiyg,
which implies h,;l JrTr = Yr. Since G is compact, without loss of generality, suppose
that h;lgk converges to g. Let k — oo, we get g(0) = 0, so, g = e, which implies
h,;lgk — e, h,;lgka:k = yi. But D¢(e,0) is an isomorphism so, by the Inverse
Function Theorem, ¢ is a local diffecomorphism near (e,0). So, for k sufficiently
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large, h;lgk = e and zp = yi, which is a contradiction. Therefore, there exists
6 > 0 such that ¢ : Y5 — X is one-to-one. By Inverse Function Theorem, ¢ is a
diffeomorphism from Yj to ¢(Y;s), an open subset containing ¢o(G).
For g € G define g : Y — Y as g(h,z) = (gh,z). Note that g o ¢ = ¢ o g, where
the g on the left side denotes the action on X and the g denotes the transformation
on Y. Define
m:Y = G, m(g,2) =g,
) Y = X, 7 (9,2) = Pz,
7wy Y = X, 7, (g,2) = Psz,
Ty =Ty + Ty .

These projections are clearly smooth.

Since ¢ is smooth and G is compact, from (4), it is easy to find constants a;, 6 > 0
such that for all (g, ) € Y,

SO7 for (917$1)7 (927$2) S Y57

[¢(g1,21) — ¢(g2,22)||/ar < d((g1,21), (g2, 2)) < arlld(g1, 1) — (g2, z2)]-

Now we pull back (1) and (3) through ¢ on Y;:
F(g,2) = (D§) ' F((g, ), (6)

Fo(g,2) = (D)~ Fe(¢(g, @), (7)

for x € X; ® X, N D(A) and g € G. Let ns be a Lipschitz cut-off function such
that ns: [0,+00) = [0,1], s =1 on [0, %], ns =0 on [, +00), and 0 < Lipn < 4.
In fact, we will consider 775(|]9UH)F and n;(||z||)F. instead of F and F., but for
simplicity, we will just write £ and F.. With this notation, F and F. are defined

onall of Y. 3
By definition F(g,0) = 0. Since go ¢ = ¢ o g,
F(g,x) = (D¢) ' F(gz) = (D¢) "' Dg(z)F ()
= D(¢" ' og)(z)F(z) = D(go ¢~ ') (z)F(x)
= Dg(e,z)D¢ " (z)F(x) = Dy(e, ) F (e, z). (8)
So, F: is invariant under G. 3 ; ;

Let Fy = DmF, Fy = DnyF, Fy = D F and F;, = D, F. Similarly, define
Hy, Hy, Hy  Hy  Fe 1, Feo, F) and F5,. Identity (8) and 7 0g = gom imply that
Fl(Q,fE) = lep(gam) = DWIDg F(€7$)

= DgDWIF(e, x) = Dgﬁ’l (e,z), (9)

and 7y 0 g = o implies that

Fy(g,x) = DryDgF (e, x) = Fy(e, z). (10)
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So Fj is independent of the first component and we can write Fg(x) for z € (Xs @
X.) N D(A). Also,
Fy(x) = Dma(Dg(e, 2)) " F(x) = Dmy(Dg(e, )~ (Az + f(a))
= Az + Dmy(Do(e, ) "L f(z) = Az + fo(x), (11)

where fo(x) = Dry(Do(e, )~ ' f(z). From (9),

Fi(g,z) = Dy(e)Dm (e, x)(Do(e, )~ F(x)
= Dg(e)Dmi(e, z)(Dd(e, x)) " (Az + f(x))
= Dy(e)Dmi(e,z)(0, Az) + Dy(e) f1(z) = Dg(e) f1(z), (12)

where fi(z) = Dri(Do(e,z)) "1 f(z). Let

Qe,l(gum) = Fl(g7$) + E_ﬁl(g,.’lf) = Dg(e)fl(m) + E.E[]_(g,.’l/‘), (13)
Qe,Q(gaw) :f2($)+6g2(g,$). (14)
Similarly, define QzQ Q- All this quantities are defined on Yj, the image of a

tubular neighborhood of the manifold G(0) under ¢. In the rest of the paper, we
shall only work in Y% . Let Ay = A, ® A,. Consider

g/:ﬁl(g,$)+€ﬁ1(g,$) :Qe,l(g7$)7 (15)
2’ = Aoz + fo(z) + eHa(g,2) = Asz + Qe2(9, ). (16)

This system is equivalent to (3) on Y;/5. Equation (16) can be written as

it = Aur” +Qlh(g, 2", 27), (17)
&7 = AT +Qcp(g, 2", 27), (18)

where 2+ = P,z and — = P,z. Notice by (5) that H, Hy, Hy, Hy , and H, , are
still Lipschitz functions in Y% and the Lipschitz constants are independent of € and

§. Let M be a universal upper bound of LipD¢, | Dg(e)||, || D= ||, H, the norms of
H,, Ho, IEISr , and lEIQ_ , and their Lipschitz constants on Yj,, and also bigger than
ay in (5). In fact, we have used M as an upper bound of ||Dg| before. In the
following L(§) always will denote a quantity, which depends on x and g such that
L(§) — 0 as 0 — 0 uniformly in z and g. Then we have

1Qe,1 (g, 2)|l < €M + L(5)]||l, (19)
1Qe2(g, )l < €M + L(0)||]. (20)

Since

fo(z1) = fa(x2) = DmaDe ™ (z1)(f(x1) — f(2))
+ (Dme D¢~ (x1) — Dma D¢~ (22)) f (w2),
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we have . .
[f2(z1) = fo(z2)| < [l@1 — 2[|L(0), (21)

In the same way we get

|H2(g1,21) — Ha(ga, 22)|| < M(d(g1, g2) + [|lz1 — )
= Md((g1,%1), (g2, 72))- (22)

So,

1Qc,2(g1,21) — Qe2(g2, x2)|| < (eM + L(8))||x1 — 22|
+ eMd(g1, g2), (23)

where all the above conclusions hold in Y /5.
Let

Recall that M is the diameter of G. Define |-| on ZF, Z~ as |[y*| = max,eq |75 (9)]-
Define |-| on ZTxZ~ as |y| = |y |+|y~|. It is not hard to verify that Z*,Z~, Z* x
Z~ are complete.

We shall define a contraction mapping E on ZT x Z~ so that the graph of
its fixed point is the unique invariant manifold in Y; for system (15) and (16).

J
7zt = {fy+ (G = Xl v (o) < 3 and v is Lipschitz with Lipy™ <

gl &l

)
Z" = {fy_ G = Xl Iy (e)] < 3 and v~ is Lipschitz with Lipy~ <

The transformation £ = (ET,E~) is defined in the following way. For any fixed
v € Zt x Z~, we substitute y(g) into equation (15) and obtain a vector field on
G which depends on «. For any initial point gy € G, the trajectory g(t) of this
vector field exists for all ¢ € (co0,00). Next, substitute g(t) and y(g(t)) into the
high order part of equations (17) and (18) and derive two unautonomous equations
for 27 and z~, respectively. Solve equation (17) and (18) with zero value at oo
and —oo, respectively. Suppose z7(t) and z~(t) are solutions, then we define
Ety(go) = z7(0) and E~7(go) = =~ (0). Finally, we verify that F is a contraction
and the graph of its fixed point is an invariant manifold.

Take any v € ZT x Z~. The argument before Lemma 4 depends on the choice
of . Since v(g) € Y52,

9=Qc1(9,7(9)) (24)

defines a vector field on G.

Lemma 2. Suppose g1,92 € G, and g1(t), g2(t) are solutions of (24) with initial
values g1 and go, respectively. We have

d(g1(t), g2(t)) < P Dtd(gy, go),

where 5
Cs(e,8) = €M + L(6)6 + (eM + L((S))m
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s a constant independent of v, g1, and gs.

When (24) is vector field on R™, this estimate follows directly from the Gronwall’s
Inequality. Here, the difficulty is that G only has a Finsler structure on it.

Proof. Let g(t) be the solution of (24) with initial point gg. Obviously, ¢g(¢) depends
on 7. By (19)

d(g(t),€) < d(go, ) / 1Qea(9(5),7(g(s))) ds

< d(go. ) + / (e + L@)||1(g(s))]) ds

< dlgo.e) + et + [ L) jrdlas).e) + L] ds

¢
_ 1)

< dlgoe) + (31 + LOI+ [ L) F7dla(e).e)ds.

et L(8) 5
01(5) = W, CQ(E, 5) =eM +L(5)m

By Gronwall’s inequality,

Alg(t).€) < dlgo.)e @ + LD eron _y) (25)

C1(9)

For t < 0 we have the same estimate by changing ¢ to |t|.

For ¢1,92 € G, let g1(t), g2(t) be solutions of (24) with initial values g; and gs.
(We use Q,1(g) to denote Q¢ 1(g,7(g)).) Before we go further, we do some more
estimates. For (g1,21), (92,22) € Y52, we have

ID¢o(g1) Hi(g1, 1) — Depo(g2) Hi (g2, 72)]|
= | Déo(g1)Dm1(g1, x1) Do~  (gr21)H (g121)
— Do (g2) D71 (g2, w2) D~ (gowa) H (g22) ||
< |D¢o(g1)Dm1(g1, 1) Do~ (gr1)
— Déo(g2)Dri(g2, x2) Do~ (gama2)| - [|1H (gr1) |
+ [[Dgo(g2) D71 (g2, ©2) Do~ (gaa) || || H (gr21) — H (g2
< M(d(g1,92) + |21 — z2|), (26)

and

HD¢0(91)F1(91,$1) - D¢0(92)F1(927$2)H

< |Déo(91)Dgi(e) Dmi (e, x1) D™ (1) f (1)
— D¢o(g2)Dga(e) D (e, x2) Do (w2) f (2|

< M|zy — 22| L(5) + L(8)]|2 |-
ID¢1(g1)Dgi(e)Dmi(e, x1) Do~ (z1)
— D¢y (g2)Dgo(e) Dy (e, 22) Do~ (m2)]|

< |21 — 22| L(8) + M L(8)3(d(g1, g2) + ||lz1 — z2]))

< L(0)||lz1 — 22| + L(6)dd(g1, go)- (27)
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So,

||D¢0Qe,1(91,$1)—D¢0Qe,1(92,$2)H < (€M+L(6)6)d(91792)
+ (eM + L(9))|lz1 — a2]|. (28)

For all a > 0 take a smooth curve ¢(r) on G,r € [0, 1], such that ¢(0) = g1,¢(1) = g2
1

and d(g1,92) > / I’ (r)||dr — a. Let g(t,r) denote the solution of (24) with initial
0
value c(r). If v and Q.1 are smooth, by (28), we have
0

1 1 t 8 a
< - =
/ g dr / ' (r Hdr—i—/ /0 55 Br g(s,r)ds

/||c e+ [ [ 5% @uats >>\

< [ 1¢lar +
0 0

g(t,r) dr

dsdr

drds

DQe,l (E g(s,r)’D’V(a% g(Sﬂ"))) ‘

0
1 t 1 5 a
< ' Y Y = ,
< /0 |l (r)||dr —|—/0 /0 <6M-|- L(6)d + (eM +L(5))4M> H@T g(s,r)||drds
Let Cs(€,8) = eM + L(0)d + (eM + L(é))& So,
/0 o g(t,r)||dr </ Il (r drds,
which implies,
1 8 1
| g attn)|ar < ceseor [Fear (29)
o ||Or 0

Now not all of them are smooth but they are Lipschitz and that is enough. We still
have the same estimate. Therefore,

dr < 603(6’5)t(d(g1,gz) +a),

(0,020 < [ || 5ot

and thus,
d(g1(t), ga(t)) < e =Dd(gy, go). (30)

We will define a map F = (ET,E~) on Z1 x Z~. For brevity, below we use
Qlg(s)) to denote Q(g(5),7(g(s))) and define

+oo

E*r/(g0) = - / T, (~5)Q55(9(s))ds, (31)
0

E=(go) = / Ty(—5)Q05(9(s))ds, (32)

where g(s) is the solution of (24) with initial value gy and recall that T, T are the
semiflows generated by A,, A,.
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Lemma 3. E maps Z* x Z~ to itself if

eM + L(§)§ &
N UL 1
> <3 (C1)

and Ca(e,9) 5

4\€,
— < C2
a—Cs(e,d) ~ 8 (©2)
hold.

J
Proof. First we verify that ET and E~ are well-defined. Since |y| < 3 and by

(20), HQ;‘ZQ(Q(S))” is bounded, along with the condition on T, T, we see that E is
well-defined. Second we prove Ey € Z+ x Z~ under proper conditions. By (20),

i . M + L(5)2
B < [ e (s ) i < S
0 2 o
Similarly
° - M+ L(6)2
B @l < [ e <6M+L<5>g> ds < ML)
— 00 a

)
So, if condition (C1) holds, then |E*v(e)|| < 3 and |[E=v(e)| < 2. For g1,92 € G,

let g1 (t), g2(t) denote the solution of (24) with initial data g1, g2, respectively. Then
by (23),

+oo
1B (a1) — E*(g2)]| < / Q5 (01(5)) — Q5 (92(5)) s

oo —as | 1 | 1 o
S/O e **(eM(d(91(s), 92(s)) + (eM + L(9)) 77d(91(s), 92(s)))ds

- /()*OO e s <6M+ 6(5£ + M) d(g1(s), ga(s))ds.

4M aM
- M L()
Let Cy(e,0) = eM —|—e5m + T By (30)

||E+7(91) - E+7(92)H
+oo
< Cy (e, 5)6_(0‘_03(6’5))%(91, g2)ds
0
04(6, 5)
=——"--d . 33
a— 03(6, 2) (91792) ( )
The same is true for |[E~v(g1) — E~v(g2)||. Therefore, if condition (C2) holds
then E-y satisfies the condition on the Cy norm and Lipschitz constant and Evy €
Ztx 7z,

Finally, we prove
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Lemma 4. E is a contraction if conditions (C1), (C2), and

04(6, 5) 1 1
Cs(c,0) o — Cale, 5)) ) (C3)

eM+L(5)(1+

hold.

Proof. For v1,72 € ZT x Z~ let g1(t),g2(t) be the solutions of (24), with initial
value go, and with « replaced by 71,72, respectively. Then by (23),

B0 - F (o)l < [ e 1Q%0(5) (02 (5)
— QE2(92(5), 1202

< [ e taton (), 0a(60) + (4 L) o1(5)) ~ a5
£ I (o2(5)) — 12 ga(5))]))ds

+o0 5
< [t + e+ L) i) o 5), 2 (5)

+ (M + L(9)) |71 — 72|)ds. (34)

Let vy = (2 —7)y1 + (r — 1)y, r € [1,2], which is a homotopy between ~; and 7,
and (1) = 71, and 7(2) = V2. Let g(t,7) denote the solution of (24) with v = =)
and initial data g(0,7) = go. Similar to the derivation of (30) we find

2
J

(t,r dsdr

~—

dr < g(s,r)

ar ds

7 Qealolsr) 70 (0(s.7)|

Eﬁjg
v
<

(= Dalgls,r)))

< /Ot /12(6M+ L(8)6) HEQ(”)

(4M H_g s, )| + I (g(s, 7)) —’Vz(g(s,r))lo drds

g[[&M+Mmm—wHG#@H%mwﬁ

drds

DQu (o). 5 (2= rulato.r)

drds

+ (eM + L(4))

drds

< (el + L(3))lm —72|t+/0t /1203(6,5)"59(5,7«) drds.

r

Therefore,
eM + L(6) eCsled)t

( )
dr < Cs(e, )

0
g g(t,r) [v1 — 72l (35)
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Returning to (34),
603(6,6)3
03(6, 5)

+oo
12+ 71 (g0) — B a(go)l] < / e~ (Cale, 8) (M + L(6))
T (el + L(8))n — 72lds

< (el + L(8)) 1 — 2] (é + 8§§§ P 53(6,@) - @

Similarly

IE771(g90) — E™72(g0) |l

< (el + L(8)) 1 — 72| (é + 2§§§ P c}3<e,6>> B

Therefore, F is a contraction if condition (C3) holds.

Therefore there exists a unique fixed point vo € Z* x Z~. Next, we prove
Lemma 5. {(9,7(9))|g € G} is an invariant set of system (15), (17), (18).

Proof. For gy € G, let g(t) be the solution of (24) withy = 7. Writing yo(g9) =
(% (9) + 70 (9)) € Xu @ X, we have

+oo
Wl = [ QL)
0
which implies, for ty > 0,

+oo
Tu(to) i (90) = — / T, (to — 5)Q5(g(s))ds
to “+o00
= [ Tt = 9QEa (e — [ Tu(=s)QEa(als + t)ds
- / "Tulto — $)Q25(9(5))ds + 43 (g(to).

In the same way, we have

to
5 90) = Tty (90) + [ Tulto — 5)Qolols))ds.
0
Therefore, (g(t),v0(g(t))) is a solution of that system, which implies that (g,v0(g))
is an invariant manifold.
Finally, we consider the condition C1, C2, C3.
eM +L(5)s 6
- @~ 7 < —

(€l —— 8’

s Ci(e,) eM—i—654 +L(5)5
()R G Culed) o (M4 L0+ (T + L0) )
(C3) é > eM + L(6) (é + g;liz’g « —;3(6 5))

€M + 5 ML 4 L0

1
el + L(6)8 + 654M + L(‘”‘s a—Cs(e, 5))

= eM + L(0) (é +
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Note that L(§) — 0 as § — 0. It is easy to see that all these conditions are
satisfied if € < 6 < 1. In Yj/5, the equation is equivalent to (3) in X, therefore,
when € < § < 1 there is an invariant manifold near ¢o(G), which is given by

{9w(9)lgeGr. N
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